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cc
ur

at
e 

so
ftwa

re
 p

ac
k-

ag
e 

fo
r 

so
lv

in
g 

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
s 

us
in

g 
e

xp
lic

it 
R

un
ge

-K
ut

ta
 i

nt
eg

ra
tio

n.
 

In
th

e 
pr

oc
es

s

of
 w

rit
in

g 
th

is
 s

of
tw

ar
e 

w
e 

hav
e,

by
ne

ce
ss

ity,
de

v e
lo

pe
d 

a 
st

ro
ng

 t
he

or
et

ic
al

 f
ou

nd
at

io
n 

fo
r 

ou
r

di
sc

re
tiz

at
io

n 
ap

pr
oa

ch
 a

s 
w

el
l c

on
st

ru
ct

in
g 

se
ve

ra
l n

ew
al

go
rit

hm
s 

fo
r 

va
rio

us
 t

yp
es

 o
f 

co
m

pu
ta

-

tio
n.

 T
he

fo
llo

w
in

g 
is

 a
 c

on
ci

se
 s

um
m

ar
y 

of
 t

he
 c

on
tr

ib
ut

io
ns

 p
rov

id
ed

 b
y 

th
is

 w
or

k 
to

 t
he

 s
ta

te
-

of
-t

he
-a

rt
 in

 n
um

er
ic

al
 m

et
ho

ds
 fo

r 
so

lv
in

g 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s:

•
Pr

ov
id

es
 t

he
 fi

rs
t 

co
nve

rg
en

ce
 a

na
ly

si
s 

an
d 

im
pl

em
en

ta
tio

n 
th

eo
ry

 f
or

 d
is

cr
et

iz
at

io
n 

m
et

ho
ds

ba
se

d 
on

 R
un

ge
-Ku

tta
 i

nt
eg

ra
tio

n.
 

S
pe

ci
fic

al
ly,

co
nd

iti
on

s 
on

 t
he

 p
ar

am
et

er
s 

of
 t

he
 R

un
ge

-

K
ut

ta
 m

et
ho

d 
ar

e 
pr

es
en

te
d 

th
at

 e
ns

ur
e,

 f
or

 i
ns

ta
nc

e,
 t

ha
t 

st
at

io
na

ry
 p

oi
nt

s 
of

 t
he

 d
is

cr
et

iz
ed

pr
ob

le
m

s 
ca

n 
on

ly
 c

onv
er

ge
to

st
at

io
na

ry
 p

oi
nt

s 
of

 th
e 

or
ig

in
al

 p
ro

bl
em

.

•
D

er
iv

es
a

no
n-

E
uc

lid
ea

n 
m

et
ric

 n
ee

de
d 

fo
r 

th
e 

fin
ite

-d
im

en
si

on
al

 o
pt

im
iz

at
io

n 
of

 t
he

 a
pp

ro
xi

-

m
at

in
g 

pr
ob

le
m

s 
an

d 
pr

es
en

ts
 a

 c
oo

rd
in

at
e 

tr
an

sf
or

m
at

io
n 

w
hi

ch
 a

llo
w

s 
a 

E
uc

lid
ea

n 
m

et
ric

 t
o

be
 u

se
d.

W
ith

ou
t 

th
is

 m
et

ric
, 

se
rio

us
 i

ll-
co

nd
iti

on
in

g 
ca

n 
be

 i
nt

ro
du

ce
d 

in
to

 t
he

 d
is

cr
et

iz
ed

pr
ob

le
m

.

•
Im

pr
ov

es
up

on
 t

he
 p

rev
io

us
ly

 k
no

w
n 

bo
un

d 
fo

r 
th

e 
er

ro
r 

in
 t

he
 s

ol
ut

io
n 

of
 t

he
 a

pp
ro

xi
m

at
in

g

pr
ob

le
m

s 
as

 a
 f

un
ct

io
n 

of
 t

he
 d

is
cr

et
iz

at
io

n 
le

ve
l

fo
r 

R
K

4 
(t

he
 m

os
t 

co
m

m
on

 f
ou

rt
h-

or
de

r

R
un

ge
-K

ut
ta

 in
teg

ra
tio

n 
m

et
ho

d)
 w

he
n 

so
lv

in
g 

un
co

ns
tr

ai
ne

d 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s.
T

hi
s

re
su

lt,
 a

lo
ng

 w
ith

 t
he

 a
lre

ad
y 

kn
o

w
n 

bo
un

ds
 f

or
 a

 fi
rs

t, 
se

co
nd

 a
nd

 t
hi

rd
 o

rd
er

 R
un

ge
-K

ut
ta

m
et

ho
d 

ar
e 

ext
en

de
d 

to
 t

he
 c

as
e 

w
he

re
 t

he
 fi

ni
te

 d
im

en
si

on
al

 c
on

tr
ol

s 
ar

e 
re

pr
es

en
te

d 
by

sp
lin

es
.

•
Pr

es
en

ts
 a

 n
ew
, 

ve
ry

 e
ffic

ie
nt

 a
nd

 r
ob

us
t 

nu
m

er
ic

al
 a

lg
or

ith
m

, 
ba

se
d 

on
 t

he
 p

ro
je

ct
ed

 N
e

w
to

n

m
et

ho
d 

of
 B

er
ts

ek
as

, 
fo

r 
so

lv
in

g 
a 

cl
as

s 
of

 m
at

he
m

at
ic

al
 p

ro
gr

am
m

in
g 

pr
ob

le
m

s 
w

ith
 s

im
pl

e

bo
un

ds
 o

n 
th

e 
de

ci
si

on
 var
ia

bl
es

.

•
D

ev
 el

op
s 

a 
ne

w
m

et
ho

d 
fo

r 
co

m
pu

tin
g 

ac
cu

ra
te

 e
st

im
at

es
 o

f 
th

e 
er

ro
r 

be
tw

ee
n 

th
e 

so
lu

tio
ns

co
m

pu
te

d 
fo

r 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s 
an

d 
so

lu
tio

ns
 o

f 
th

e 
or

ig
in

al
 p

ro
bl

em
.

T
hi

s 
es

ti-

m
at

e 
do

es
 n

ot
 r

eq
ui

rea
pr

io
ri

kn
ow

le
dg

e 
of

 e
rr

or
 b

ou
nd

s 
an

d 
wor
ks

 f
or

 p
ro

bl
em

s 
w

ith
 s

ta
te

an
d 

co
nt

ro
l c

on
st

ra
in

ts
.

•
D

ev
 el

op
s 

a 
co

m
pl

et
el

y 
new

m
et

ho
d 

fo
r 

nu
m

er
ic

al
ly

 s
ol

vi
ng

 s
in

gu
la

r 
op

tim
al

 c
on

tr
ol

 p
ro

b-

le
m

s.
 

T
hi

sm
et

ho
d 

is
 d

es
ig

ne
d 

to
 e

lim
in

at
e 

un
de

si
ra

bl
e 

os
ci

lla
tio

ns
 t

ha
t 

oc
cu

r 
in

 n
um

er
ic

al

so
lu

tio
ns

 o
f s

in
gu

la
r 

co
nt

ro
l p

ro
bl

em
s.

•
Pr

es
en

ts
 o

ur
 s

of
twa

re
 p

ac
ka

ge
 c

al
le

d 
R

IOT
S

, 
ba

se
d 

on
 t

he
 t

he
or

y 
in

 c
on

ta
in

ed
 i

n 
th

is
 t

he
si

s,

fo
r 

so
lv

in
g 

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
s.A

lth
ou

gh
 t

he
re

 a
re

 m
any

im
pr

ov
em

en
ts

 t
ha

t 
ca

n 
be

m
ad

e 
to

 R
IOT

S
, 

it 
is

 a
lre

ad
y 

on
e 

of
 t

he
 fas

te
st

, 
m

os
t 

ac
cu

ra
te

 a
nd

 e
as

ie
st

 t
o 

us
e 

pr
og

ra
m

s

av
ai

la
bl

e 
fo

r 
so

lv
in

g 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s.
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1.
3 

D
IS

S
E

R
TA

T
IO

N
 O

U
T

LI
N

E

T
he

 o
rg

an
iz

at
io

n 
of

 t
hi

s 
di

ss
er

ta
tio

n 
fo

llow
s 

a 
pr

og
re

ss
io

n 
le

ad
in

g 
fr

om
 b

as
ic

 t
he

or
et

ic
al

fo
un

da
tio

ns
 o

f 
di

sc
re

tiz
in

g 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s 
to

 t
he

 im
pl

em
en

ta
tio

n 
of

 a
 s

of
tw

ar
e 

pa
ck

ag
e

fo
r 

so
lv

in
g 

a 
la

rge
 c

la
ss

 o
f 

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
s.T

he
 t

he
or

et
ic

al
 f

ou
nd

at
io

n 
is

 p
re

se
nt

ed
 i

n

C
ha

pt
er

 2
.C

ha
pt

er
 2

 b
egi

ns
 w

ith
 a

 d
is

cu
ss

io
n 

of
 t

he
 c

on
ce

pt
 o

f 
co

ns
is

te
nt

 a
pp

ro
xi

m
at

io
ns

 a
s

de
fin

ed
 b

y 
P

ol
ak[

43
]. 

P
ol

ak
’s

de
fin

iti
on

 o
f 

co
ns

is
te

nt
 a

pp
ro

xi
m

at
io

ns
 ext
en

ds
 e

ar
lie

r 
de

fin
iti

on
s,

na
m

el
y 

th
at

 o
f 

D
an

ie
ls[4

4]
, 

th
at

 w
er

e 
co

nc
er

ne
d 

on
ly

 w
ith

 c
onve

rg
en

ce
 o

f 
gl

ob
al

 s
ol

ut
io

ns
 o

f 
th

e

ap
pr

ox
im

at
in

g 
pr

ob
le

m
s 

to
 g

lo
ba

l s
ol

ut
io

ns
 o

f 
th

e 
or

ig
in

al
 p

ro
bl

em
.

T
he

 e
ar

lie
r 

de
fin

iti
on

s 
w

er
e

th
er

ef
or

e 
of

 li
m

ite
d 

us
e 

si
nc

e 
op

tim
iz

at
io

n 
al

go
rit

hm
s 

co
m

pu
te

 s
ta

tio
na

ry
 p

oi
nt

s,
 n

ot
 g

lo
ba

l s
ol

u-

tio
ns

. 
P

ol
ak

’s
de

fin
iti

on
 o

f 
co

ns
is

te
ncy

de
al

s 
w

ith
 s

ta
tio

na
ry

 p
oi

nt
s 

an
d 

lo
ca

l 
m

in
im

a 
as

 w
el

l 
as

gl
ob

al
 s

ol
ut

io
ns

.T
he

 t
he

or
y 

of
 c

on
si

st
en

t 
ap

pr
ox

im
at

io
ns

 is
 u

se
d 

to
 d

e
ve

lo
p 

a 
fr

am
ew

or
k 

fo
r 

di
s-

cr
et

iz
in

g 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s 
w

ith
 R

un
ge

-Kut
ta

 i
nt

eg
ra

tio
n.

 
T

he
m

ai
n 

re
su

lts
 i

n 
C

ha
pt

er
 2

sh
ow

th
at

 t
he

 a
pp

ro
xi

m
at

in
g 

pr
ob

le
m

s 
ar

e 
co

ns
is

te
nt

 a
pp

ro
xi

m
at

io
ns

 t
o 

th
e 

or
ig

in
al

 o
pt

im
al

 c
on

-

tr
ol

 p
ro

bl
em

 i
f 

th
e 

R
un

ge
-Ku

tta
 m

et
ho

d 
sa

tis
fie

s 
ce

rt
ai

n 
co

nd
iti

on
s 

in
 a

dd
iti

on
 t

o 
th

e 
st

an
da

rd

co
nd

iti
on

s 
ne

ed
ed

 f
or

 c
on

si
st

en
t 

in
te

gr
at

io
n 

of
 d

iffe
re

nt
ia

l e
qu

at
io

ns
.O

nc
e 

th
e 

co
ns

is
te

ncy
re

su
lt

is
 e

st
ab

lis
he

d,
 t

he
 c

onve
rg

en
ce

 r
es

ul
ts

 p
rovi

de
d 

by
 t

he
 t

he
or

y 
of

 c
on

si
st

en
t 

ap
pr

ox
im

at
io

ns
 c

an
 b

e

in
vo

ke
d.

 
In

th
e 

pr
oc

es
s 

of
 c

on
st

ru
ct

in
g 

co
ns

is
te

nt
 a

pp
ro

xi
m

at
io

ns
 b

as
ed

 o
n 

R
un

ge
-K

ut
ta

 d
is

-

cr
et

iz
at

io
n,

 w
e 

sh
ow

th
at

 a
 n

on
-E

uc
lid

ea
n 

in
ne

r
-p

ro
du

ct
 a

nd
 n

or
m

, 
de

pe
nd

in
g 

on
 t

he
 b

as
is

 u
se

d

fo
r 

th
e 

fin
ite

 d
im

en
si

on
al

 c
on

tr
ol

 s
ub

sp
ac

es
, 

m
us

t 
be

 u
se

d 
fo

r 
th

e 
sp

ac
e 

of
 c

on
tr

ol
 c

oe
f

fic
ie

nt
s

up
on

 w
hi

ch
 t

he
 fi

ni
te

 d
im

en
si

on
al

 m
at

he
m

at
ic

al
 p

ro
gr

am
s 

th
at

 r
es

ul
ts

 f
ro

m
 t

he
 d

is
cr

et
iz

at
io

n 
ar

e

de
fin

ed
. 

Wi
th

ou
t 

th
is

 n
on

-E
uc

lid
ea

n 
m

et
ric

, 
se

rio
us

 i
ll-

co
nd

iti
on

in
g 

ca
n 

re
su

lt.
W

e 
als

o 
sh

ow

ho
w

a
co

or
di

na
te

 t
ra

ns
fo

rm
at

io
n 

ca
n 

be
 u

se
d 

to
 e

lim
in

at
e 

th
e 

ne
ed

 f
or

 t
he

 n
on

-E
uc

lid
ea

n 
in

ne
r

-

pr
od

uc
t a

nd
 n

or
m

.T
he

 r
es

ul
ts

 a
re

 th
en

 ext
en

de
d 

to
 c

on
tr

ol
 r

ep
re

se
nt

at
io

ns
 b

as
ed

 o
n 

sp
lin

es
.

In
 C

ha
pt

er
 3

, 
w

e 
pr

es
en

t 
a 

v
er

y 
ef

fic
ie

nt
 a

nd
 r

ob
us

t 
op

tim
iz

at
io

n 
al

go
rit

hm
 f

or
 s

ol
vi

ng
 fi

ni
te

di
m

en
si

on
al

 m
at

he
m

at
ic

al
 p

ro
gr

am
m

in
g 

pr
ob

le
m

s 
th

at
 i

nc
lu

de
 s

im
pl

e 
bo

un
ds

 o
n 

th
e 

de
ci

si
on

va
ria

bl
es

. 
S

uc
hp

ro
bl

em
s 

ar
is

e 
fr

om
 t

he
 d

is
cr

et
iz

at
io

n 
of

 o
pt

im
al

 c
on

tr
ol

 p
ro

bl
em

s 
w

ith
 c

on
tr

ol

bo
un

ds
. 

In
C

ha
pt

er
 4

, 
ot

he
r 

im
po

rt
an

t 
nu

m
er

ic
al

 i
ss

ue
s 

ar
e 

ad
dr

es
se

d.
T

he
se

 i
ss

ue
s 

in
cl

ud
e

(i
)

ob
ta

in
in

g 
bo

un
ds

 o
n 

th
e 

er
ro

r 
of

 s
ol

ut
io

ns
 t

o 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s 
ba

se
d 

on
 s

pl
in

e 
co

n-

tr
ol

s,
(i
i)

de
ve

lo
pi

ng
 h

eu
ris

tic
s 

fo
r 

se
le

ct
in

g 
th

e 
in

tegr
at

io
n 

or
de

r 
an

d 
co

nt
ro

l 
re

pr
es

en
ta

tio
n

or
de

r,
(i
ii)

pr
ov

id
in

g 
m

et
ho

ds
 f

or
 r

efi
ni

ng
 t

he
 d

is
cr

et
iz

at
io

n 
m

es
h,

(i
v)

pr
ov

id
in

g 
a 

co
m

pu
ta

bl
e

er
ro

r 
es

tim
at

e 
fo

r 
so

lu
tio

ns
 o

f 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s 
an

d
(v

)
de

al
in

g 
w

ith
 t

he
 n

um
er

ic
al

di
ffi

cu
lti

es
 t

ha
t 

ar
is

e 
w

he
n 

so
lv

in
g 

si
ng

ul
ar

 o
pt

im
al

 c
on

tr
ol

 p
ro

bl
em

s.
W

e 
als

o 
pr

es
en

t 
nu

m
er

ic
al

da
ta

 t
o 

su
pp

or
t 

ou
r 

cl
ai

m
 t

ha
t 

im
pl

em
en

ta
tio

ns
 o

f 
co

nc
ep

tu
al

 a
lg

or
ith

m
s 

ar
e 

in
ef

fic
ie

nt
 c

om
pa

re
d

to
 th

e 
co

ns
is

te
nt

 a
pp

ro
xi

m
at

io
ns

 a
pp

ro
ac

h 
to

 s
ol

vi
ng

 o
pt

im
al

 c
on

tr
ol

 p
ro

bl
em

s.
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C
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T
he

 n
ex

t 
ch

ap
te

r,
C

ha
pt

er
 5

, 
co

nt
ai

ns
 t

he
 u

se
r’

s
m

an
ua

l f
or

 R
IO

T
S

. 
R

IO
T

S
 is

 o
ur

 s
of

twa
re

pa
ck

ag
e,

 d
eve

lo
pe

d 
as

 a
 t

oo
lb

ox
 f

or
 M

at
la

b† ,
fo

r 
so

lv
in

g 
a 

ve
ry

 b
ro

ad
 c

la
ss

 o
f 

op
tim

al
 c

on
tr

ol

pr
ob

le
m

s.
 T

hi
sc

la
ss

 in
cl

ud
es

 p
ro

bl
em

s 
w

ith
 m

ul
tip

le
 o

bj
ec

ti
ve

 fu
nc

tio
ns

, 
fix

ed
 o

r 
fr

ee
 fi

na
l t

im
e

pr
ob

le
m

s,
 p

ro
bl

em
s 

w
ith

 var
ia

bl
e 

in
iti

al
 c

on
di

tio
ns

 a
nd

 p
ro

bl
em

s 
w

ith
 c

on
tr

ol
 b

ou
nd

s,
 e

nd
po

in
t

eq
ua

lit
y 

an
d 

in
eq

ua
lit

y 
co

ns
tr

ai
nt

s,
 a

nd
 t

ra
je

ct
or

y 
co

ns
tr

ai
nt

s.
T

he
 u

se
r’s

m
an

ua
l 

in
cl

ud
es

 a

m
at

he
m

at
ic

al
 d

es
cr

ip
tio

n 
of

 t
he

 c
la

ss
 o

f 
pr

ob
le

m
s 

th
at

 c
an

 b
e 

ha
nd

le
d,

 a
 s

er
ie

s 
of

 s
am

pl
e 

se
ss

io
ns

w
ith

 R
IO

T
S

, 
a 

co
m

pl
et

e 
re

fe
re

nc
e 

gu
id

e 
fo

r 
th

e 
pr

og
ra

m
s 

in
 R

IO
T

S
, 

ex
pl

an
at

io
ns

 o
f 

im
po

rt
an

t

im
pl

em
en

ta
tio

n 
de

ta
ils

, 
an

d 
in

st
ru

ct
io

ns
 f

or
 i

ns
ta

lli
ng

 R
IO

T
S

. 
C

ha
pt

er
6,

 p
re

se
nt

s 
ou

r 
co

nc
lu

-

si
on

s 
an

d 
id

ea
s 

fo
r 

fu
tu

re
 r

es
ea

rc
h.F
in

al
ly

,
th

er
e 

ar
e 

two
ap

pe
nd

ic
es

. 
T

he
fir

st
 c

on
ta

in
s 

th
e

pr
oo

fs
 o

f 
so

m
e 

of
 t

he
 r

es
ul

ts
 in

 C
ha

pt
er

 2
 a

nd
 t

he
 s

ec
on

d 
de

sc
rib

es
 s

om
e 

e
xa

m
pl

e 
op

tim
al

 c
on

tr
ol

pr
ob

le
m

s 
th

at
 w

e 
us

e,
 p

rim
ar

ily
 in

 C
ha

pt
er

 4
, f

or
 n

um
er

ic
al

 e
xp

er
im

en
ts

.

†
M

at
la

b 
is

 a
 s

ci
en

tifi
c 

co
m

pu
ta

tio
n 

an
d 

vi
su

al
iz

at
io

n 
pr

og
ra

m
 d

es
ig

ne
d 

by
 T

he
 M

at
hW

or
ks

, I
nc

.

-
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C
ha

pt
er

 2

C
O

N
S

IS
T

E
N

T
 A

P
P

R
O

X
IM

A
T

IO
N

S
 F

O
R

 O
P

T
IM

A
L 

C
O

N
T

R
O

L

P
R

O
B

LE
M

S
 B

A
S

E
D

 O
N

 R
U

N
G

E
-K

U
T

TA
IN

T
E

G
R

A
T

IO
N

2.
1 

IN
T

R
O

D
U

C
T

IO
N

In
 t

hi
s 

C
ha

pt
er,

w
e

es
ta

bl
is

h 
th

e 
th

eo
re

tic
al

 f
ou

nd
at

io
n 

of
 o

ur
 m

et
ho

d 
fo

r 
nu

m
er

ic
al

ly
 s

ol
v-

in
g 

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
s.S

pe
ci

fic
al

ly,
w

e
co

ns
id

er
 a

pp
ro

xi
m

at
io

ns
 t

o 
co

ns
tr

ai
ne

d 
op

tim
al

co
nt

ro
l p

ro
bl

em
s 

th
at

 r
es

ul
t 

fr
om

 n
um

er
ic

al
 s

ol
vi

ng
 t

he
 d

if
fe

re
nt

ia
l e

qu
at

io
ns

 d
es

cr
ib

in
g 

th
e 

sy
s-

te
m

 d
yn

am
ic

s 
us

in
g 

R
un

ge
-Kut

ta
 i

nt
eg

ra
tio

n.
 

W
e

sh
ow

th
at

 t
he

re
 i

s 
a 

cl
as

s 
of

 h
ig

he
r 

or
de

r
,

ex
pl

ic
it 

R
un

ge
-K

ut
ta

 (
R

K
) 

m
et

ho
ds

 t
ha

t 
pr

ovi
de

co
n

si
st

e
n

t 
a

p
p

ro
xi

m
a

tio
n

st
o 

th
e 

or
ig

in
al

 p
ro

b-

le
m

, 
w

ith
 c

on
si

st
en

cy
de

fin
ed

 a
cc

or
di

ng
 t

o[4
3]

. 
C

on
se

qu
en

tly,
w

e
ar

e 
as

su
re

d 
th

at
 s

ta
tio

na
ry

po
in

ts
 o

f 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s 
co

n
ve

rg
e

to
st

at
io

na
ry

 p
oi

nt
s 

of
 t

he
 o

rig
in

al
 p

ro
bl

em
, 

an
d

th
at

 g
lo

ba
l 

so
lu

tio
ns

 (
or

 s
tr

ic
t 

lo
ca

l 
so

lu
tio

ns
 w

ith
 a

 n
on

-v
an

is
hi

ng
 r

ad
iu

s 
of

 a
ttr

ac
tio

n)
 o

f 
th

e

ap
pr

ox
im

at
in

g 
pr

ob
le

m
s 

co
nve
rg

e
to

gl
ob

al
 (

or
 l

oc
al

) 
so

lu
tio

ns
 o

f 
th

e 
or

ig
in

al
 p

ro
bl

em
, 

as
 t

he

st
ep

-s
iz

e 
of

 th
e 

R
K

 m
et

ho
d 

is
 d

ec
re

as
ed

.

T
he

 t
he

or
y 

of
 c

on
si

st
en

t 
ap

pr
ox

im
at

io
ns

 in
tr

od
uc

ed
 in[4
3]

 r
eq

ui
re

s 
th

at
 t

he
 a

pp
ro

xi
m

at
in

g

pr
ob

le
m

s 
be

 d
efi

ne
d 

on
 fi

ni
te

 d
im

en
si

on
al

 s
ub

sp
ac

es
 o

f 
th

e 
co

nt
ro

l 
sp

ac
e 

to
 w

hi
ch

 R
K

 m
et

ho
ds

ca
n 

be
 ex

te
nd

ed
. 

T
he

se
le

ct
io

n 
of

 t
he

 c
on

tr
ol

 s
ub

sp
ac

es
 a

f
fe

ct
s 

bo
th

 t
he

 a
cc

ur
acy

of
nu

m
er

ic
al

in
te

gr
at

io
n 

an
d 

th
e 

ac
cu

ra
c

y
w

ith
 w

hi
ch

 s
ol

ut
io

ns
 o

f 
th

e 
or

ig
in

al
 p

ro
bl

em
 a

re
 a

pp
ro

xi
m

at
ed

.

O
nc

e 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s 
ar

e 
de

fin
ed

, 
th

ei
r 

nu
m

er
ic

al
 s

ol
ut

io
n 

is
 c

ar
rie

d 
ou

t 
by

 m
ea

ns
 o

f

st
an

da
rd

 m
at

he
m

at
ic

al
 p

ro
gr

am
m

in
g 

al
go

rit
hm

s 
in

 t
he

 s
pa

ce
 o

f 
co

ef
fic

ie
nt

s 
as

so
ci

at
ed

 w
ith

 t
he

ba
se

s 
de

fin
in

g 
th

e 
co

nt
ro

l 
su

bs
pa

ce
s.

W
e 

co
ns

tr
uc

t 
tw

o
su

ch
 fa

m
ili

es
 o

f 
co

nt
ro

l 
su

bs
pa

ce
s.T

he

‘‘
na

tu
ra

l’’
b

as
is

 f
un

ct
io

ns
 f

or
 o

ne
 fam

ily
 a

re
 p

ie
cew

is
e 

po
ly

no
m

ia
l 

fu
nc

tio
ns

, 
an

d 
fo

r 
th

e 
ot

he
r

,

pi
ec

ew
is

e 
co

ns
ta

nt
 f

un
ct

io
ns

.A
ls

o,
 B

-s
pl

in
es

 p
rov

id
e 

a 
ba

si
s 

fo
r 

a 
su

bs
pa

ce
 o

f 
pi

ec
e

w
is

e 
po

ly
no

-

m
ia

l 
fu

nc
tio

ns
.N

on
e 

of
 t

he
se

 s
et

s 
of

 b
as

is
 f

un
ct

io
ns

 i
s 

or
th

on
or

m
al

.
H

en
ce

, 
to

 p
re

se
rve

th
e

L
2

in
ne

r 
pr

od
uc

t 
an

d 
no

rm
 u

se
d 

in
 t

he
 c

on
tr

ol
 s

ub
sp

ac
e,

 a
 n

on
-E

uc
lid

ea
n 

in
ne

r 
pr

od
uc

t 
an

d 
no

rm

m
us

t 
be

 u
se

d 
in

 t
he

 a
ss

oc
ia

te
d 

sp
ac

e 
of

 c
oe

f
fic

ie
nt

s.
 

Fa
ili

ng
 t

o 
do

 s
o 

in
tr

od
uc

es
 a

 ‘‘c
ha

ng
ed

-
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m
et

ric
’’

ef
fe

ct
 t

ha
t 

ca
n 

ad
ver

se
ly

 a
ffe

ct
 t

he
 p

er
fo

rm
an

ce
 o

f 
al

go
rit

hm
s.T

he
 p

os
si

bl
e 

sev
er

ity
 o

f

th
is

 p
he

no
m

en
on

 is
 d

em
on

st
ra

te
d 

by
 o

ur
 c

om
pu

ta
tio

na
l r

es
ul

ts
 in

 S
ec

tio
n 

6.
To

 r
em

ov
e 

th
e 

ne
ed

to
 m

od
ify

 n
on

lin
ea

r 
pr

og
ra

m
m

in
g 

so
ftwa

re
 w

rit
te

n 
fo

r 
pr

ob
le

m
s 

de
fin

ed
 o

n 
a 

E
uc

lid
ea

n 
sp

ac
e,

w
e 

in
tr

od
uc

e 
co

or
di

na
te

 t
ra

ns
fo

rm
at

io
ns

 t
ha

t 
ch

an
ge

 o
ur

 o
rig

in
al

 b
as

es
 in

 t
he

 c
on

tr
ol

 s
pa

ce
 t

o 
an

or
th

on
or

m
al

 s
et

 a
nd

 c
ha

ng
e 

th
e 

as
so

ci
at

ed
 c

oe
f

fic
ie

nt
 s

pa
ce

 to
 a

 E
uc

lid
ea

n 
sp

ac
e.

D
an

ie
l 

[4
4]

pr
es

en
ts

 o
ne

 o
f 

th
e 

fir
st

 a
tte

m
pt

s 
to

 c
ha

ra
ct

er
iz

e,
 i

n 
a 

ge
ne

ra
l 

fr
am

e
w

or
k,

 c
on

-

si
st

en
cy

of
ap

pr
ox

im
at

io
ns

 t
o 

an
 o

pt
im

iz
at

io
n 

pr
ob

le
m

 a
s 

w
el

l 
as

 a
n 

ap
pl

ic
at

io
n 

of
 t

hi
s 

fr
am

e-

w
or

k 
to

 a
pp

ro
xi

m
at

io
ns

 o
f 

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
s 

ob
ta

in
ed

 u
si

ng
 t

he
 E

ul
er

 in
te

gr
at

io
n 

fo
rm

ul
a.

It 
ca

n 
be

 s
how

n 
th

at
 D

an
ie

l’s
co

nd
iti

on
s 

fo
r 

co
ns

is
te

ncy
im

pl
y 

ep
ic

on
ve

rg
en

ce
 [4

5,
46

],i
.e

.,
th

e

co
nv

er
ge

nc
e,

 i
n 

th
e 

Ku
ra

to
w

sk
i 

se
ns

e[4
7]

, 
of

 t
he

 c
on

st
ra

in
ed

 e
pi

gr
ap

hs
 o

f 
th

e 
ap

pr
ox

im
at

in
g

pr
ob

le
m

s 
to

 t
he

 c
on

st
ra

in
ed

 e
pi

gr
ap

h 
of

 t
he

 o
rig

in
al

 p
ro

bl
em

.
E

pi
co

nv
er

ge
nc

e 
en

su
re

s 
co

n
ve

r-

ge
nc

e 
of

 t
he

 g
lo

ba
l 

m
in

im
iz

er
s 

(o
r 

st
ric

t 
lo

ca
l 

m
in

im
iz

er
s 

w
ith

 a
 n

on
-v

an
is

hi
ng

 r
ad

iu
s 

of
 a

ttr
ac

-

tio
n)

 o
f t

he
 a

pp
ro

xi
m

at
in

g 
pr

ob
le

m
s 

to
 g

lo
ba

l (
or

 lo
ca

l m
in

im
iz

er
s)

 o
f t

he
 o

rig
in

al
 p

ro
bl

em
.

P
ol

ak
, 

in
[4

3]
, 

ch
ar

ac
te

riz
es

 fi
rs

t 
or

de
r 

op
tim

al
ity

 c
on

di
tio

ns
 in

 t
er

m
s 

of
 z

er
os

 o
f

o
p

tim
a

lit
y

fu
n

ct
io

n
s.

To
de

fin
e 

co
ns

is
te

ncy
of

ap
pr

ox
im

at
io

ns
, 

he
 a

ug
m

en
ts

 t
he

 r
eq

ui
re

m
en

t 
of

 e
pi

co
n

ve
r-

ge
nc

e 
of

 t
he

 a
pp

ro
xi

m
at

in
g 

pr
ob

le
m

s 
w

ith
 a

 r
el

at
ed

 r
eq

ui
re

m
en

t 
fo

r 
th

ei
r 

op
tim

al
ity

 f
un

ct
io

ns
.

A
s 

a 
re

su
lt,

 c
on

si
st

en
c

y,
 i

n
th

e 
P

ol
ak

 s
en

se
, 

en
su

re
s 

co
n

ve
rg

en
ce

 o
f 

gl
ob

al
 (

lo
ca

l) 
so

lu
tio

ns
, 

an
d

st
at

io
na

ry
 p

oi
nt

s,
 o

f 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s 
to

 g
lo

ba
l (

lo
ca

l) 
so

lu
tio

ns
, 

an
d 

st
at

io
na

ry
 p

oi
nt

s,

of
 t

he
 o

rig
in

al
 p

ro
bl

em
.F

ur
th

er
m

or
e,

 t
he

 P
ol

ak
 d

efi
ni

tio
n 

of
 c

on
si

st
en

c
y

in
di

re
ct

ly
 i

m
po

se
s 

th
e

re
qu

ire
m

en
t 

th
at

 t
he

 m
at

he
m

at
ic

al
 c

ha
ra

ct
er

iz
at

io
n 

of
 t

he
 c

on
st

ra
in

ts
 o

f 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

-

le
m

s 
sa

tis
fy

 c
er

ta
in

 c
on

gr
ue

nc
e 

co
nd

iti
on

s,
 a

nd
 t

ha
t 

de
ri

va
tiv

es
of

th
e 

ap
pr

ox
im

at
in

g 
pr

ob
le

m

fu
nc

tio
ns

 c
on

ve
rg

e
to

th
os

e 
of

 t
he

 o
rig

in
al

 p
ro

bl
em

.In
 a

dd
iti

on
 t

o 
a 

de
fin

iti
on

 o
f 

co
ns

is
te

ncy,
 w

e

fin
d 

in
[4

3]
 d

ia
go

na
liz

at
io

n 
st

ra
tegi

es
, 

in
 t

he
 f

or
m

 o
f 

m
as

te
r 

al
go

rit
hm

s,
 t

ha
t 

ca
ll 

no
nl

in
ea

r 
pr

o-

gr
am

m
in

g 
al

go
rit

hm
s 

as
 

su
br

ou
tin

es
.T
he

se
 

al
go

rit
hm

s 
en

ab
le

 
on

e 
to

 
ef

fic
ie

nt
ly

 
ob

ta
in

 
an

ap
pr

ox
im

at
e,

 n
um

er
ic

al
 ‘‘s
ol

ut
io

n’
’t

o
an

or
ig

in
al

 in
fin

ite
 d

im
en

si
on

al
 p

ro
bl

em
.

W
ith

 t
he

 ex
ce

pt
io

n 
of

[4
4]

 a
nd

[4
3]

, 
th

e 
an

al
ys

is
 o

f 
th

e 
ap

pr
ox

im
at

in
g 

pr
op

er
tie

s 
of

 n
um

er
i-

ca
l 

in
te

gr
at

io
n 

te
ch

ni
qu

es
 (

se
e,e.

g.
,[

43
,4

8-
56

] 
) 

in
 o

pt
im

al
 c

on
tr

ol
 i

s 
no

t 
ca

rr
ie

d 
in

 t
he

 f
ra

m
e-

w
or

k 
of

 a
 g

en
er

al
 t

he
or

y† .
C

on
ve

rg
en

ce
 o

f 
gl

ob
al

 s
ol

ut
io

ns
, 

or
 i

n 
so

m
e 

ca
se

s,
 o

f 
st

at
io

na
ry

po
in

ts
, 

of
 a

pp
ro

xi
m

at
in

g 
pr

ob
le

m
s 

ob
ta

in
ed

 u
si

ng
 E

ul
er

 in
te

gr
at

io
n 

to
 t

ho
se

 o
f 

th
e 

or
ig

in
al

 p
ro

b-

le
m

 w
as

 e
st

ab
lis

he
d 

in[4
3,

44
,4

8-
50

,5
3-

55
]. 

O
fth

es
e,

 p
er

ha
ps

 t
he

 m
os

t 
e

xt
en

siv
e 

tre
at

m
en

t 
ca

n

be
 f

ou
nd

 i
n[

54
]. 

T
he

ra
te

 o
f 

co
nve

rg
en

ce
 o

f 
st

at
io

na
ry

 p
oi

nt
s 

of
 a

pp
ro

xi
m

at
in

g 
pr

ob
le

m
s,

ob
ta

in
ed

 f
ro

m
 d

is
cr

et
iz

at
io

n 
of

 u
nc

on
st

ra
in

ed
 o

pt
im

al
 c

on
tr

ol
 p

ro
bl

em
s 

us
in

g 
a 

cl
as

s 
of

 R
K

 m
et

h-

od
s,

 to
 th

os
e 

of
 th

e 
or

ig
in

al
 p

ro
bl

em
 was

 ex
pl

or
ed

 in
[4

2]
.

†
T

hi
s 

is
 a

ls
o 

tr
ue

 fo
r 

co
llo

ca
tio

n 
te

ch
ni

qu
es

 (
se

e,
e.

g.
,[

4,
18

,3
3,

35
,3

6]
 )

.

-
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O
rg

an
iz

at
io

n.
T

hi
s 

ch
ap

te
r 

is
 o

rga
ni

ze
d 

as
 f

ol
low

s.
 

S
ec

tio
n2

su
m

m
ar

iz
es

 t
he

 t
he

or
y 

of
 c

on
-

si
st

en
t 

ap
pr

ox
im

at
io

ns
.S
ec

tio
n 

3 
de

fin
es

 t
he

 o
pt

im
al

 c
on

tr
ol

 p
ro

bl
em

 a
nd

 d
e

ve
lo

ps
 a

n 
op

tim
al

ity

fu
nc

tio
n 

fo
r 

it.
In

 s
ec

tio
n 

4 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s 
ar

e 
co

ns
tr

uc
te

d 
an

d 
ep

ic
on

ve
rg

en
ce

 o
f

th
e 

ap
pr

ox
im

at
in

g 
pr

ob
le

m
s 

is
 p

rove
d.

 
In

se
ct

io
n 

5,
 o

pt
im

al
ity

 f
un

ct
io

ns
 f

or
 t

he
 a

pp
ro

xi
m

at
in

g

pr
ob

le
m

s 
ar

e 
de

rive
d

an
d 

ar
e 

sh
ow

n 
to

 h
yp

oc
on

ve
rg

e
to

th
e 

op
tim

al
ity

 f
un

ct
io

n 
fo

r 
th

e 
or

ig
in

al

pr
ob

le
m

. 
T

hi
sc

om
pl

et
es

 t
he

 p
ro

of
 t

ha
t 

th
e 

ap
pr

ox
im

at
in

g 
pr

ob
le

m
s 

ar
e 

co
ns

is
te

nt
 a

pp
ro

xi
m

a-

tio
ns

 t
o 

th
e 

or
ig

in
al

 p
ro

bl
em

.S
ec

tio
n 

6 
in

tr
od

uc
es

 a
 t

ra
ns

fo
rm

at
io

n 
w

hi
ch

 d
efi

ne
s 

or
th

on
or

m
al

ba
se

s 
fo

r 
th

e 
co

nt
ro

l s
ub

sp
ac

es
 a

nd
 p

re
se

nt
s 

a 
ra

te
 o

f 
co

n
ve

rg
en

ce
 r

es
ul

t 
fo

r 
th

e 
m

os
t 

co
m

m
on

ly

us
ed

 R
K

 m
et

ho
d,

 R
K

4.
S

om
e 

nu
m

er
ic

al
 r

es
ul

ts
 a

re
 a

ls
o 

in
cl

ud
ed

.
F

in
al

ly
,

in
Se

ct
io

n 
7 

th
e

re
su

lts
 a

re
 ex

te
nd

ed
 to

 c
on

tr
ol

 s
ub

sp
ac

es
 b

as
ed

 o
n 

sp
lin

es
.

2.
2 

T
H

E
O

R
Y

O
F

C
O

N
S

IS
T

E
N

T
 A

P
P

R
O

X
IM

A
T

IO
N

S

Le
t


 be
 a

 n
or

m
ed

 li
ne

ar
 s

pa
ce

 a
ndB

⊂


 a
co

nv
ex

 se
t a

nd
 c

on
si

de
r 

th
e 

pr
ob

le
m

(2
.1

a)

� ∈∈
F

m
in

� (

� )
P w

he
re

� :B
→

IR
 i

s
(a

t 
le

as
t)

 l
ow

er
 s

em
i-c

on
tin

uo
us

, 
an

dF
⊂

B
is

 t
he

 f
ea

si
bl

e 
se

t.N
ex

t, 
le

t

IN
=.

{1
,2

,3
,.

..
},

 l
et

N
be

 a
n 

in
fin

ite
 s

ub
se

t 
of

 IN
, 

an
d 

le
t{


 N
}

N
∈∈

N
be

 a
 fa

m
ily

 o
f 

fin
ite

di
m

en
si

on
al

 s
ub

sp
ac

es
 o

f
 su
ch

 t
ha

t


 N
1

⊂


 N
2
,

fo
r 

al
lN

1
,N

2
∈∈

N
su

ch
 t

ha
tN

1
<

N
2
.

N
ow

co
ns

id
er

 a
 fa

m
ily

 o
f a

pp
ro

xi
m

at
in

g 
pr

ob
le

m
s

(2
.1

b)

� ∈∈
F

N

m
in

� N
(

� )
,

N
∈∈

N
,

P
N

w
he

re

� N
:


 N
→

IR
 i

s
(a

t l
ea

st
) 

low
er

 s
em

i-c
on

tin
uo

us
, a

ndF
N

⊂


 N
∩

B
.

In
 [4

3]
w

e 
fin

d 
a 

ch
ar

ac
te

riz
at

io
n 

of
 t

he
 c

on
si

st
en

c
y

of
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

sP
N

,
in

te
rm

s 
of

 t
wo

co
nc

ep
ts

. 
T

he
fir

st
 is

 e
pi

co
nve

rg
en

ce
 o

f 
th

eP
N

to
P

[4
5]

 w
hi

ch
 c

an
 b

e 
sh

ow
n 

to
 b

e

eq
ui

va
le

nt
 t

o 
Ku

ra
to

w
sk

i c
on

ve
rg

en
ce

 [4
7]

of
 t

he
 r

es
tr

ic
te

d 
ep

ig
ra

ph
s 

of
 t

he
 c

os
t 

fu
nc

tio
ns

 o
f 

th
e

ap
pr

ox
im

at
in

g 
pr

ob
le

m
s 

to
 t

he
 r

es
tr

ic
te

d 
ep

ig
ra

ph
 o

f 
th

e 
or

ig
in

al
 p

ro
bl

em
.

E
pi

co
nv

er
ge

nc
e 

do
es

no
t 

in
vo

lv
e

de
riv

at
iv

es
of

th
e 

co
st

 f
un

ct
io

n 
no

r 
th

e 
sp

ec
ifi

c 
de

sc
rip

tio
n 

of
 t

he
 c

on
st

ra
in

t 
se

ts
,

he
nc

e 
it 

is
 a

 k
in

d 
of

 ‘‘z
er

o-
or

de
r’’

p
ro

pe
rt

y.
T

he
 s

ec
on

d 
co

nc
ep

t 
co

ns
is

ts
 o

f 
th

e 
ch

ar
ac

te
riz

at
io

n

of
 s

ta
tio

na
ry

 p
oi

nt
s 

as
 z

er
os

 o
f 

an
 ‘

‘o
pt

im
al

ity
 f

un
ct

io
n’

’
an

d 
a 

ki
nd

 o
f 

up
pe

r 
se

m
i-c

on
tin

ui
ty

pr
op

er
ty

 o
f 

th
e 

op
tim

al
ity

 f
un

ct
io

ns
 o

f 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s.
O

pt
im

al
ity

 f
un

ct
io

ns
 d

o

de
pe

nd
 o

n 
de

riva
tiv

es
an

d 
th

e 
sp

ec
ifi

c 
de

sc
rip

tio
n 

of
 t

he
 c

on
st

ra
in

t 
se

t, 
he

nc
e 

th
e

y
ad

d 
im

po
rt

an
t

fir
st

-o
rd

er
 a

nd
 s

tr
uc

tu
ra

l i
nf

or
m

at
io

n.
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C
ha
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D
efi

ni
tio

n 
2.

1.
W

e 
w

ill
 s

ay
 t

ha
t 

th
e 

pr
ob

le
m

s 
in

 t
he

 fam
ily

 {
P

N
}

N
∈∈

N
co

nv
e

rg
e 

ep
ig

ra
p

h
i-

ca
lly

(o
re

p
ic

o
nv

e
rg

e)
to

P
(P

N
E

pi →
P

)
if

(a
)

fo
r 

ev
er

y

� ∈∈
F

,t
he

re
 ex

is
ts

 a
 s

eq
ue

nc
e{

� N
}

N
∈∈

N
,w

ith
� N

∈∈
F

N
,s

uc
h 

th
at

� N
→

� an
d

lim

� N
(

� N
)

≤

� (

� );

(b
)

fo
r 

ev
er

y 
in

fin
ite

 s
eq

ue
nc

e{

� N
}

N
∈∈

K
,

K
⊂

N
,

sa
tis

fy
in

g

� N
∈∈

F
N

fo
r 

al
l

N
∈∈

K
an

d

� N
→

K

� ,w
e

ha
v e

th
at

� ∈∈
F

an
d 

lim
N

∈∈
K

� N
(

� N
)

≥

� (

� ).

T
he

re
 a

re
 t

wo
su

bs
et

s 
inv

ol
ve

d 
in

 o
ur

 f
or

m
ul

at
io

n 
of

 t
hi

s 
de

fin
iti

on
.T
he

 s
ub

se
tN

is
 u

se
d 

to
 p

ro
-

vi
de

 n
es

tin
g 

of
 t

he
 fi

ni
te

 d
im

en
si

on
al

 s
ub

sp
ac

es
 N
.

T
he

 s
ub

se
tK

⊂
N

is
 r

eq
ui

re
d 

so
 t

ha
t 

D
efi

-

ni
tio

n 
2.

1 
is

 e
qu

iva
le

nt
 t

o 
Ku

ra
to

w
sk

i 
co

nv
er

ge
nc

e.
 

T
hi

si
s 

be
ca

us
e,

 n
ot

 o
nl

y 
is

 t
he

 s
eq

ue
nc

e

{

� N
}

p
ar

am
et

er
iz

ed
 b

yN
,b

ut
 s

o 
ar

e 
th

e 
pr

ob
le

m
s 

in
 th

e 
se

qu
en

ce
{

P
N

}.

In
 [4

3,
45

,4
6]

w
e 

fin
d 

th
e 

fo
llo

w
in

g 
re

su
lt:

T
he

or
em

 2
.2

.
S

up
po

se
 t

ha
tP

N
E

pi →
P

.
(a

)
If,

 f
or

N
∈∈

N
,

� ˆN
is

 a
 g

lo
ba

l 
m

in
im

iz
er

 o
fP

N
,

an
d

� ˆ
is

 a
ny

ac
cu

m
ul

at
io

n 
po

in
t 

of
 t

he
 s

eq
ue

nc
e{

� ˆN
}

N
∈∈

N
,

th
en

� ˆ
is

 a
 g

lo
ba

l m
in

im
iz

er
 o

fP
;

(b
)

if,
 f

or
N

∈∈
N

,

� ˆN
is

 a
 s

tr
ic

t 
lo

ca
l 

m
in

im
iz

er
 o

fP
N

w
ho

se
 r

ad
iu

s 
of

 a
ttr

ac
tio

n 
is

 b
ou

nd
ed

aw
 ay

fr
om

 z
er

o,
 a

nd

� ˆ
is

 a
ny

ac
cu

m
ul

at
io

n 
po

in
t 

of
 t

he
 s

eq
ue

nc
e{

� ˆN
}

N
∈∈

N
,

th
en

� ˆ
is

 a
 lo

ca
l

m
in

im
iz

er
 o

fP
.

E
pi

gr
ap

hi
ca

l c
onv

er
ge

nc
e 

do
es

 n
ot

 e
lim

in
at

e 
th

e 
po

ss
ib

ili
ty

 o
f 

st
at

io
na

ry
 p

oi
nt

s 
of

P
N

co
n-

ve
rg

in
g 

to
 a

 n
on

-s
ta

tio
na

ry
 p

oi
nt

 o
fP
:

a
m

os
t 

in
co

nv
en

ie
nt

 o
ut

co
m

e 
fr

om
 a

 n
um

er
ic

al
 o

pt
im

iz
a-

tio
n 

po
in

t 
of

 v
iew

. 
Fo

r 
ex

am
pl

e,
 l

et


 =
IR

2
w

ith

� =
(x

,y
),

 a
nd

 l
et

f(

� )
=

f N
(

� )
=

(x
−

2)
2
,

N
∈∈

IN
.

C
ho

os
e

(2
.2

a)
F

=.
{(

x,
y)

∈∈
IR

2
|x

2
+

y2
−

2
≤

0
},

(2
.2

b)
F

N
=.

{(
x,

y)
∈∈

IR
2

|(
x

−
y)

2
(x

2
+

y2
−

2)
≤

0,
x2

+
y2

≤
2

+
1

/N
},

N
∈∈

IN
 .

T
he

n 
w

e 
se

e 
th

atP
N

E
pi →

P
.

N
ev

 er
th

el
es

s,
 t

he
 p

oi
nt

 (
1,1

) 
is

 f
ea

si
bl

e 
an

d 
sa

tis
fie

s 
th

e 
F

.
Jo

hn
 o

pt
i-

m
al

ity
 c

on
di

tio
n 

fo
r 

al
lP

N
,b

ut
 it

 is
 n

ot
 a

 s
ta

tio
na

ry
 p

oi
nt

 f
or

 t
he

 p
ro

bl
emP

(s
ee

 F
ig

ur
e 

2.
1)

.T
he

re
as

on
 f

or
 t

hi
s 

is
 a

n 
in

co
m

pa
tib

ili
ty

 o
f 

th
e 

co
ns

tr
ai

nt
 s

et
s

F
N

w
ith

 t
he

 c
on

st
ra

in
t 

se
tF
,

w
hi

ch

sh
ow

s 
up

 o
nl

y 
at

 t
he

 l
eve

l
of

op
tim

al
ity

 c
on

di
tio

ns
.H

yp
ot

he
se

s 
pr

ec
lu

di
ng

 t
hi

s 
pa

th
ol

og
y

,
at

le
as

t 
fo

r 
fir

st
 o

rd
er

 n
on

-s
ta

tio
na

ry
 p

oi
nt

s,
 w

er
e 

in
tr

od
uc

ed
 i

n
[4

3]
 u

si
ng

 o
pt

im
al

ity
 f

un
ct

io
ns

 a
s 

a

to
ol

 f
or

 e
ns

ur
in

g 
a 

ki
nd

 o
f 

‘‘fi
rs

t 
or

de
r’’

ap
pr

ox
im

at
io

n 
re

su
lt 

th
at

 im
pl

ic
itl

y 
en

fo
rc

es
 c

onve
rg

en
ce

of
 d

er
iva

tiv
es

an
d 

re
st

ric
ts

 th
e 

fo
rm

s 
ch

os
en

 fo
r 

th
e 

de
sc

rip
tio

n 
of

 th
e 

se
ts

F
an

d
F

N
.

-
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x

y

(1
,1

)

2

st
a

tio
n

a
ry

 p
o

in
t

fo
r 

a
p

p
ro

xi
m

a
tin

g
p

ro
b

le
m

o
p

tim
a

l p
o

in
t 
fo

r
o

ri
g

in
a

l p
ro

b
le

m

1 N

F
ig

.2
.1

:
G

ra
ph

 o
f 

th
e 

fe
as

ib
le

 r
egi
on

s 
fo

r 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s 
sh

o
w

in
g 

th
at

 t
he

 s
ta

tio
n-

ar
y 

po
in

ts
 f

or
 t

he
 a

pp
ro

xi
m

at
in

g 
pr

ob
le

m
s 

co
n

ve
rg

e
to

th
e 

po
in

t 
(1

,1
) 

w
hi

ch
 i

s 
a 

no
n-

st
at

io
na

ry
po

in
t 

fo
r 

th
e 

or
ig

in
al

 p
ro

bl
em

.T
he

 a
rr

ow
s 

ar
ou

nd
 (

1,
1)

 i
nd

ic
at

e 
th

e 
gr

ad
ie

nt
s 

(t
ra

ns
la

te
d 

fr
om

th
e 

or
ig

in
) 

fo
r 

th
e 

two
co

ns
tr

ai
nt

 fu
nc

tio
ns

 a
nd

 th
e 

ob
je

ct
i

ve
 fu

nc
tio

n.

D
efi

ni
tio

n 
2.

3.
W

e 
w

ill
 s

ay
 t

ha
t 

a 
fu

nc
tio

n

� :B
→

IR
 i

s
an

o
p

tim
a

lit
y 

fu
n

ct
io

nf
or

P
if

(i
)

� (⋅)

is
 (

at
 le

as
t)

 u
pp

er
 s

em
i-c

on
tin

uo
us

,
(i
i)

� (

� )
≤

0
fo

r 
al

l

� ∈∈
B

,
an

d
(i
ii)

fo
r

� ˆ
∈∈

F
,

� (

� ˆ)
=

0
if

� ˆ
is

 a
 l

oc
al

 m
in

im
iz

er
 f

or
P

.
Si

m
ila

rly
,

w
e

w
ill

 s
ay

 t
ha

t 
a 

fu
nc

tio
n

� N
:H

N
→

IR
 i

s
an

o
p

tim
a

lit
y

fu
n

ct
io

n
fo

r
P

N
if

(i
)

� N
(⋅)

is
(a

t 
le

as
t)

 u
pp

er
 s

em
i-c

on
tin

uo
us

,
(i
i)

� N
(

� N
)

≤
0

fo
r 

al
l

� N
∈∈

H
N

,

an
d

(i
ii)

if

� ˆN
∈∈

F
N

is
 a

 lo
ca

l m
in

im
iz

er
 fo

rP
N

th
en

� N
(

� ˆN
)

=
0

D
efi

ni
tio

n 
2.

4.
C

on
si

de
r 

th
e 

pr
ob

le
m

sP
,

P
N

,
de

fin
ed

 i
n 

(2
.1

a,
b)

.L
et

� (⋅)
,

� N
(⋅)

,
N

∈∈
N

,
be

op
tim

al
ity

 f
un

ct
io

ns
 f

or
P

,P
N

,
re

sp
ec

tiv
el

y.
W

e
w

ill
 s

ay
 t

ha
t 

th
e 

pa
irs

 (P
N

,

� N
),

 in
 t

he
 s

eq
ue

nc
e

{(
P

N
,

� N
)}

N
∈∈

N
ar

e
co

n
si

st
e

n
t 

a
p

p
ro
xi

m
a

tio
n

st
o 

th
e 

pa
ir 

(P
,

� ),
 i

f
(i
)

P
N

E
pi →

P
,

an
d

(i
i)

fo
r

an
y

se
qu

en
ce

 {

� N
}

N
∈∈

K
,

K
⊂

N
,

w
ith

� N
∈∈

F
N

fo
r 

al
lN

∈∈
K

,
su

ch
 t

ha
t

� N
→

K

� ,
th

e 
op

ti-

m
al

ity
 fu

nc
tio

ns
 o

f t
he

 a
pp

ro
xi

m
at

in
g 

pr
ob

le
m

s 
sa

tis
fy

 th
e 

co
nd

iti
on

(2
.3

)
lim

� N
(

� N
)

≤

� (

� )
.

N
ot

e 
th

at
 p

ar
t(ii

)
of

 D
efi

ni
tio

n 
2.

4 
ru

le
s 

ou
t 

th
e 

po
ss

ib
ili

ty
 o

f 
st

at
io

na
ry

 p
oi

nt
s 

(p
oi

nt
s 

su
ch

th
at

� N
(

� N
)

=
0)

 f
or

 t
he

 a
pp

ro
xi

m
at

in
g 

pr
ob

le
m

s 
co

n
ve

rg
in

g 
to

 n
on

-s
ta

tio
na

ry
 p

oi
nt

s 
of

 t
he

 o
rig

-

in
al

 p
ro

bl
em

.I
n 

th
e 

se
qu

el
, 

w
e 

w
ill

 p
rov

e 
a 

str
on

ge
r 

co
nd

iti
on

 t
ha

n 
is

 r
eq

ui
re

d 
by

 D
efi

ni
tio

n 
2.

4,

na
m

el
y,

K
ur

at
ow

sk
i 

co
nv

er
ge

nc
e 

of
 t

he
 hy

po
gr

ap
hs

 o
f

� N
(⋅)

to
th

e 
hy

po
gr

ap
h 

of

� (⋅)
(t

ha
t 

is
,

-
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−

� N
E

pi →
−

� ).

In
 a

dd
iti

on
 t

o 
th

e 
ch

ar
ac

te
riz

at
io

n 
of

 c
on

si
st

en
c

y,
 t

he
 t

he
or

y 
of

 c
on

si
st

en
t 

ap
pr

ox
im

at
io

ns

in
 [4

3]
in

cl
ud

es
 v

ar
io

us
 m

as
te

r 
al

go
rit

hm
 m

od
el

s 
fo

r 
ef

fic
ie

nt
ly

 s
ol

vi
ng

 p
ro

bl
em

s 
su

ch
 a

sP
.

G
iv

en
a

le
v e

l
of

di
sc

re
tiz

at
io

n 
de

fin
ed

 b
yN

,
th

e 
m

as
te

r 
al

go
rit

hm
s 

co
ns

tr
uc

t 
an

 a
pp

ro
xi

m
at

in
g

pr
ob

le
m

P
N

,
ex

ec
ut

e 
a 

no
nl

in
ea

r 
pr

og
ra

m
m

in
g 

or
 d

is
cr

et
e-

tim
e 

op
tim

al
 c

on
tr

ol
 a

lg
or

ith
m

 a
s 

a

su
br

ou
tin

e 
fo

r 
a 

ce
rt

ai
n 

nu
m

be
r 

of
 i

te
ra

tio
ns

 o
n

P
N

,
an

d 
th

en
 i

nc
re

as
eN

.
T

he
n 

th
e 

pr
oc

es
s 

is

re
pe

at
ed

. 
For

 s
pe

ci
fic

 ex
am

pl
es

, s
ee[

55
,5

7]
.

2.
2.

1.
 

O
ve

rv
ie

w
o

f
th

e 
co

ns
tr

uc
tio

n 
of

 c
on

si
st

en
t 

ap
pr

ox
im

at
io

ns
 f

or
 o

pt
im

al

co
nt

ro
l p

ro
b

le
m

s.

In
 t

he
 r

em
ai

ni
ng

 s
ec

tio
ns

 o
f 

th
is

 c
ha

pt
er

 w
e 

pr
oc

ee
d 

to
 c

on
st

ru
ct

 a
pp

ro
xi

m
at

in
g 

pr
ob

le
m

s,
 b

as
ed

on
 R

un
ge

-K
ut

ta
 in

teg
ra

tio
n,

 t
o 

a 
ge

ne
ra

l c
la

ss
 o

f 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s 
an

d 
sh

o
w

th
at

 t
he

y
ar

e

co
ns

is
te

nt
 a

pp
ro

xi
m

at
io

ns
.To

 g
ui

de
 th

e 
re

ad
er,

w
e

pr
ov

id
e 

he
re

 a
n 

ou
tli

ne
 o

f t
he

 d
e

ve
lo

pm
en

t, 
in

a
sli

gh
tly

 r
e-

ar
ra

ng
ed

 o
rd

er,
fo

r 
a 

si
m

pl
e 

cl
as

s 
of

 u
nc

on
st

ra
in

ed
 o

pt
im

al
 c

on
tr

ol
 p

ro
bl

em
s 

w
ith

 a

sm
oo

th
 o

bj
ec

tive
 fu

nc
tio

n.

W
e 

sta
rt

 b
y 

de
fin

in
g 

th
e 

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
.In
 t

hi
s 

ov
er

vi
ew

w
e

w
ill

 j
us

t 
co

ns
id

er

un
co

ns
tr

ai
ne

d 
pr

ob
le

m
s 

w
ith

 fi
x

ed
 in

iti
al

 c
on

di
tio

ns
 o

f t
he

 fo
rm

u
∈∈

U
m

in
f(

u)
P w

he
re

f(
u)

∈∈
IR

 i
s

th
e 

ob
je

ct
ive

 fu
nc

tio
n 

de
fin

ed
 b

y

(2
.5

a)
f(

u)
=.

� (x
u
(1

))

an
d

xu
(t

)
∈∈

IR
n

is
 th

e 
so

lu
tio

n 
of

 th
e 

sy
st

em
 o

f d
if

fe
re

nt
ia

l e
qu

at
io

n

(2
.5

b)
ẋ

=
h(

x,
u)

,
t

∈∈
[0

, 1
]

;
x
(0

)=

� .

H
en

ce
, 

th
e 

ob
je

ct
i

ve
 is

a
fu

nc
tio

n 
of

 t
he

 fi
na

l 
st

at
ex

u
(1

) 
w

hi
ch

 d
ep

en
ds

 o
n 

th
e 

co
nt

ro
l

u
∈∈

U
,

u(
t)

∈∈
IR

m
.

N
ot

e 
th

at
 o

th
er

 f
or

m
s 

of
 o

pt
im

al
 c

on
tr

ol
 p

ro
bl

em
s 

su
ch

 a
s 

th
e 

B
ol

za
 a

nd
 L

ag
ra

ng
e

fo
rm

s 
ca

n 
be

 c
onv

er
te

d 
in

to
 th

is
 fo

rm
.

P
ro

bl
em

P
is

 d
efi

ne
d 

ove
r

th
e 

fe
as

ib
le

 s
etU

of
 c

on
tr

ol
s.

In
 t

he
 s

eq
ue

l, 
w

e 
w

ill
 a

llow
U

to

in
cl

ud
e 

co
nt

ro
l 

co
ns

tr
ai

nt
s 

but
 h

er
e 

w
e 

w
ill

 a
ss

um
e 

th
at

 i
t 

do
es

 n
ot

.
T

he
 c

ho
ic

e 
of

U
is

 c
om

pl
i-

ca
te

d 
by

 t
he

 fa
ct

 t
ha

t 
w

hi
le

 s
ta

nd
ar

d 
op

tim
al

ity
 c

on
di

tio
ns

 f
orP

ar
e 

ex
pr

es
se

d 
in

 t
he

L
2
-n

or
m

,

f(
⋅)

is
di

ff
er

en
tia

bl
e 

in
L

∞
[0

, 1
]

bu
t

no
t 

in
L

2
[0

, 1
].

To
 o

ve
rc

om
e 

th
is

 d
iffi

cu
lty

,
w

e
de

fin
e 

th
e

pr
e-

H
ilb

er
t s

pa
ce

(2
.6

)
L

m ∞
,2

[0
, 1

]=.
(

L
m ∞

[0
, 1

]
,

/ \⋅,
⋅\ / 2

,
||⋅

|| 2
)

w
hi

ch
 c

on
si

st
s 

of
 e

le
m

en
ts

 o
f

L
m ∞

[0
, 1

]b
ut

is
en

do
w

ed
 w

ith
 t

he
L

2
in

ne
r-p

ro
du

ct
 a

nd
 n

or
m

.T
he

n

-
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w
e 

al
low

U
⊂

L
m ∞

,2
[0

, 1
].

S
in

ce
P

is
 a

n 
un

co
ns

tr
ai

ne
d 

pr
ob

le
m

, 
w

e 
ca

n 
ch

oo
se

 f
or

 it
s 

op
tim

al
ity

fu
nc

tio
n

(2
.7

)

� (u
)

=
−

||∇
f(

u)
||2

be
ca

us
e−

||∇
f(

u)
||2

is
 c

on
tin

uo
us

, 
neg

at
iv

e 
va

lu
ed

 a
nd

 z
er

o 
atû

if
û

is
 a

 l
oc

al
 m

in
im

iz
er

 o
fP

si
nc

e 
a 

fir
st

 o
rd

er
 n

ec
es

sa
ry

 c
on

di
tio

n 
fo

r 
op

tim
al

ity
 o

f
û

is
∇

f(
û

)
=

0
(th

at
 is

,∇
f(

û
)(

t)
=

0
fo

r

t
∈∈

[0
, 1

]a
.e

.)
. 

T
he

gr
ad

ie
nt

∇
f(

u)
ca

n 
be

 c
om

pu
te

d 
ac

co
rd

in
g 

to
 s

ta
nd

ar
d 

fo
rm

ul
as

 w
hi

ch
 a

re

pr
es

en
te

d 
in

 S
ec

tio
n 

3.

T
he

 n
ex

t 
st

ep
 is

 t
o 

co
ns

tr
uc

t 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s 
th

ro
ug

h 
so

m
e 

di
sc

re
tiz

at
io

n 
pr

oc
e-

du
re

. 
O

ur
m

et
ho

d 
inv

ol
ve

s
(i
)

in
te

gr
at

in
g 

th
e 

di
ffe

re
nt

ia
l e

qu
at

io
n 

nu
m

er
ic

al
 u

si
ng

 R
un

ge
-K

ut
ta

(R
K

) 
in

te
gr

at
io

n 
an

d(
ii)

re
pl

ac
in

g 
th

e 
in

fin
ite

 d
im

en
si

on
al

 c
on

tr
ol

 s
etU

w
ith

 a
 fi

ni
te

 d
im

en
-

si
on

al
 a

pp
ro

xi
m

at
in

g 
se

tU
N

.
A

R
K

 in
te

gr
at

io
n 

m
et

ho
d 

is
 s

pe
ci

fie
d 

by
 a

 s
et

 o
f 

pa
ra

m
et

er
s 

co
lle

c-

tiv
el

y 
ca

lle
d 

th
e 

B
ut

ch
er

 a
rr

ay.
T

he
 B

ut
ch

er
 a

rr
ay,

A
=

[c
,A

,b
T
], 

co
ns

is
ts

 o
f 

th
re

e 
se

ts
 o

f 
pa

ra
m

-

et
er

s.
 T

he
c

pa
ra

m
et

er
s 

re
la

te
 t

o 
sa

m
pl

in
g 

in
st

an
ce

s 
w

he
re

 t
he

 R
K

 in
te

gr
at

io
n 

ev
al

ua
te

s 
th

e 
rig

ht
-

ha
nd

 s
id

e 
of

 (
2.

5b
) 

an
d 

th
eb

pa
ra

m
et

er
s 

ar
e 

re
la

ti
ve

 w
ei

gh
ts

 a
ss

ig
ne

d 
to

 e
ac

h 
of

 t
he

se
 e

va
lu

a-

tio
ns

. 
T

he
A

pa
ra

m
et

er
s 

affe
ct

 t
he

 o
rd

er
 o

f 
co

nve
rg

en
ce

 o
f 

th
e 

R
K

 m
et

ho
d 

but
 d

o 
no

t 
pl

ay
 a

 r
ol

e

in
 t

he
 fi

rs
t-

or
de

r 
co

nve
rg

en
ce

 a
na

ly
si

s.
T

he
 i

nt
eg

ra
tio

n 
pr

oc
ee

ds
 t

o 
co

m
pu

te
 a

pp
ro

xi
m

at
io

ns
 o

f

th
e 

st
at

ex
k

≈
xu

(t
k
)

at
th

e 
di

sc
re

te
 ti

m
e 

po
in

ts{
t k

}
N k=

0
ac

co
rd

in
g 

to

(2
.8

a)
x k

+1
=

F
(x

k
,u

k
)
=.

x k
+

∆
s i=
1Σ

b i
K

i
;

x 0
=

�

w
ith

(2
.8

b)
K

i
=

h
(x

i
+

∆
i−

1

j=
1Σ

a i
jK

j,
u

k,
i)

(2
.8

c)
u

k,
i

=
u

(t
k

+
c i

∆)

w
he

re
s

is
 t

he
 n

um
be

r 
of

 s
ta

ge
s 

in
 t

he
 R

K
 m

et
ho

d,∆
=

t k
+1

−
t k

=
1

/N
(w

e 
as

su
m

e 
a 

un
ifo

rm

m
es

h 
in

 t
hi

s 
C

ha
pt

er
 f

or
 s

im
pl

ic
ity

) 
an

dc
=

(c
1
,.

..
,c

s)
an

d
b

=
(b

1
,.

..
,b

s)
ar

e 
pa

ra
m

et
er

s 
fr

om

th
e 

B
ut

ch
er

 a
rr

ay.
E

qu
at

io
n 

(2
.8

c)
 i

s 
a 

si
m

pl
ifi

ca
tio

n 
of

 h
o

w
w

e
la

te
r 

de
fin

eu
k,

i
to

 t
ak

e
ca

re
 o

f

th
e 

po
ss

ib
ili

ty
 t

ha
tu

(⋅)
is

di
sc

on
tin

uo
us

 a
tt k

+
c i

∆.
T

he
 q

ua
nt

iti
es

u
k,

i
∈∈

IR
m

ar
e 

ca
lle

dc
o

n
tro

l

sa
m

p
le

sa
nd

 r
el

at
e 

to
 f

un
ct

io
nsu

∈∈
U

N
th

ro
ug

h 
a 

m
ap

V
A

,N
w

hi
ch

 d
ep

en
ds

 o
n 

th
e 

B
ut

ch
er

 a
rr

ay

A
an

d 
th

e 
di

sc
re

tiz
at

io
n 

leve
l

N
.

T
hi

s 
m

ap
 d

efi
ne

s 
how

th
e 

R
K

 m
et

ho
d 

in
teg

ra
te

s 
ove

r
co

nt
ro

ls

in
U

N
. F
ro

m
 (

2.
8b

),
 w

e 
se

e 
th

at
 t

he
 R

K
 i

nt
e

gr
at

io
n 

de
pe

nd
s 

on
 th

e 
co

nt
ro

l s
am

pl
es

u
k,

i
fo

r

k
=

0,
 . 

. .
 ,N

−
1,

i=
1,

 . 
. .

 ,s
.

W
e

m
us

t 
ta

ke
so

m
e 

ca
re

 if
 c

on
tr

ol
 s

am
pl

es
 o

cc
ur

 a
t 

id
en

tic
al

 s
am

-

pl
in

g 
tim

es
, 

bu
t 

w
e 

w
ill

 i
gn

or
e 

th
is

 p
os

si
bi

lit
y 

fo
r 

now
. 

Th
e 

co
nt

ro
l 

sa
m

pl
es

 a
re

 o
r

ga
ni

ze
d 

as

-
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fo
llo

w
s:

(2
.9

a)
u

k
=

(u
k,

1,
..

.,
u

k,
s)

∈∈
s×

IR
m

(2
.9

b)
u

=
(u

0
,.

..
,u

N
−1

)
∈∈

N×
s×

IR
m

.

In
 o

th
er

 w
or

ds
, 

th
e 

co
lle

ct
io

n 
of

 c
on

tr
ol

 s
am

pl
es

 u
se

d 
by

 t
he

 R
K

 m
et

ho
d 

is
 d

en
ot

ed
 b

y
u

w
hi

ch

ha
s

N
co

m
po

ne
nt

s,u
k
,

ea
ch

 o
f 

w
hi

ch
 c

on
ta

in
s 

th
e 

co
nt

ro
l s

am
pl

es
 u

se
d 

by
 t

he
 R

K
 m

et
ho

d 
o

ve
r

on
e 

st
ep

.W
he

n 
w

e 
us

eu
in

 a
lg

eb
ra

ic
 ex

pr
es

si
on

s,
 w

e 
w

ill
 b

e 
tr

ea
tin

g 
it 

as
 th

e
m

×
N

s
m

at
rix (2

.9
c)

u
=

[
u 0

,1
..

. u
0,

s
..

.
u

N
−1

,1
..

. u
N

−1
,s

].

If
m

=
1

t h
en

u
is

 ju
st

 a
 r

ow
ve

ct
or

 (
no

t a
 c

ol
um

n 
vec

to
r)

. 
T

he
sp

ac
e 

of
 c

on
tr

ol
 s

am
pl

es
 is (2

.9
c)

L
N

=
(

N×
s×

IR
m

,
/ \⋅,

⋅\ / L
N

,
||⋅

|| L
N
).

W
e 

w
ill

 s
pe

ci
fy

 in
ne

r-p
ro

du
ct

 a
nd

 n
or

m
 o

nL
N

in
 a

 m
om

en
t.T

o 
in

di
ca

te
 it

s 
de

pe
nd

en
ce

 o
nu,
w

e

w
ill

 w
rit

e 
th

e 
so

lu
tio

n 
to

 (
2.

8a
) 

asx
u k
.

T
he

 n
ex

t 
st

ep
 is

 t
o 

ch
oo

se
 fi

ni
te

 d
im

en
si

on
al

 s
ub

sp
ac

es
L

N
⊂

L
m ∞

,2
[0

, 1
].

T
he

se
 s

ub
sp

ac
es

ca
n 

be
 d

efi
ne

d 
in

 m
any

w
ay

s.
 

In
S

ec
tio

n 
4 

w
e 

de
fin

e 
two

re
pr

es
en

ta
tio

ns
 f

orL
N

,
on

e 
ba

se
d 

on

pi
ec

ew
is

e 
po

ly
no

m
ia

ls
 a

nd
 t

he
 o

th
er

 b
as

ed
 o

n 
pi

ec
e

w
is

e 
co

ns
ta

nt
s.W

e 
de

fin
e 

a 
th

ird
 r

ep
re

se
nt

a-

tio
n 

ba
se

d 
on

 s
pl

in
es

 in
 S

ec
tio

n 
7.G

iv
en

a
de

fin
iti

on
 f

or
L

N
,w

e
re

la
te

 f
un

ct
io

ns
u

∈∈
L

N
to

 t
he

ir

co
nt

ro
l s

am
pl

es
u

∈∈
L

N
vi

a 
th

e 
bi

je
ct

ive
 m

ap

(2
.9

d)
V

A
,N

:L
N

→
L

N
.

E
ss

en
tia

lly,
th

is
 m

ap
 i

s 
de

fin
ed

 i
n 

th
e 

fo
llow

in
g 

w
ay

: 
fo

r 
ea

ch
u

∈∈
L

N
,

u
=

V
A

,N
(u

)
is

gi
v e

n
by

u
k,

i
=

u
(t

k
+

c i
).

 
T

hi
s

is
 s

om
ew

ha
t 

di
ffe

re
nt

 w
he

n 
de

al
in

g 
w

ith
 s

pl
in

es
.H
ow

ev
er

, 
in

th
e 

se
qu

el

w
e 

w
ill

 a
cc

ou
nt

 f
or

 t
he

 p
os

si
bi

lit
ie

s 
m

en
tio

ne
d 

ab
o

ve
 th

at
(i
) 

u
(⋅)

is
di

sc
on

tin
uo

us
 a

nd
(i
i)

so
m

e

of
 th

e 
co

nt
ro

l s
am

pl
e 

oc
cu

r 
at

 th
e 

sa
m

e 
sa

m
pl

in
g 

tim
es

.

N
ow

w
e

ca
n 

de
fin

e 
th

e 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

s:

u
∈∈

U
N

m
in

f N
(u

)
P

N

(2
.1

0)
f N

(u
)
=.

� (x
V

A
,N

(u
)

N
)

w
he

re
U

N
⊂

L
N

∩
U

.
T

he
 r

ea
so
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N

=
L
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 b
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l c
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in
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N
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in
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N
is
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 c
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m
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ut
io

ns
 o

f
P
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m
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w
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 p
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∈∈
L

N
.
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r 
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pt
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ra
m
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 b
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at
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to
 

de
fin

e 
th

e 
in

ne
r-p
ro

du
ct

 
an

d 
no

rm
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L

N
so

 
th

at
, 

w
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u,
v

∈∈
L

N
an

d
u

=
V

−1 A
,N
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v
=

V
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,N
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.1

1)
/ \
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\ / L

N
=
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| |u
|| L

N
=

||u
|| 2
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qu
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io
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1)
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 d
efi
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N
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e
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fo
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n 

7.
W
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 t
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et
ric

 d
efi

ne
d 

in
 t

hi
s 
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,V

A
,N

be
co

m
es

 a
n 

is
om

et
ric

 is
om

or
ph

is
m

 b
et

w
ee

n

L
N

an
d

L
N

.
H

en
ce
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op

er
at

io
ns
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n 
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e 

of
 t

he
 s

pa
ce

 a
re

 e
qu

i
va

le
nt

 t
o 

th
e 

sa
m

e 
op

er
at

io
ns

 i
n 

th
e

ot
he

r.
B

es
id

es
 e

st
ab

lis
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ng
 t

hi
s 

co
rr

es
po

nd
en

ce
 o

f 
op

er
at

io
ns

, 
th

e 
de

fin
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on
 o

f 
th

e 
m

et
ric

 o
n

L
N

is
 im

po
rt

an
t 

fr
om

 a
 p

ur
el

y 
co

m
pu

ta
tio

na
l p

oi
nt

 o
f 

vi
e

w
be

ca
us

e 
it 

ca
n 

pr
eve
nt

 il
l-c

on
di

tio
ni

ng
 in

th
e 

m
at

he
m

at
ic

al
 p

ro
gr

am
 u

se
d 

to
 s

ol
v

e
P

N
.
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an

t 
to

 n
ot

e 
th

at
 t

he
 m

et
ric

 o
nL
N

de
pe

nd
s 

on
ly

 o
n 

th
e 

ba
si

s 
fo

r
L

N
,n

ot
 o

n 
th

e 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

 to
 b

e 
so

lv
ed

.

T
he

 fi
na

l s
te

p 
in

 t
he

 c
on

st
ru

ct
io

n 
of

 t
he

 a
pp

ro
xi

m
at

in
g 

pr
ob

le
m

s 
is

 t
o 

de
fin

e 
th

ei
r 

op
tim

al
ity

fu
nc

tio
ns

. 
Fo

llo
w

in
g 

th
e 

fo
rm

 o
f t

he
 o

pt
im

al
ity

 fu
nc

tio
n� (⋅)

fo
rP

w
e 

ch
oo

se

(2
.1

2a
)

� N
(u

)
=

−
||∇

f N
(u

)||
2 2

.

T
he

 c
om

pu
ta

tio
n 

of∇
f N

(u
)

is
no

n-
st

an
da

rd
 b

ec
au

se
 t

he
 g

ra
di

en
t 

is
 d

efi
ne

d 
re

la
ti

ve
 to

th
e 

sp
ac

e

L
N

w
hi

ch
 w

e 
de

fin
e.

W
e 

w
ill

 s
ho

w
th

at
, f

or
u

∈∈
L

N
,

(2
.1

2b
)

∇
f N

(u
)

=
  

d d
u

f N
(V

A
,N

(u
))

  M
−1 N

w
he

re
d

f N
(u

)/
d

u
is

 t
he

 s
ta

nd
ar

d 
di

sc
re

te
-t

im
e 

de
ri

va
tiv

e 
of

f N
(u

),
 w

hi
ch

 c
an

 b
e 

co
m

pu
te

d 
us

in
g

fo
rm

ul
as

 s
im

ila
r 

to
 t

ho
se

 f
or

 E
ul

er
’

s
m

et
ho

d,
 a

nd
M

N
is

 a
 p

os
itiv

e-
de

fin
ite

 m
at

rix
 t

ha
t 

de
pe

nd
s

on
ly

 o
n 

th
e 

de
fin

iti
on

 o
fL

N
.

T
hi

s 
fo

rm
ul

a 
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 s
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 d
iffe

re
nt

 fo
r 
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lin

es
.

2.
3 

D
E

F
IN

IT
IO

N
O

F
 O

P
T

IM
A

L 
C

O
N

T
R

O
L 

P
R

O
B

LE
M

W
e 

w
ill

 c
on

si
de

r 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s 
w

ith
 d

yn
am

ic
s 

de
sc

rib
ed

 b
y 

or
di

na
ry

 d
if

fe
re

nt
ia

l

eq
ua

tio
ns

 o
f t

he
 fo

rm
:

(3
.1

)
ẋ(

t)
=

h
(x

(t
),

u(
t)

) 
,

a.
e.

 fo
r

t
∈∈

[0
, 1

],
x(

0)
=

� ,

w
he

re
x(

t)
∈∈

IR
n
,u

(t
)

∈∈
IR

m
,a

nd
 h

en
ce

h
:I

R
n

×
IR

m
→

IR
n
.

N
on

-a
ut

on
om

ou
s 

dy
na

m
ic

s 
ca

n 
be

ha
nd

le
d 

by
 d

efi
ni

ng
 ti

m
e 

as
 a

n 
e

xt
ra

 s
ta

te
 va

ria
bl

e 
w

ith
ṫ

=
1,

t(
0)

=
0.

To
 e

st
ab

lis
h 

co
nt

in
ui

ty
 a

nd
 d

iffe
re

nt
ia

bi
lit

y 
of

 s
ol

ut
io

ns
 o

f 
(3

.1
) 

w
ith

 r
es

pe
ct

 t
o 

co
nt

ro
ls

,

on
e 

m
us

t 
as

su
m

e 
th

at
 t

he
 c

on
tr

ol
s 

ar
e 

bo
un

de
d 

in
L

m ∞
[0

, 1
].

H
ow

ev
er

, 
th

e 
fin

ite
 d

im
en

si
on

al

ap
pr

ox
im

at
in

g 
co

nt
ro

l 
su

bs
pa

ce
s 

th
at

 w
e 

w
ill

 i
nt

ro
du

ce
 m

us
t 

be
 t

re
at

ed
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s 
H

ilb
er

t 
sp

ac
es

.
T

hi
s

ca
n 

ca
us

e 
co

m
pl

ic
at

io
ns
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n 

es
ta
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hi
ng
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he
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ui
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d 
ap

pr
ox

im
at
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n 

pr
op

er
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im
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e 
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ox
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at
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at

 w
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 c
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 c

irc
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ve
nt

 th
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 d
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lty

,w
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w
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e 
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 th

e 
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re
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le
m

en
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ilb
er

t s
pa

ce
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.2
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L

m ∞
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]=.
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L
m ∞
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|| 2
),

w
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 c
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m
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f

L
m ∞
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t
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en
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w
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ith
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L
m 2

[0
, 1

]i
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er
 p
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ha
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m ∞
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s 
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W
e 

w
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 d
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ne
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al
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on
tr
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 p

ro
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s 
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e 
pr
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H

ilb
er

t s
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b)
H

∞
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n
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L
m ∞
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(
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n
×

L
m ∞
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w
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se
 e

le
m

en
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is
t 
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 p

ai
rs

 o
f 

in
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al
 s

ta
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s 
an
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co

nt
ro
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i.e
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� =
(

� ,u
).

 
N

ot
e

th
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H
∞
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a
de
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e 

su
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ilb
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t s
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H

2
=

IR
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L
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T
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 in
ne

r 
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t/ \⋅,
⋅\ / H
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d 
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|| H
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H
2
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an
d 
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e 
al
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nH
∞
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ed
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s.

F
or

an
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H

2
an

d
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∈∈

H
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ne
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L
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 d
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∈∈
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+
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� m
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∈∈
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� m
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e 

ex
pe

ct
 t

o 
de

al
 w

ith
 t

ake
va

lu
es

 i
n 

th
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� m
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 d
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∈∈
U

,
a.

e.
 fo

r
t

∈∈
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 p
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 c
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� m
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⊂
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hi
ch

 a
ll 

of
 o

ur
 r
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 c

on
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g 
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f
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in
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ar
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w
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 b
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w
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 c
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(3
.4

a)

! ∈∈
H

m
in

 
{

" o
(

# )
|

" c(

# )
≤

0
},

C
P

w
he

re
 t

he
 o

bj
ec

tive
 fu

nc
tio

n,

" o
:B

→
IR

,a
nd

 t
he

 s
ta

te
 e

nd
po

in
t 
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ns

tr
ai

nt
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un
ct

io
n," c

:B
→

IR

ar
e 

de
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ed
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y
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.4

b)

" o
(

# )
=. $

∈∈
q o

m
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(

# )
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# )
=. $

∈∈
q c
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o

m
ax
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(

# )
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w
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re
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e
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h 

fu
nc

tio
n
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:H
→

IR
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s
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fin
ed

 b
y
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.4
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# )
=.
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w
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n
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,
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d
q o

=.
{1
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,.
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,q
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q c
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..
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d

q c
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si
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e

in
te

ge
rs
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T
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se
t

q c
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=.
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+

q o
,.

..
,q

c
+

q o
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w
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w
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w
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t
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,.
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q
=

q o
+

q c
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B
y

de
fin

in
g 
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e 
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 s
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# ∈∈
H

|

" c(

# )
≤

0
},
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e
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n 

w
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P
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e 
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uiv
al

en
t f

or
m
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f p
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em
P
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).
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rio
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al
 c
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tr

ol
 p
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bl

em
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 s
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ut
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om

ou
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nt

e
gr

al
 c

os
t, 

an
d 

fr
ee

-t
im

e

pr
ob

le
m
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 c

an
 b

e 
tr

an
sc

rib
ed

 in
to

 t
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ca

no
ni

ca
l f

or
m

.
A
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o,

 t
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 e
nd

po
in

t 
co

ns
tr

ai
nt

 in
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3.
4a

) 
ca

n

be
 d

is
ca

rd
ed

 b
y 

se
tti

ng

" c(

# )
≡

−
∞

,
an

d 
co

nt
ro

l 
un

co
ns

tr
ai

ne
d 

pr
ob

le
m

s 
ca

n 
be

 i
nc

lu
de

d 
by
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oo

si
ng

( m
ax

an
d

U
su

ffi
ci

en
tly

 la
rg

e 
to

 e
ns

ur
e 

th
at

 t
he

 s
ol

ut
io

nsu*
(⋅)

of
C

P
ta

ke
va

lu
es

 in
 t

he

in
te

rio
r 

of
U

.

P
ro

pe
r t

ie
s

of
 th

e 
D

efi
ni

ng
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un
ct

io
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.
W

e 
w

ill
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eq
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re
 th

e 
fo

llo
w
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g 
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su

m
pt
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A
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io
n 

3.
1.

(a
)

T
he

 f
un

ct
io

n
h(

⋅,
⋅)

in
(3

.1
) 

is
 c

on
tin

uo
us

ly
 d

iffe
re

nt
ia

bl
e,

 a
nd

 t
he

re
 exi
st

s 
a 

Li
ps

ch
itz

 c
on

-

st
an

t

) <
∞

su
ch

 t
ha

t 
fo

r 
al

lx
′,

x′
′ ∈

∈
IR

n
,

an
d

v′
,v

′′ 
∈∈

B
(0

,

( m
ax

)
th

e 
fo

llo
w

in
g 
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la

tio
ns

ho
ld

:

(3
.5

a)
||h

(x
′,

v′
)

−
h(

x′
′,

v′
′)|

|≤

) [||
x′

−
x′

′||
+

||v
′−

v′
′||]

,

(3
.5

b)
||h

x
(x

′,
v′

)
−

h
x
(x

′′,
v′

′)|
|≤

) [||
x′

−
x′

′||
+

||v
′−

v′
′||]

,

(3
.5

c)
||h

u
(x

′,
v′

)
−

h u
(x

′′,
v′

′)|
|≤

) [||
x′

−
x′

′||
+
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at
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∈∈
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 c
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 d
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 p
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 c
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 d
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at
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∈∈
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∈∈

U
\/

 j
∈∈

r,
k

∈∈
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at
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 b
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at
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*
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 p
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.
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∈∈
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s
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 d
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 f
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 c
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:
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t
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at
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 c
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∈∈
L

(r
)

N
|

ä k
∈∈
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 d
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 f
u

n
c
ti
o

n
s
 w

it
h

 n
o

n
−

u
n

if
o

rm
 b

re
a

k
p

o
in

t 
s
e

q
u

e
n

c
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 c
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∞
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∞
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 c
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 c
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∈∈
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 c
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=
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fo
r 
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T
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 d
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s 

ne
ed
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es
s 

th
an

th
e 
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l p
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e 

po
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 m
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iva
tio

n 
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r

us
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T
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re
e 

re
su
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 p
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re
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 p
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m
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P
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n 

7.
1 

an
d 

C
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ol
-
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 7
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t 

se
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s.C
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ol
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 7
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s 
a 
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i
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m
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 c
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fo
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se
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 c
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1.
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B
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r
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=
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+
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−
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+
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−
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.
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N
(t

)
=

1

2
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B
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−

é +i
−1

,

é ,t
N

′(
t)

,
k

=
1,

 . 
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+
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e 
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m

 (
7.

2b
) 

th
at

 (
7.

4)
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 f
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+
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m
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B

k,
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r ∆
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r ∆
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∆
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r ∆
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r ∆
′

B
2k

−1
−r

,r
,t

N
′(

t)

+
r j=
2Σ
 
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r ∆
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r ∆
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B
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g 
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=
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=
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=
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d

ì r,
j

+

ì r,
j+

1
=

ì r+
1,

j+
1
,

j
=
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ch
 v

er
ifi
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r
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.2
.

Le
t

r
≥

1
an

d

ì r,
i

be
 t

he
i-

th
 c
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∈∈
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=
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 c
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+
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, b
y
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1
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
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

i=
1Σ

ñ (k
+r

−1
)/

2−
i+

1

ò r,
2i

,
k

ev
 en

,
k

od
d

,

w
he

re


p

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
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=
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=
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
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
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
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
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(7
.7

a)
=

1

2r
− 1

        î


r+

1 2

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1Σ

2
N
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
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
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+
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2
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k
+

..
. +

2(
N

+r
−1

)

k=
1Σ

   
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⊂
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∈∈
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∈∈
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∈∈
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∈∈
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 d
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bvi
ou

s 
fo

r 
th

e 
ca

se
r

=
1

(s
in

ce
u

N
∈∈

L
(1

)
N

is
 p

ie
ce

w
is

e 
co

ns
ta

nt
).S

o 
as

su
m

e

th
at

r
≥

2.
 

S
in

ce
u

∈∈
L

m ∞
,2

[0
, 1

]
⊂

L
m 2

[0
, 1

]
w

e 
ha

ve
,

fo
r 

an
y

ö >
0,

th
at

 
th

er
e 

exi
st

s

u′

÷ ∈∈
C

m
[0

, 1
]

(s
pa

ce
 

of
 

co
nt

in
uo

us
 

fu
nc

tio
ns

,u(
⋅),

 
w

ith
u(

t)
∈∈

IR
m

,
t

∈∈
[0

, 1
])

su
ch

 
th

at

||u
−

u′

÷ || 2
≤

ö ,[
71

, 
T

he
or

em
 3

.1
4 

(p
. 

69
)]

.C
ho

os
e

ö =
2

/(
5

+
m

)N
.

W
e

w
ill

 c
on

st
ru

ct
 f

ro
m

u′

÷

-
60

-
 

C
ha

p.
 2

an
ot
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 o
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 c
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=
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=
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−
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−
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=
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 p
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 c
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w
e 

ca
n 

co
ns

tr
uc

t
M

N
fr

om
 t

he
 q

ua
dr

at
ur

e 
m

at
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 o
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at
io

n 
m

at
rix

(7
.1

9c
)

M

� =

        ∆ 0
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 d
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 c
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hi
gh

er
 o

rd
er

 s
pl

in
es

 f
or

 p
ro
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 c
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 c
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ra
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at
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 d
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 s
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ra
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at
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ra
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e
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w
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I
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w
ith

 e
nd
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 c
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 c
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pr
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 b
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D
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 c
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F
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m
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w
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ho
d)

 a
nd

 a
n 

S
Q

P
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 p
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us
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 a

 f
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at
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=
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M
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ra
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us
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 c
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 d
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 c
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W
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w
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N
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ra
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 r
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v

e
va
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us

 o
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 c
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ol
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w
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w
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t 
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e 
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ra
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rm
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.
T
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rd
er
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f 

th
e 
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e 
re

pr
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-
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n 
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te
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C
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m
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at
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 d
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 c
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 d
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 r
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 b
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 c
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 l
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m
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ra
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 p
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R
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at
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e 

co
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 l
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at
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.
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ra
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e 

to
 t

er
m

in
at

e 
su

cc
es

sf
ul

ly
 w

he
n 

th
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at
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ra
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 p
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T
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 d
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 f
or

m
ul

a 
(7

.1
1c

) 
fo

r
M

 ,
w

he
n 

us
in

g 
se

co
nd

 o
rd
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C
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 c
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 c
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 d
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th
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nt

ro
l 

sp
ac
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B
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 o
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 f
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R

un
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 m
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 m
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 m
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 b
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ic
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ly
 a
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f
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 c
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n 
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er
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f
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e 
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 b
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e
w
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m
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un
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 b
y 
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e
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 b
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h 
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le
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e 

ad
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m
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 b
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 b
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at
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 c
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 c
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l c
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 c

on
tr

ol
 p

ro
bl

em
s,

 o
r

th
e 

ac
cu

ra
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at
io

n 
is

 in
tegr

at
ed

.

A
s 

in
 o

ur
 c
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 d
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 d
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 c
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 b
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 t
hi

s 
ca

se
 a

 n
on

-E
uc

lid
ea

n 
in

ne
r

pr
od

uc
t 

an
d 

co
rr

es
po

nd
in

g 
no

rm
 s

ho
ul

d 
be

 u
se

d 
in

 s
ol

vi
ng

 t
he

 r
es

ul
tin

g 
ap

pr
ox

im
at

in
g 

di
sc

re
te

-

tim
e 

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
s.N

eg
le

ct
in

g 
to

 d
o 

so
 a

m
ou

nt
s 

to
 a

 c
ha

ng
e 

of
 c

oo
rd

in
at

es
 t

ha
t 

ca
n

le
ad

 t
o 

se
rio

us
 il

l-c
on

di
tio

ni
ng

.T
hi

s 
ill

-c
on

di
tio

ni
ng

 is
 d

em
on

st
ra

te
d 

in
 S

ec
tio

n 
6 

an
d 

S
ec

tio
n 

7.

F
in

al
ly

,
th

e 
us

e 
of

 t
he

 f
ra

m
ew
or

k 
of

 c
on

si
st

en
t 

ap
pr

ox
im

at
io

ns
 o

pe
ns

 u
p 

th
e 

po
ss

ib
ili

ty
 o

f

de
ve

lo
pi

ng
 o

pt
im

al
 d

is
cr

et
iz

at
io

n 
st

ra
tegi
es

, 
su

ch
 a

s 
th

os
e 

co
ns

id
er

ed
 f

or
 s

em
i-i

nfi
ni

te
 p

ro
gr

am
-

m
in

g 
in

[5
7]

. 
S

uc
ha

str
at

eg
y 

pr
ov

id
es

 r
ul

es
 f

or
 s

el
ec

tin
g 

th
e 

nu
m

be
r 

of
 a

pp
ro

xi
m

at
in

g 
pr

ob
le

m
s

to
 b

e 
us

ed
 a

s 
w

el
l a

s 
th

e 
di

sc
re

tiz
at

io
n 

le
ve

l, 
th

e 
or

de
r 

of
 t

he
 R

K
 m

et
ho

d,
 a

nd
 t

he
 n

um
be

r 
of

 it
er

a-

tio
ns

 o
f 

a 
pa

rt
ic

ul
ar

 o
pt

im
iz

at
io

n 
al

go
rit

hm
 t

o 
be

 a
pp

lie
d 

fo
r 

ea
ch

 s
uc

h 
ap

pr
ox

im
at

in
g 

pr
ob

le
m

,

so
 a

s 
to

 m
in

im
iz

e 
th

e 
co

m
pu

tin
g 

tim
e 

ne
ed

ed
 to

 r
ea

ch
 a

 s
pe

ci
fie

d 
de

gr
ee

 o
f a

cc
ur

acy
in

so
lv

in
g 

an

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
.
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C
ha

pt
er

 3

P
R

O
JE

C
T

E
D

 D
E

S
C

E
N

T
 M

E
T

H
O

D
 F

O
R

 P
R

O
B

LE
M

S

W
IT

H
 S

IM
P

LE
 B

O
U

N
D

S

3.
1 

IN
T

R
O

D
U

C
T

IO
N

In
 t

hi
s 

ch
ap

te
r,
w

e
co

ns
id

er
 a

 c
la

ss
 o

f 
fin

ite
 d

im
en

si
on

al
 o

pt
im

iz
at

io
n 

pr
ob

le
m

s 
th

at
 a

ris
es

fr
om

 t
he

 d
is

cr
et

iz
at

io
n 

of
 o

pt
im

al
 c

on
tr

ol
 p

ro
bl

em
s 

w
ith

 s
im

pl
e 

co
nt

ro
l b

ou
nd

s.
B

ec
au

se
 t

he
 d

is
-

cu
ss

io
n 

in
 t

hi
s 

C
ha

pt
er

 is
 w

ith
in

 t
he

 r
ea

lm
 m

at
he

m
at

ic
al

 p
ro

gr
am

m
in

g,
 w

e 
w

ill
 m

ai
nt

ai
n 

th
e 

co
n-

ve
nt

io
n 

of
 u

si
ng

 t
he

x,
ra

th
er

 t
ha

n 
th

e 
co

nt
ro

l 
var
ia

bl
e

u,
to

re
pr

es
en

t 
th

e 
de

ci
si

on
 var

ia
bl

es
 o

f 
a

m
at

he
m

at
ic

al
 p

ro
gr

am
.

C
on

si
de

r 
th

e 
pr

ob
le

m

x
∈∈

IR
n

m
in

f(
x)

su
bj

ec
t t

o
xi

≥
0

,
i=

1,
 . 

. .
 ,n

,
P w

he
re

f
:I

R
n

→
IR

 i
s

co
nt

in
uo

us
ly

 d
iffe

re
nt

ia
bl

e 
an

dx
=

(x
1
,x

2
,.

..
,x

n
).

A
lg

or
ith

m
s 

fo
r 

so
lv

in
g 

pr
ob

le
mP

ba
se

d 
on

 t
he

 p
ro

je
ct

io
n 

of
 a

 d
es

ce
nt

 d
ire

ct
io

n 
w

er
e 

fir
st

pr
op

os
ed

 b
y 

G
ol

ds
te

in[7
3]

 a
nd

 L
ev

iti
n 

an
d 

P
ol

ya
k[7

4]
. 

In
[7

5]
, 

B
er

ts
ek

as
 u

se
d 

th
e 

pr
oj

ec
tio

n

op
er

at
or

 d
efi

ne
d 

in[7
3,

74
] 

to
 c

on
st

ru
ct

 a
 p

ro
je

ct
ed

 g
ra

di
en

t 
de

sc
en

t 
al

go
rit

hm
 w

ith
 a

n 
A

rm
ijo

st
ep

-s
iz

e 
ru

le
 f

or
 s

ol
vi

ng
P

.
W

he
ne

ve
r

a
 se

qu
en

ce
 c

on
st

ru
ct

ed
 b

y 
th

is
 a

lg
or

ith
m

 e
nt

er
s 

a 
su

f
fi-

ci
en

tly
 s

m
al

l 
ne

ig
hb

or
ho

od
 o

f 
a 

lo
ca

l 
m

in
im

iz
erx̂

sa
tis

fy
in

g 
st

an
da

rd
 s

ec
on

d 
or

de
r 

su
f

fic
ie

nc
y

co
nd

iti
on

s,
 i

t 
ge

ts
 t

ra
pp

ed
 a

nd
 c

onve
rg

es
 t

o 
th

is
 l

oc
al

 m
in

im
iz

er.
Fu

rt
he

rm
or

e,
 i

n 
th

is
 c

as
e,

 t
he

ac
tiv

e 
co

ns
tr

ai
nt

 s
et

 a
tx̂

is
 id

en
tifi

ed
 in

 a
 fi

ni
te

 n
um

be
r 

of
 it

er
at

io
ns

.
T

hi
s 

fa
ct

 w
as

 u
se

d 
in[

76
] 

to

co
ns

tr
uc

t 
a 

m
od

ifi
ed

 p
ro

je
ct

ed
 N

e
w

to
n 

m
et

ho
d,

 a
gai

n 
us

in
g 

th
e 

pr
oj

ec
tio

n 
op

er
at

or
 d

efi
ne

d

in
 [7

3,
74

],
w

ith
 a

 m
od

ifi
ed

 A
rm

ijo
 s

te
p-

si
ze

 r
ul

e.T
he

 a
lg

or
ith

m
 i

n[7
6]

 e
m

pl
oy

s 
th

e 
N

ew
to

n

se
ar

ch
 d

ire
ct

io
n 

on
ly

 i
n 

th
e 

es
tim

at
ed

 s
ub

sp
ac

e 
of

 n
on

-b
in

di
ng

 (
in

ac
ti

ve
)

va
ria

bl
es

, 
an

d 
us

es
 t

he

gr
ad

ie
nt

 d
ire

ct
io

n 
in

 t
he

 e
st

im
at

ed
 s

ub
sp

ac
e 

of
 b

in
di

ng
 (

ac
ti

ve
)

va
ria

bl
es

. 
U

nd
er

re
as

on
ab

le

as
su

m
pt

io
ns

, 
B

er
ts

ek
as

 s
how
ed

 t
ha

t 
hi

s 
pr

oj
ec

te
d 

m
od

ifi
ed

 N
e

w
to

n 
m

et
ho

d 
fo

r 
so

lv
in

gP
is

 g
lo

b-

al
ly

 c
on

ve
rg

en
t 

w
ith

Q
-q

ua
dr

at
ic

 r
at

e.
T

he
 a

lg
or

ith
m

 in
[7

6]
 is

 e
as

ily
 ex

te
nd

ed
 t

o 
pr

ob
le

m
s 

w
ith

-
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si
m

pl
e 

bo
un

ds
 o

f 
th

e 
fo

rm
bi l

≤
xi

≤
bi u

,
i=

1,
 . 

. .
 ,n

w
he

re
bi l

≤
bi u

.
B

er
ts

ek
as

 a
ls

o 
pr

ovi
de

s 
an

ex
te

ns
io

n 
fo

r 
ha

nd
lin

g 
ge

ne
ra

l 
lin

ea
r 

co
ns

tr
ai

nt
s 

of
 t

he
 f

or
m

b l
≤

A
x

≤
b u

.
T

he
 B

er
ts

ek
as

 p
ro

-

je
ct

ed
 N

ew
to

n 
m

et
ho

d 
wa

s 
fu

rt
he

r 
ext

en
de

d 
to

 h
an

dl
e 

ge
ne

ra
l 

co
n

ve
x 

co
ns

tr
ai

nt
s 

in[
77

]. 
T

he

ef
fic

ie
nc

y
of

th
is

 fa
m

ily
 o

f 
al

go
rit

hm
s 

de
rive

s
fro

m
 t

he
 fa

ct
 t

ha
t(a

)
th

e 
se

ar
ch

 d
ire

ct
io

n 
co

m
pu

ta
-

tio
n 

is
 s

im
pl

e,
(b

)
an

y
nu

m
be

r 
of

 c
on

st
ra

in
ts

 c
an

 b
e 

ad
de

d 
to

 o
r 

re
m

o
ve

d
fr

om
 t

he
 a

ct
ive

 c
on

-

st
ra

in
t 

se
t 

at
 e

ac
h 

ite
ra

tio
n,

 a
nd(c

)
un

de
r 

th
e 

st
an

da
rd

 s
ec

on
d 

or
de

r 
su

f
fic

ie
nc

y
co

nd
iti

on
 t

he

al
go

rit
hm

s 
id

en
tif

y 
th

e 
co

rr
ec

t 
ac

ti
ve

 c
on

st
ra

in
t 

se
t 

af
te

r 
a 

fin
ite

 n
um

be
r 

of
 i

te
ra

tio
ns

.
T

hi
s 

la
st

fa
ct

 im
pl

ie
s 

th
at

 t
he

 r
at

e 
of

 c
onve

rg
en

ce
 d

ep
en

ds
 o

nl
y 

on
 t

he
 r

at
e 

of
 c

on
ve

rg
en

ce
 o

f 
th

e 
al

go
rit

hm

in
 th

e 
su

bs
pa

ce
 o

f d
ec

is
io

n 
v

ar
ia

bl
es

 th
at

 a
re

 u
nc

on
st

ra
in

ed
 a

t t
he

 s
ol

ut
io

n.

A
no

th
er

 e
xa

m
pl

e 
of

 a
 p

ro
je

ct
io

n 
ba

se
d 

al
go

rit
hm

 f
or

 s
ol

vi
ng

 o
pt

im
iz

at
io

n 
pr

ob
le

m
s 

w
ith

si
m

pl
e 

bo
un

ds
 c

an
 b

e 
fo

un
d 

in[7
8]

 w
he

re
 Q

ui
nt

an
a 

an
d 

D
a

vi
so

n 
pr

es
en

t 
ac

o
n

ce
p

tu
a

la
lg

or
ith

m

w
ith

 e
xa

ct
 l

in
e 

se
ar

ch
 b

as
ed

 u
po

n 
a 

m
od

ifi
ed

 v
er

si
on

 o
f 

th
e 

F
le

tc
he

r-R
ee

ve
s

co
nj

ug
at

e 
gr

ad
ie

nt

m
et

ho
d 

in
 f

un
ct

io
n 

sp
ac

e 
co

m
bi

ne
d 

w
ith

 a
 p

ro
je

ct
io

n 
op

er
at

or
.

T
hi

s 
al

go
rit

hm
 w

as
 i

nt
en

de
d 

fo
r

th
e 

so
lu

tio
n 

of
 o

pt
im

al
 c

on
tr

ol
 p

ro
bl

em
s 

w
ith

 b
ou

nd
ed

 c
on

tr
ol

s.
T

he
 s

ou
nd

ne
ss

 o
f 

th
e 

al
go

rit
hm

in
 [7

8]
is

 n
ot

 c
le

ar
 b

ec
au

se
 t

he
 p

ro
of

 o
f 

co
n

ve
rg

en
ce

 a
ss

um
es

 t
ha

t 
th

er
e 

e
xi

st
s,

 a
t 

ea
ch

 it
er

at
io

nk,

a
ste

p-
si

ze

! k
>

0
th

at
 c

au
se

s 
a 

de
cr

ea
se

 in
 f

un
ct

io
n 

v
al

ue
. 

H
ow

ev
er

, 
th

e 
au

th
or

s 
do

 n
ot

 s
how

th
at

su
ch

 a
 p

os
itiv

e 
ste

p-
si

ze
 ex

is
ts

. 
F

ur
th

er
m

or
e,

Q
ui

nt
an

a 
an

d 
D

avi
so

n 
re

qu
ire

 a
na

po
st

e
ri
o

ri

as
su

m
pt

io
n 

(t
he

ir 
eq

n.
 (

26
))

 th
at

 is
 n

ot
 d

ire
ct

ly
 r

el
at

ed
 to

 th
e 

pr
ob

le
m

 o
r 

th
e 

m
et

ho
d 

un
de

r 
co

ns
id

-

er
at

io
n. M

or
e 

re
ce

nt
ly,

th
er

e 
ha

ve
 b

ee
n 

so
m

e 
pa

pe
rs

 b
as

ed
 o

n 
id

ea
s 

re
la

te
d 

to
 B

er
ts

ek
as

’ 
pr

oj
ec

te
d

gr
ad

ie
nt

 s
ch

em
e.A

tr
us

t 
re

gi
on

 a
lg

or
ith

m
 f

or
 p

ro
bl

em
s 

w
ith

 s
im

pl
e 

bo
un

ds
 i

s 
an

al
yz

ed
 i

n
[7

9]
.

O
n 

ea
ch

 i
te

ra
tio

n 
of

 t
hi

s 
al

go
rit

hm
, 

a 
pr

oj
ec

tio
n 

op
er

at
or

 i
s 

us
ed

 t
o 

fin
d 

th
e 

ge
ne

ra
liz

ed
C

a
u

ch
y

p
o

in
to

f 
a 

qu
ad

ra
tic

 m
od

el
 t

o 
th

e 
ob

je
ct

i
ve

 f
un

ct
io

n.
 

T
he

nt
he

 q
ua

dr
at

ic
 m

od
el

 i
s 

fu
rt

he
r 

m
in

i-

m
iz

ed
 o

n 
th

e 
in

te
rs

ec
tio

n 
of

 t
he

 t
ru

st
 r

e
gi

on
 w

ith
 t

he
 f

ea
si

bl
e 

se
t 

w
hi

le
 kee

pi
ng

 t
he

 va
ria

bl
es

bo
un

de
d 

at
 t

he
 C

au
chy

po
in

t 
fix

ed
. 

T
hi

sa
lg

or
ith

m
 i

s 
ex

te
nd

ed
 t

o 
pr

ob
le

m
s 

w
ith

 g
en

er
al

 c
on

-

st
ra

in
ts

 i
n[

80
] 

us
in

g 
an

 a
ug

m
en

te
d 

La
gr

an
gi

an
 a

pp
ro

ac
h.

A
sc

he
m

e 
si

m
ila

r 
to

 t
ha

t 
pr

op
os

ed

in
 [7

9]
is

 g
iv

en
in

[8
1]

. 
H

ow
ev

er
, 

in
[8

1]
 t

he
 q

ua
dr

at
ic

 m
od

el
 is

 b
as

ed
 o

n 
a 

po
si

ti
ve

 d
efi

ni
te

, 
lim

-

ite
d-

m
em

or
y 

B
F

G
S

 e
st

im
at

e 
of

 t
he

 H
es

si
an

.
T

he
re

fo
re

, 
a 

tr
us

t 
regi

on
 i

s 
no

t 
ne

ed
ed

 a
nd

 t
he

ap
pr

ox
im

at
e 

m
in

im
iz

er
 o

f 
th

e 
m

od
el

 i
s 

us
ed

 t
o 

co
ns

tr
uc

t 
a 

se
ar

ch
 d

ire
ct

io
n 

fo
r 

a 
pr

oj
ec

te
d 

lin
e

m
in

im
iz

at
io

n 
of

 t
he

 o
bj

ec
tive

 f
un

ct
io

n.
 

T
he

pr
oj

ec
te

d 
gr

ad
ie

nt
 i

de
a 

is
 a

ls
o 

us
ed

 i
n

[8
2]

 a
nd

[8
3]

to
 

ra
pi

dl
y 

id
en

tif
y 

th
e 

ac
tive

 
co

ns
tr

ai
nt

 
se

t 
fo

r 
bo

un
d 

co
ns

tr
ai

ne
d 

qu
ad

ra
tic

 
pr

og
ra

m
m

in
g.

F
in

al
ly

,t
he

 a
ut

ho
rs

 o
f[8

4]
 h

av
e 

ex
te

nd
ed

 t
he

 p
ro

je
ct

ed
 N

e
w

to
n 

m
et

ho
d 

of[
76

] 
to

 o
pt

im
al

 c
on

tr
ol

pr
ob

le
m

s 
w

ith
 c

on
tr

ol
 b

ou
nd

s.

O
ur

 r
es

ul
ts

 ex
te

nd
 t

ho
se

 p
rov

id
ed

 in
[7

6]
 b

y 
sh

ow
in

g 
th

at
 t

he
 c

on
ce

pt
 o

f 
B

er
ts

ek
as

’ p
ro

je
c-

tio
n 

m
et

ho
d 

ca
n 

be
 u

se
d 

w
ith

 a
n

y
se

ar
ch

 d
ire

ct
io

n 
an

d 
st

ep
-s

iz
e 

ru
le

s 
th

at
 s

at
is

fy
 g

en
er

al

-
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co
nd

iti
on

s 
si

m
ila

r 
to

 t
ho

se
 i

n[8
5]

. 
Fo

r 
ex

am
pl

e,
 w

e 
sh

ow
th

at
 o

ur
 v

er
si

on
 o

f 
th

e 
pr

oj
ec

tio
n

m
et

ho
d 

ca
n 

be
 u

se
d 

w
ith

 s
ea

rc
h 

di
re

ct
io

ns
 t

ha
t 

ar
e 

de
te

rm
in

ed
 b

y 
a 

co
nj

ug
at

e 
gr

ad
ie

nt
 in

 t
he

 s
ub

-

sp
ac

e 
of

 u
nc

on
st

ra
in

ed
 d

ec
is

io
n 

v
ar

ia
bl

es
. 

T
he

ex
te

ns
io

n 
to

 c
on

ju
gat

e-
gr

ad
ie

nt
 m

et
ho

ds
 is

 p
ar

tic
-

ul
ar

ly
 v

al
ua

bl
e 

fo
r 

so
lv

in
g 
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m

 M
od

el
 P

D
 b

eh
a

ve
s

as
an

un
co

ns
tr

ai
ne

d 
op

tim
iz

at
io

n 
al

go
rit

hm
.B
ec

au
se

 o
f 

th
is

,

th
e 

ra
te

 o
f 

co
nve

rg
en

ce
 o

f 
A

lg
or

ith
m

 M
od

el
 P

D
 i

s 
th

at
 a

ss
oc

ia
te

d 
w

ith
 w

ha
te

ve
r

m
et

ho
d 

is
 u

se
d

to
 d

et
er

m
in

e 
th

e 
co

m
po

ne
nt

s 
of

 th
e 

se
ar

ch
 d

ire
ct

io
n

d
k

in
 th

e 
‘‘u

nc
on

st
ra

in
ed

’’s
ub

sp
ac

e.
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A
lg

or
ith

m
 M

od
el

 P
D

:

D
a

ta
:

( ,

) ∈∈
(0

, 1
),

M
∈∈

IN
,

* 1
∈∈

(0
, 1

),

* 2
∈∈

(1
, ∞

),

+ ∈∈
(0

, ∞
),

x 0
∈∈

, .

S
te

p
 0

:
S

et
k

=
0.

S
te

p
 1

:
C

om
pu

te
g k

=
∇

f(
x k

)
an

d 
se

tA
k

=
A

(x
k
),

I k
=

I(
x k

).
 I

f
||g

k
|| I

k
=

0
an

d
xi k

=
0

fo
r 

al
l

i
∈∈

A
k
,s

to
p.

S
te

p
 2

:
S

el
ec

t 
sc

al
ar

sm
i k
,i

∈∈
A

k
,a

nd
 a

 s
ea

rc
h 

di
re

ct
io

nd
k

sa
tis

fy
in

g 
th

e 
fo

llow
in

g 
co

nd
iti

on
s:

(2
.5

a)
d

i k
=

−
m

i k
gi k

,

* 1
≤

m
i k

≤

* 2
,

\/
 i

∈∈
A

k
,

(2
.5

b)
/ \
d

k
,g

k
\ / I

k
≤

−

* 1
||g

k
||2 I k

,

(2
.5

c)
||d

k
|| I

k
≤

* 2
||g

k
|| I

k
.

S
te

p
 3

:
C

om
pu

te
 t

he
 s

te
p-

si
ze

- k
=

) m
w

he
re

m
is

 t
he

 s
m

al
le

st
 i

nt
ege

r 
gr

ea
te

r 
th

an
−

M
su

ch

th
at

- k
sa

tis
fie

s 
th

e 
A

rm
ijo

-li
ke

ru
le

:

(2
.6

a)
f(

x k
(

- k
,d

k
))

−
f(

x k
)

≤

(  î

- k
/ \
g k

,d
k

\ / I
k

−
/ \
g k

,x
k

−
x k

(

- k
,d

k
)\ /

A
k

  
.

S
et

(2
.6

b)
x k

+1
=

x
k
(

- k
,d

k
)

=
[x

k
+

- k
d

k
] +

.

S
te

p
 4

:
R

ep
la

ce
k

by
k

+
1

an
d 

go
 to

 S
te

p 
1.

N
ot

e 
th

at
 i

n 
(2

.5
a)

 o
ne

 c
an

 c
ho

os
e

m
i k

=
1

fo
r 

al
li

∈∈
A

k
.

T
he

n 
th

e 
se

ar
ch

 d
ire

ct
io

n 
in

 t
he

 s
ub

-

sp
ac

e 
of

 a
ct

ive
 c

on
st

ra
in

ts
 is

 t
he

 s
te

ep
es

t 
de

sc
en

t 
di

re
ct

io
n.

T
he

 c
rit

er
io

n 
||g

k
|| I

k
=

0
is

no
t 

a 
pr

ac
-

tic
al

 t
es

t; 
in

 a
 n

um
er

ic
al

 im
pl

em
en

ta
tio

n 
it 

w
ou

ld
 in

st
ea

d 
be

 r
eq

ui
re

d 
th

at
 |

|g
k
|| I

k
be

 s
m

al
le

r 
th

an
 a

gi
ve

n
to

le
ra

nc
e.

 
T

he

+ in
 t

he
 a

lg
or

ith
m

 d
es

cr
ip

tio
n 

is
 n

ee
de

d 
in

 (
2.

3b
) 

to
 d

et
er

m
in

e 
th

e 
ac

ti
ve

co
ns

tr
ai

nt
 in

dex
se

t.

R
em

ar
k 

2.
2.

It 
is

 e
as

y 
to

 s
ee

 t
ha

t 
th

e 
th

e 
rig

ht
-h

an
d 

si
de

 o
f 

(2
.6

a)
 i

s 
no

n-
po

si
ti

ve
.

T
he

 fi
rs

t

te
rm

 o
f 

th
e 

br
ac

ket
ed

 ex
pr

es
si

on
 i

s 
no

n-
po

si
tive

 b
ec

au
se

/ \
g k

,d
k

\ / I
k

≤
−

* 1
||g

k
||2 I k

by
 (

2.
5b

).
T

he

se
co

nd
 te

rm
 is

 n
on

-n
ega
tiv

e:

(2
.7

)
/ \
g k

,x
k

−
x k

(

- k
,d

k
)\ /

A
k

≥
0,

be
ca

us
e 

fo
r 

al
li

∈∈
A

k
,

gi k
>

0
 an

d
d

i k
=

−
m

i k
gi k

≤
−

* 1
gi k

<
0

 an
d 

he
nc

ex
i k

−
xi k

(
- ,d

k
)

≥
0

fo
r

al
l

- ≥
0.
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R
em

ar
k 

2.
3.

T
he

 r
eq

ui
re

m
en

ts
 i

n 
(2

.5
a,

b,
c)

 a
re

 s
im

ila
r 

to
 t

ho
se

 u
se

d 
in

 t
he

 P
ol

ak
-S

ar
ge

nt
-

S
eb

as
tia

n 
T

he
or

em
 o

f 
co

n
ve

rg
en

ce
 f

or
 a

bs
tr

ac
t, 

ite
ra

tive
 m

in
im

iz
at

io
n 

pr
oc

es
se

s[8
5]

; 
th

ey
en

su
re

th
at

 ||d
k
|| 

is
bo

un
de

d 
be

low
by

. 1
||g

k
|| 

an
d 

bo
un

de
d 

ab
ove

 b
y

. 2
||g

k
|| 

an
d 

th
at

d
k

do
es

 n
ot

 b
ec

om
e

or
th

og
on

al
 t

og
k
.

To
w

it,
 le

t

/ k
be

 t
he

 a
ng

le
 b

et
w

ee
n 

th
e 

v
ec

to
rs

d
k

an
d

−g
k
.

Fr
om

 (
2.

5a
,b

) 
w

e

ha
ve

 th
at

(2
.8

a)
/ \
d

k
,g

k
\ /
≤

−

. 1
||g

k
||2 A

k
+

/ \
d

k
,g

k
\ / I

k
≤

−

. 1
||g

k
||2

,

an
d 

fr
om

 (
2.

5a
,c

)

(2
.8

b)
||d

k
||2

≤

. 2 2
||g

k
||2 A

k
+

||d
k
||2 I k

≤

. 2 2
||g

k
||2

.

U
si

ng
 th

es
e 

exp
re

ss
io

n 
in

 (
2.

8a
) 

w
e 

se
e 

th
at

(2
.8

c)
co

s

/ k
=

−
/ \
d

k
,g

k
\ /

||d
k
||||

g k
||

≥

. 1 . 2
>

0
.

R
em

ar
k 

2.
4.

In
 [7

6]
,

th
e 

se
ar

ch
 d

ire
ct

io
ns

 a
re

 g
i

ve
n

by
d

k
=

−
D

k
g k

w
he

re
 t

he
D

k
ar

e 
sy

m
-

m
et

ric
, 

po
si

tiv
e 

de
fin

ite
 m

at
ric

es
 w

ith
 e

le
m

en
ts

,D
k ij
,

th
at

 a
re

 d
ia

go
na

l w
ith

 r
es

pe
ct

 t
o 

th
e 

in
di

ce
s

i
∈∈

A
k
,i

.e
.,

(2
.8

d)
D

k ji
=

D
k ij

=
0

,\
/ 

i
∈∈

A
k

,
j
=

1,
 2

, .
 . 

. ,n
,

j
≠

i
,

an
d 

ar
e 

re
qu

ire
d 

to
 s

at
is

fy

(2
.8

e)

0 1
w

(x
k
)q 1

||z
||2

≤
zT

D
k
z

≤

0 2
w

(x
k
)q 2

||z
||2

,
\/

 z
∈∈

IR
n

,

w
he

re

0 1
an

d

0 2
ar

e 
po

si
tiv

e 
sc

al
ar

s,
q 1

an
d

q 2
ar

e 
no

n-
neg

at
iv

e 
in

te
ge

rs
 a

nd
w

(⋅)
is

de
fin

ed
 i

n

(2
.3

a)
. 

It
is

 
ea

sy
 

to
 

se
e 

th
at

 
in

 
th

e 
ca

seq 1
=

q
2

=
0,

 
w

ith

0 1
∈∈

(0
, 1

)
an

d

0 2
∈∈

(1
, ∞

),

d
k

=
−

D
k
g k

w
ill

 s
at

is
fy

 t
he

 c
on

di
tio

ns
 r

eq
ui

re
d 

by
 (

2.
5a

,b
,c

).If 
w

e 
re

pl
ac

e 
th

e 
co

ns
ta

nt
s. 1

an
d

. 2
by

. 1
w

(x
k
)q 1

an
d

. 2
w

(x
k
)q 2

,
re

sp
ec

tiv
el

y,
in

(2
.5

a,
b,

c)
, 

th
e 

se
ar

ch
 d

ire
ct

io
nsd

k
=

−
D

k
g k

sa
tis

fy
 th

es
e 

te
st

s 
fo

r 
al

l n
on

-n
e

ga
tiv

e,
in

te
ge

rq
1

an
d

q 2
.

B
ef

or
e 

pr
ov

in
g 

co
nv

er
ge

nc
e,

 w
e 

w
ill

 s
how

th
at

 t
he

 s
te

p-
si

ze
 r

ul
e 

is
 w

el
l d

efi
ne

d 
an

d 
th

at
 t

he

st
op

pi
ng

 c
rit

er
io

n 
in

 S
te

p 
1 

of
 A

lg
or

ith
m

 M
od

el
 P

D
 is

 s
at

is
fie

d 
by

 a
 p

oi
nt

x k
if 

an
d 

on
ly

 if
x k

is
 a

st
at

io
na

ry
 p

oi
nt

.
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P
ro

po
si

tio
n 

2.
5.

Le
t

x k
,d

k
be

 a
ny

ite
ra

te
 a

nd
 c

or
re

sp
on

di
ng

 s
ea

rc
h 

di
re

ct
io

n 
co

ns
tr

uc
te

d 
by

A
lg

or
ith

m
 M

od
el

 P
D

,i.
e.

,d
k

sa
tis

fie
s 

th
e 

co
nd

iti
on

s 
in

 (
2.

5a
,b

,c
).T
he

n

(a
) 

x k
is

 a
 s

ta
tio

na
ry

 p
oi

nt
 fo

r 
pr

ob
le

mP
if 

an
d 

on
ly

 if
x k

(

1 ,d
k
)

=
x

k
fo

r 
al

l

1 ≥
0;

(b
) 

x k
is

 a
 s

ta
tio

na
ry

 p
oi

nt
 fo

r 
pr

ob
le

mP
if 

an
d 

on
ly

 if
 ||g

k
|| I

k
=

0
an

d
xi k

=
0

fo
r 

al
li

∈∈
A

k
;

(c
)

if
x k

is
 n

ot
 a

 s
ta

tio
na

ry
 p

oi
nt

 fo
r 

pr
ob

le
mP

th
en

 th
er

e 
e xi

st
s

1 >
0

su
ch

 th
at

(2
.9

)
f(

x k
(

1 ,d
k
))

−
f(

x k
)

≤

2  î

1 / \
g k

,d
k

\ / I
k

−
/ \
g k

,x
k

−
x k

(

1 ,d
k
)\ /

A
k

  
,

\/

3 ∈∈
[0

,

3 )
,

i.e
.,

th
e 

st
ep

-s
iz

e 
ru

le
 (

2.
6a

) 
is

 w
el

l d
efi

ne
d 

at
x k

an
d 

w
ill

 b
e 

sa
tis

fie
d 

w
ith

1 k
≥

m
in

 {

4 −M
,

41

}.

P
ro

of
.

(a
)

S
up

po
se

 t
ha

tx k
is

 a
 s

ta
tio

na
ry

 p
oi

nt
.T

he
n 

(2
.2

b)
 im

pl
ie

s 
th

atg
i k

=
0

fo
r 

al
li

∈∈
I k

.
H

en
ce

,

d
i k

=
0

fo
r 

al
li

∈∈
I k

,
si

nc
e 

||d
k
|| I

k
≤

5 2
||g

k
|| I

k
.

H
en

ce
xi k

(

1 ,d
k
)

=
[x

i k
+

1 d
i k
] +

=
x

i k
fo

r 
al

l

1 ≥
0,

i
∈∈

I k
.

N
ow

,i
f

i
∈∈

A
k
,t

he
n

gi k
>

0
an

d,
 s

in
ce

x k
is

 s
ta

tio
na

ry,
it

fo
llo

w
s 

fr
om

 (
2.

2b
) 

th
at

xi k
=

0.

H
en

ce
 

fo
r 

al
l

i
∈∈

A
k
,

xi k
(

1 ,d
k
)

=
[−

1 m
i k
gi k

] +
=

0
=

x
i k

fo
r 

al
l

1 ≥
0.

 
T

hu
s,

x k
(

1 ,d
k
)

=
[x

k
] +

=
x

k
fo

r 
al

l

1 ≥
0.

N
ex

t, 
su

pp
os

e 
th

at
x k

(

1 ,d
k
)

=
x

k
fo

r 
al

l

1 ≥
0.

 
T

he
n

d
i k

=
0

if
xi k

>
0

 a
nd

d
i k

≤
0

if

xi k
=

0.
 L

et
th

e 
in

de
x

se
ts

I 1
(x

k
),

I 2
(x

k
)

be
de

fin
ed

 b
y

(2
.1

0a
)

I 1
(x

k
)
=.

{
i

∈∈
I k

|x
i k

>
0

}
,

I 2
(x

k
)
=.

{
i

∈∈
I k

|x
i k

=
0

} 
,

so
 t

ha
tI

k
=

I 1
(x

k
)∪

I 2
(x

k
).

 
It

fo
llo

w
s 

fr
om

 t
he

 a
bov

e 
th

at
 i

f
i

∈∈
I 1

(x
k
),

 t
he

n
d

i k
=

0,
 a

nd
 i

f

i
∈∈

I 2
(x

k
),

 th
en

d
i k

≤
0,

 a
nd

 a
ls

og
i k

≤
0

(b
y 

de
fin

iti
on

 o
fI

k
si

nc
e

xi k
=

0)
. 

T
hu

s,

(2
.1

0b
)

/ \
g k

,d
k

\ / I
k

=
/ \
g k

,d
k

\ / I
1
(x

k
)

+
/ \
g k

,d
k

\ / I
2
(x

k
)

=
/ \
g k

,d
k

\ / I
2
(x

k
)

≥
0

.

B
ut

, 
fr

om
 (

2.
5b

),
/ \
g k

,d
k

\ / I
k

≤
−

5 1
||g

k
|| I

2 k
.

T
he

re
fo

re
, 

||g
k
|| I

k
=

0
an

d 
he

nc
eg

i k
=

0
fo

r 
al

li
∈∈

I k
.

F
or

i
∈∈

A
k
,

d
i k

=
−

m
i k
gi k

<
0.

Si
nc

e
xi k

(

1 ,d
k
)

=
x

i k
,f

or
 a

ll

1 ≥
0,

 t
hi

s 
im

pl
ie

s 
th

at
xi k

=
0.

 T
hu

s

w
e 

ha
ve

 th
at

 f
or

 a
lli

∈∈
I k

,
gi k

=
0

an
d 

fo
r 

al
li

∈∈
A

k
,

gi k
>

0
 an

d
xi k

=
0.

 
C

on
se

qu
en

tly,
x k

is
 a

st
at

io
na

ry
 p

oi
nt

.

(b
)

S
up

po
se

 t
ha

tx k
is

 a
 s

ta
tio

na
ry

 p
oi

nt
.If

i
∈∈

A
k

th
en

, 
be

ca
us

egi k
>

0
 fo

r 
al

li
∈∈

A
k
,

it
fo

l-

lo
w

s 
fr

om
 (

2.
2b

),
 t

ha
txi k

=
0.

 
If

i
∈∈

I k
,

th
en

 e
ith

er
(i
) 

xi k
>

0
 in

w
hi

ch
 c

as
e 

it 
fo

llow
s 

di
re

ct
ly

fr
om

 (
2.

2b
) 

th
at

gi k
=

0,
 o

r(
ii)

 
x

i k
=

0
in

w
hi

ch
 c

as
e,

 b
y 

de
fin

iti
on

 (
2.

4b
) 

ofI k
=.

I(
x k

),
gi k

≤
0;

th
en

, 
be

ca
us

eg
i k

≥
0

by
(2

.2
b)

, 
w

e 
m

us
t 

hav
e

gi k
=

0.
 

To
co

m
pl

et
e 

th
e 

pr
oo

f, 
su

pp
os

e 
th

at

||g
k
|| I

k
=

0
an

d
xi k

=
0

fo
r 

al
li

∈∈
A

k
.

T
he

n,
 s

in
ce

xi k
≥

0
fo

r 
al

li
∈∈

I k
an

d,
 s

in
ce

gi k
>

0
 fo

r 
al

l

i
∈∈

A
k
,i

tf
ol

lo
w

s 
th

at
 (

2.
2b

) 
ho

ld
s 

fo
r 

al
li.
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(c
)

S
up

po
se

 th
atx

k
is

 n
ot

 a
 s

ta
tio

na
ry

 p
oi

nt
.D

efi
ne

 th
e 

fo
llo

w
in

g 
in

de
x

se
ts

:

(2
.1

1a
)

I 3
(x

k
)
=.

{
i

∈∈
I k

|x
i k

>
0

,o
r

(x
i k

=
0

an
d

d
i k

>
0)

} 
,

(2
.1

1b
)

I 4
(x

k
)
=.

{
i

∈∈
I k
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[0

,

I /∆
].

S
ub

st
itu

tin
g 

th
e 

exp
re

ss
io

ns
 

(2
.2

2a
,b

) 
in

to
 

(2
.1

8)
, 

w
e 

ob
ta

in
 

th
at

 
fo

r 
al

l

F ∈∈
[0

,

J /∆
]

an
d

x k
∈∈

B
(x

,

K 1
),

(2
.2

3)
f(

x k
(

F ,d
k
))

−
f(

x k
)

≤

F (1
−

FG

2 2
L

2G

1
)

/ \
g k

,d
k

\ / I
k

+
(

F G

2
L

2
−

1)
/ \
g k

,x
k

−
x k

(

F ,d
k
)\ /

A
k

.

C
om

pa
rin

g 
th

is
 

w
ith

 
(2

.6
a)

, 
an

d 
no

tin
g 

fr
om

 
(2

.5
b)

 
an

d 
(2

.7
) 

th
at

/ \
g k

,d
k

\ / I
k

≤
0

an
d

/ \
g k

,x
k

−
x k

(

F ,d
k
)\ /

A
k

≥
0,

 w
e 

se
e 

th
at

 t
he

 A
rm

ijo
-li

ke
ru

le
 i

s 
sa

tis
fie

d 
fo

r 
any

F ≥
0

su
ch

 t
ha

t

F ≤

J /∆
,

F −

F 2
L

G

2 2
/2

G

1
≥

LF an
d

F G

2
L

/2
−

1
≤

−

L .
Si

nc
e

M ∈∈
(0

, 1
)a

nd
 t

he
 s

te
p-

si
ze

 r
ul

e

re
qu

ire
s 

th
e 

sm
al

le
stm

su
ch

 th
at

F =

M m
sa

tis
fie

s 
(2

.6
a)

, w
e 

se
e 

th
at

 fo
r 

al
l

x k
∈∈

B
(x

,

K 1
),

(2
.2

4)

F k
≥

F =.
m

in
  î

J ∆
,2G

1
(1

−

L )

G

2 2
L

,

M −M
  

>
0

.

N
ow

w
e

w
ill

 u
se

 (
2.

24
) 

to
 s

how
th

at
 (

2.
16

) 
ho

ld
s.

F
or

an
y

i
∈∈

I k
,

(2
.2

5a
)

/ \
g k

,d
k

\ / I
k

≤
−

G

1
||g

k
||2 I k

≤
−

G

1
(g

i k
)2

.

A
ls

o,
 fo

r 
al

li
∈∈

A
k
,g

i k
>

0
an

d
xi k

−
xi k

(

F k
,d

i k
)

≥
0.

 T
hu

s,
fo

r 
an

y
i

∈∈
A

k
,

x k
∈∈

B
(x

,

K 1
),

/ \
g k

,x
k

−
x k

(

F k
,d

k
)\ /

A
k

≥
gi k

(x
i k

−
xi k

(

F k
,d

k
))

≥
gi k

(x
i k

−
xi k

(

F ,d
k
))

(2
.2

5b
)

≥
(g

i k
)m

in
 {

xi k
,

F /m
i k
gi k

}
=

m
in

 {
gi k

xi k
,

F /m
i k

}
,

w
he

re

F is
 g

iv
en

by
(2

.2
4)

. 
Le

tg
=.

∇
f(

x)
. 

S
in

ce
x

is
 n

ot
 s

ta
tio

na
ry,

th
er

e 
m

us
t 

exi
st

 a
n

i 0
∈∈

{1
,.

..
,n

}
su

ch
 t

ha
t 

ei
th

er
(i
) 

g
i 0

<
0

 or
(i
i)
 

x
i 0

>
0

 an
d

gi 0
≠

0.
 

B
y

co
nt

in
ui

ty
 o

f∇
f(

⋅),

th
er

e 
ex

is
t

K 2
∈∈

(0
,

K 1
]s

uc
h 

th
at

(2
.2

5c
)

1 2
|g

i 0
|≤

|g
i 0 k

|≤
2|

gi 0
|,

\/
 x

k
∈∈

B
(x

,

K 2
)

.

T
hu

s,
 

if
xi 0

=
0,

 
th

en
gi 0

<
0

 a
nd

, 
fo

r 
al

l
x k

∈∈
B

(x
,

K 2
),

gi 0 k
<

0.
H

en
ce

,i
0

∈∈
I k

an
d,

 
by

(2
.2

5a
,c

),
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(2
.2

6a
)

/ \
g k

,d
k

\ / I
k

≤
−

N 1
(g

i 0
)2

/4
=.

−

O 1.

If
xi 0

>
0,

th
en

 w
e 

m
us

t 
ha v

e
gi 0

>
0.

T
hu

s,
 f

ro
m

 (
2.

25
c)

, 
ifx

k
∈∈

B
(x

,
P 2

)
th

en
i 0

∈∈
A

k
.

So
, 

if

xi 0
>

0,
th

en
 fo

r 
al

lk
∈∈

K
su

ch
 th

at
 ||x

k
−

x|
|≤

m
in

 {

P 2
,x

i 0
/2

 } 
,w

e 
ha

ve
 fr

om
 (

2.
25

b,
c)

, (2
.2

6b
)

−
/ \
g k

,x
k

−
x k

(

Q k
,d

k
)\ /

A
k

≤
−

m
in

 {
gi 0

xi 0
/4

,
Q /m

i 0 k
}

=.
−

O 2
.

N
ow

, f
ro

m
 (

2.
6a

) 
an

d 
(2

.1
6)

, w
e 

have

(2
.2

7)
f(

x k
+1

)−
f(

x k
)

≤
f(

x k
(

Q k
,d

k
))

−
f(

x k
)

≤

R {

Q k
/ \
g k

,d
k

\ / I
k
−

/ \
g k

,x
k

−
x k

(

Q k
,d

k
)\ /

A
k
}

.

S
in

ce
 i

t 
is

 a
lw
ay

s 
th

e 
ca

se
 t

ha
t/ \
g k

,d
k

\ / I
k

≤
−

N 1
||g

k
||2 I k

≤
0

an
d

−
/ \
g k

,x
k

−
x k

(

Q k
,d

k
)\ /

A
k

≤
0,

 w
e

ha
ve

 fr
om

 (
2.

26
a,

b)
 a

nd
 (

2.
27

),
 th

at

(2
.2

8)
f(

x k
+1

)−
f(

x k
)

≤
−

O <
0,

\/
 x

k
∈∈

B
(x

,

P )
,

k
∈∈

K
,

w
he

re

O =

RO 1
an

d

P =

P 2
>

0
if

xi 0
=

0
or

O =

RO 2
an

d

P =
m

in
 {

P 2
,x

i 0
/2

 }
>

0
if

xi 0
>

0.

T
he

or
em

 2
.8

.
S

up
po

se
 t

ha
t 

A
ss

um
pt

io
n 

2.
6 

ho
ld

s.Le
t 

{
x k

}
∞ k=

0
w

ith
x k

∈∈

; ,
{

d
k

}
∞ k=

0
w

ith

d
k

∈∈
IR

n
,

an
d 

{

Q k
}

∞ k=
0

w
ith

Q k
∈∈

IR
 b

ou
nd

ed
 a

nd
 n

on
-n

ega
tiv

e,
be

se
qu

en
ce

s 
su

ch
 t

ha
t, 

fo
r 

al
l

k,
(2

.5
a,

b,
c)

 a
nd

 (
2.

6a
) 

ar
e 

sa
tis

fie
d 

by
 th

e 
tr

ip
le

t
{

x k
,d

k
,

Q k
}

a
nd

(2
.2

9)
f(

x k
+1

)
≤

f(
x k

(

Q k
,d

k
))

 .

T
he

n 
an

y
ac

cu
m

ul
at

io
n 

po
in

t,x̂
,o

f
{

x k
}

∞ k=
0

is
 a

 s
ta

tio
na

ry
 p

oi
nt

 o
f p

ro
bl

emP
.

P
ro

o
f.

W
e 

w
ill

 p
ro

ve
 th

is
 r

es
ul

t 
be

 c
on

tr
ad

ic
tio

n.S
up

po
se

 t
ha

tx̂
is

 a
n 

ac
cu

m
ul

at
io

n 
po

in
t 

of

{
x k

}
∞ k=

0
.

T
he

n 
th

er
e 

exi
st

s 
an

 i
nfi

ni
te

 s
etK

⊂
IN

 s
uc

h 
th

at
 l

im
k

∈∈
K

x k
=

x̂
.

B
y

co
nt

in
ui

ty
 o

f

f(
⋅),

 
th

is
 

im
pl

ie
s 

th
at

 
lim

k
∈∈

K
f(

x k
)

=
f

(x̂
).

 
A

dd
iti

on
al

ly,
fo

r 
ea

ch
k

∈∈
IN

,

f(
x k

+1
)

≤
f(

x k
(

Q k
,d

k
)

≤
f(

x k
)

si
nc

e 
th

e 
rig

ht
 h

an
d 

si
de

 o
f 

(2
.6

a)
 i

s 
no

n-
po

si
ti

ve
 (

cf
.

R
em

ar
k

2.
2)

. 
H

en
ce

,f
(x

k
)

→
f(

x̂
)

an
d,

 th
er

ef
or

e,

(2
.3

0)
f(

x k
)

−
f(

x k
+1

)
→

0
as

k
→

∞
.

N
ow

, 
to

es
ta

bl
is

h 
th

e 
co

nt
ra

di
ct

io
n,

 s
up

po
se

 t
ha

t
x̂

is
 n

ot
 a

 s
ta

tio
na

ry
 p

oi
nt

.T
he

n,
 b

y 
(2

.2
9)

 a
nd

Le
m

m
a 

2.
7,

 t
he

re
 exi

st
s

P ˆ
>

0
 an

d

O ˆ
>

0
 su

ch
 t

ha
tf

(x
k
)

−
f(

x k
+1

)
≥

f(
x k

)
−

f(
x k

(

Q k
,d

k
))

≥

O ˆ
fo

r 
al

lx
k

∈∈
B

(x̂
,

P ˆ)
. 

B
ut

th
is

 c
on

tr
ad

ic
ts

 (
2.

30
).T

he
re

fo
re

x̂
m

us
t b

e 
a 

st
at

io
na

ry
 p

oi
nt

.

C
or

ol
la

ry
 2

.9
.

S
up

po
se

 t
ha

t 
A

ss
um

pt
io

n 
2.

6 
ho

ld
s.If 

{
x k

}
k

f

k=
0

is
 a

 fi
ni

te
 s

eq
ue

nc
e 

ge
ne

ra
te

d

by
 A

lg
or

ith
m

 M
od

el
 P

D
, 

th
en

x k
f

is
 a

 s
ta

tio
na

ry
 p

oi
nt

 o
f 

pr
ob

le
mP

.
If

{
x k

}
∞ k=

0
is

 a
n 

in
fin

ite

se
qu

en
ce

 g
en

er
at

ed
 b

y 
A

lg
or

ith
m

 M
od

el
 P

D
, 

th
en

 e
ve

ry
 a

cc
um

ul
at

io
n 

po
in

t 
of

{
x k

}
∞ k=

0
is

 a
 s

ta
-

tio
na

ry
 p

oi
nt

 o
f p

ro
bl

em
P

.

P
ro

o
f.

F
irs

t 
su

pp
os

e{
x k

}
k

f

k=
0

is
 a

 fi
ni

te
 s

eq
ue

nc
e.T

he
n 

by
 P

ro
po

si
tio

n 
2.

5(b
),

x k
f

is
 a
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st
at

io
na

ry
 p

oi
nt

.I
f 

{
x k

}
∞ k=

0
is

 a
n 

in
fin

ite
 s

eq
ue

nc
e 

th
en

, 
by

 T
he

or
em

 2
.8

 (
w

e 
ha

ve
,

tr
iv

ia
lly

,

f(
x k

+1
)

=
f

(x
k
(

S k
,d

k
))

, e
ve

ry
 a

cc
um

ul
at

io
n 

po
in

t i
s 

a 
st

at
io

na
ry

 p
oi

nt
.

N
ex

t, 
w

e 
pr

oc
ee

d 
tow

ar
ds

 a
 p

ro
of

 t
ha

t 
un

de
r 

su
ita

bl
e 

co
nd

iti
on

s,
 a

fte
r 

a 
fin

ite
 n

um
be

r 
of

ite
ra

tio
ns

, 
A

lg
or

ith
m

 M
od

el
 P

D
 r

eve
rt

s 
to

 a
n 

un
co

ns
tr

ai
ne

d 
op

tim
iz

at
io

n 
al

go
rit

hm
 o

n 
th

e 
su

b-

sp
ac

e 
de

fin
ed

 b
y 

th
e 

no
n-

bi
nd

in
g 

v
ar

ia
bl

es
 a

t 
a 

st
ric

t 
lo

ca
l m

in
im

iz
er

 li
m

it 
po

in
t.Le

t

T (x
)

de
no

te

th
e 

se
t o

f a
ll 

bi
nd

in
g 

co
ns

tr
ai

nt
s 

atx,
i.e

.

(2
.3

1)

T (x
)
=.

{
i

|x
i

=
0

}

(t
hi

s

T (x
)

sh
ou

ld
 n

ot
 b

e 
co

nf
us

ed
 w

ithB
(x

,

U ),
 th

e 
cl

os
ed

 b
al

l o
f r

ad
iu

sU ar
ou

nd
x)

. 
W

e
w

ill
 u

se

th
e 

fo
llo

w
in

g 
al

te
rn

at
ive

 s
ta

te
m

en
t 

of
 t

he
 s

ta
nd

ar
d 

se
co

nd
 o

rd
er

 s
uf

fic
ie

nc
y

co
nd

iti
on

 w
ith

 s
tr

ic
t

co
m

pl
em

en
ta

ry
 s

la
ck

ne
ss

 f
or

 a
 s

ta
tio

na
ry

 p
oi

nt
x̂

to
 b

e 
a 

st
ric

t 
lo

ca
l 

m
in

im
iz

er
 f

or
 a

 p
ro

bl
emP

w
ith

f(
⋅)

tw
ic

e 
co

nt
in

uo
us

ly
 d

iffe
re

nt
ia

bl
e† :

(2
.3

2a
)

zT
∇

2
f(

x̂
)z

>
0

,
\/

 z
∈∈

{
z

∈∈
IR

n
|z

i
=

0
,

\/
 i

∈∈

V (x̂
)}

 ,

an
d

(2
.3

2b
)

∂
f(

x̂
)

∂x
i

>
0

,
\/

 i
∈∈

V (x̂
)

.

T
he

or
em

 
2.

10
.

S
up

po
se

f(
⋅)

is
tw

ic
e 

co
nt

in
uo

us
ly

 
di

ffe
re

nt
ia

bl
e.

 
C

on
si

de
ra

se
qu

en
ce

{
x k

}
∞ k=

0
pr

od
uc

ed
 b

y 
A

lg
or

ith
m

 M
od

el
 P

D
.If 

{
x k

}
∞ k=

0
ha

s 
an

 a
cc

um
ul

at
io

n 
po

in
tx̂
su

ch
 t

ha
t

(2
.3

2a
,b

) 
ho

ld
, t

he
nx

k
→

x̂
an

d 
th

er
e 

exi
st

s 
an

N
<

∞
su

ch
 th

at

(2
.3

3)
A

k
=

T (x
k
)

=

T (x̂
)

,
\/

 k
≥

N
+

1
.

P
ro

o
f.

S
in

ce
f(

⋅)
is

tw
ic

e 
co

nt
in

uo
us

ly
 d

iffe
re

nt
ia

bl
e,

 A
ss

um
pt

io
n 

2.
6 

ho
ld

s.T
hu

s,
 b

y 
C

or
ol

-

la
ry

 2
.9

,x̂
is

 a
 s

ta
tio

na
ry

 p
oi

nt
.It

 t
he

re
fo

re
 f

ol
low

s 
fr

om
 (

2.
2b

) 
an

d 
th

e 
de

fin
iti

on
 o

fw
(x

)
in

(2
.3

a)
 

th
at

w
(x̂

)
=

0.
 

H
en

ce
,b

ec
au

se
w

(⋅)
is

co
nt

in
uo

us
, 

th
er

e 
exi
st

s 
a

U 1
>

0
 s

uc
h 

th
at

W (x
)
=.

m
in

 {

W ,w
(x

)}
=

w
(x

)
fo

r 
al

l
x

∈∈
B

(x̂
,

U 1
).

 
N

ow
, 

sin
ce

(i
) 

xi ,
i

∈∈

T (x̂
),

 i
s 

ar
bi

tr
ar

ily

cl
os

e 
to

 z
er

o 
ifx

su
ffi

ci
en

tly
 c

lo
se

 t
ox̂

,
an

d
(i
i)
 

g
(⋅)

=.
∇

f(
⋅)

is
co

nt
in

uo
us

, 
an

d 
th

us
 b

y 
(2

.3
2b

),

bo
un

de
d 

aw
ay

fr
om

 z
er

o 
fo

rx
su

ffi
ci

en
tly

 c
lo

se
 t

ox̂
,

w
e

ha
v e

th
at

 f
or

x
su

ffi
ci

en
tly

 c
lo

se
 t

ox̂
,

gi (x
)

≥
xi

fo
r 

al
li

∈∈

T (x̂
).

 T
hu

s,
th

er
e 

ex
is

ts

U 2
∈∈

(0
,

U 1
]s

uc
h 

th
at

 fo
r 

al
lx

∈∈
B

(x̂
,

U 2
)

(2
.3

4a
)

[x
i

−
gi (x

)]
+

=
0

,
\/

 i
∈∈

B
(x̂

)

†
S

ee
, 

fo
r 

exa
m

pl
e,

 [8
8,

pp
. 

31
6-

31
7]

:v
iz

.,
eq

ua
tio

n 
(2

.2
b)

 h
ol

ds
, 

th
e 

H
es

si
an

 o
f 

th
e 

La
gr

an
gi

an
L

(x
)
=.

f(
x)

−
X T x

is
 p

os
itiv

e

de
fin

ite
 o

n 
th

e 
su

bs
pa

ce{
z

∈∈
IR

n
|z

i
=

0
,

i
∈∈

Y (x̂
)}

 a
nd

 t
he

 m
ul

tip
lie

rs

X i =
∂

f(
x̂

)/
∂x

i
ar

e 
po

si
tiv

e 
fo

r 
al

li
∈∈

Y (x̂
)

an
d 

ze
ro

 f
or

al
li

/∈

Y (x̂
).
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(2
.3

4b
)

gi (x
)

>
0

,
\/

 i
∈∈

B
(x̂

)
.

F
ro

m
 (
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T
hi

s 
be

in
g 

th
e 

ca
se

, 
P

ro
po

si
tio

n 
2.

11
 f

ol
lo

w
s 

fr
om

 t
he

 p
ro

of
 o

f 
T

he
or

em
 2

.1
0 

w
ith

 t
he

fo
llo

w
in

g 
m

od
ifi

ca
tio

n.
In

 d
er

ivi
ng

 (
2.

37
),

 w
e 

us
ed

 t
he

 fac
t 

th
at

a k
≥

a >
0

 fo
r 

al
lk

su
ch

 t
ha

t

x k
∈∈

B
(x̂

,

b 3
).

 H
ow

ev
er

, 
th

e 
ne

w
st

ep
-s

iz
e,

a ′ k
,m

ay
 n

ot
 b

e 
bo

un
de

d 
aw
ay

fr
om

 z
er

o.
N

on
et

he
-

le
ss

, 
w

e 
ca

n 
sh

ow
th

at
 (

2.
37

) 
st

ill
 h

ol
ds

.F
irs

t, 
if

f(
x∼

)
>

f(
x k

(

a k
,d

k
))

 t
he

n
x k

+1
=

x
k
(

a k
,d

k
).

C
le

ar
ly

 t
he

n,
 (

2.
37

) 
ho

ld
s 

si
nc

ex k
+1

is
 d

et
er

m
in

ed
 f

ro
m

 t
he

 u
nm

od
ifi

ed
 s

te
p-

si
ze

 r
ul

e 
in

 A
lg

o-

rit
hm

 M
od

el
 P

D
 a

s 
in

 T
he

or
em

 2
.1

0.If
, 

on
 t

he
 o

th
er

 h
an

d,f
(x∼

)
≤

f(
x k

(

a k
,d

k
))

, 
th

en
 b

y 
co

n-

st
ru

ct
io

n 
of

x∼
w

e 
ha

ve
,

fo
r 

al
li

∈∈
A

k
,

th
at

xi k+
1

=
x∼

i
≤

[x
i k

−

` 3

a k
gi k

] +
≤

[x
i k

−

` 3

a gi k
] +

.
N

ow
,

by
 (

2.
36

),
 t

he
 c

on
tin

ui
ty

 o
f∇

f(
⋅)

an
d 

th
e 

fac
t 

th
at

∂
f(

x̂
)/

∂x
i

>
0

 fo
r 

al
li

∈∈

T (x̂
),

 t
he

re
 ex

is
ts

b 4
∈∈

(0
,

b 3
]

su
ch

 
th

at
 

[xi k
−

` 3

a gi k
] +

=
0

fo
r 

al
l

i
∈∈

A
k

an
d

x k
∈∈

B
(x̂

,

b 4
).

 
T

hu
s,

if

x k
∈∈

B
(x̂

,

b 4
)

an
d

i
∈∈

A
k
,

th
en

xi k+
1

=
0

an
d,

 h
en

ce
,i

∈∈

T (x
k+

1
).

 
S

o,
ag

ai
n,

 (
2.

37
) 

ho
ld

s.
T

he

re
st

 o
f t

he
 p

ro
of

 o
f T

he
or

em
 2

.1
0 

ho
ld

s 
w

ith
ou

t f
ur

th
er

 m
od

ifi
ca

tio
n.

T
he

 i
m

po
rt

an
t 

as
pe

ct
 o

f 
th

e 
M

od
ifi

ed
 S

te
p-

si
ze

 P
ro

ce
du

re
 i

s 
th

at
 o

nc
e 

th
e 

ac
ti

ve
 c

on
st

ra
in

t

se
t 

is
 

id
en

tifi
ed

 
an

d 
th

os
e 

v
ar

ia
bl

es
 

in
 

th
e 

ac
tive

 
se

t 
ar

e 
at

 
th

ei
r 

bo
un

ds
,

xi k
(

a k
,d

k
)

=
x

i k
(

a ′ k
,d

k
)

=
0,

 
fo

r 
al

l
i

∈∈
A

k
.

T
he

re
fo

re
,x

∼
=

x
k
(

a k
′,

d
k
)

an
d 

th
e 

al
go

rit
hm

be
ha

ve
s

as
an

un
co

ns
tr

ai
ne

d 
al

go
rit

hm
 

us
in

g 
th

e 
st

ep
-s

iz
ea ′ k

(s
o 

lo
ng

 
as

f(
x k

(

a ′ k
,d

k
)

≤
f(

x k
(

a k
,d

k
))

).
 T

hi
s

fa
ct

 c
an

 u
se

d 
to

 o
bt

ai
n 

th
e 

pr
op

er
tie

s 
as

so
ci

at
ed

 w
ith

 a
lm

os
t

an
y

st
ep

-s
iz

e 
pr

oc
ed

ur
e.F

or
in

st
an

ce
, c

on
si

de
r 

th
est
ro

n
g

 W
o

lfe
 c

ri
te

ri
o

n:
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(2
.4

1a
)

f(
x k

+

c k
d

k
)−

f(
x k

)
≤

c 1

d k
/ \
g k

,d
k

\ /

(2
.4

1b
)

|
/ \∇

f(
x k

+

d k
d

k
),

d
k

\ /
|≤

−

c 2
/ \
g k

,d
k

\ /
,

w
ith

 0
<

c 1
<

c 2
<

1 2
.

T
hi

s 
st

ep
-s

iz
e 

ru
le

 c
an

 b
e 

im
pl

em
en

te
d 

in
 A

lg
or

ith
m

 M
od

el
 P

D
 u

si
ng

 t
he

M
od

ifi
ed

 S
te

p-
si

ze
 P

ro
ce

du
re

 b
y 

re
qu

iri
ngd ′ k

to
 s

at
is

fy

(2
.4

1c
)

f(
x k

(

d ′ k
,d

k
))

−
f(

x k
)

≤

c 1

  î

d ′ k
/ \
g k

,d
k

\ / I
k

−
/ \
g k

,x
k

−
x k

(

d ′ k
,d

k
)\ /

A
k

  
.

an
d

(2
.4

1d
)

|
/ \∇

f(
x k

(

d ′ k
,d

k
))

,d
k

\ / I
k
|≤

−

c 2
/ \
g k

,d
k

\ / I
k

.

T
he

n,
 b

y 
P

ro
po

si
tio

n 
2.

11
, 

A
lg

or
ith

m
 M

od
el

 P
D

 r
e

ve
rt

s 
to

 a
n 

un
co

ns
tr

ai
ne

d 
m

in
im

iz
at

io
n 

o
ve

r

th
e 

su
bs

pa
ce

{
i

|x
i k

/∈

T (x̂
)}

 i
n

a
fin

ite
 n

um
be

r 
of

 it
er

at
io

ns
 a

nd
, 

th
er

ef
or

e,
 c

on
di

tio
ns

 (
2.

41
c,

d)

be
co

m
e 

eq
uiv

al
en

t t
o 

co
nd

iti
on

s 
(2

.4
1a

,b
).

T
he

 u
se

fu
ln

es
s 

of
 P

ro
po

si
tio

n 
2.

11
 i

s 
de

m
on

st
ra

te
d 

in
 o

ur
 n

e
xt

 r
es

ul
t 

w
hi

ch
 d

ea
ls

 w
ith

 t
he

ra
te

 o
f 

co
nve

rg
en

ce
 o

f 
an

 i
m

pl
em

en
ta

tio
n 

of
 A

lg
or

ith
m

 M
od

el
 P

D
 t

ha
t 

us
es

 t
he

 P
ol

ak
-R

ib
ie

`r
e

co
nj

ug
at

e 
gr

ad
ie

nt
 r

ul
e 

to
 c

on
st

ru
ct

 t
he

 c
om

po
ne

nt
s

d
i k
,i

∈∈
I k

,o
ft

he
 s

ea
rc

h 
di

re
ct

io
nd

k
.

C
or

ol
-

la
ry

 2
.1

2 
st

at
es

 t
ha

t 
A

lg
or

ith
m

 M
od

el
 P

D
 w

ith
 t

he
 M

od
ifi

ed
 S

te
p-

si
ze

 p
ro

ce
du

re
 u

si
ng

 e
xa

ct
 li

ne

se
ar

ch
es

, 
w

ith
 s

ea
rc

h 
di

re
ct

io
nsd

k
gi

ve
n

by
(2

.4
5a

,b
,c

) 
an

d 
re

st
ar

ts
 i

m
po

se
d 

e
ve

ry
m

+
1

ite
ra

-

tio
ns

, 
ha

s 
ite

ra
te

s 
th

at
 c

onve
rg

e
(m

+
1)

-s
te

p 
lin

ea
rly

 w
ith

 a
 r

oo
t 

ra
te

 c
on

st
an

t 
th

at
 d

ep
en

ds
 o

n

on
ly

 t
he

 s
m

al
le

stn
−

r
−

m
ei

ge
nv

al
ue

s 
of

 t
he

 H
es

si
an

 a
t 

th
e 

so
lu

tio
n 

re
st

ric
te

d 
to

 t
he

 u
nc

on
-

st
ra

in
ed

 s
ub

sp
ac

e.H
er

e,
r

=
|

T (x̂
)|

 is
 t

he
 n

um
be

r 
of

 c
on

st
ra

in
ts

 b
in

di
ng

 a
t 

th
e 

so
lu

tio
n.

S
in

ce
 it

fo
llo

w
s 

fr
om

 t
he

 i
nt

er
la

ci
ng

 e
ig

enva
lu

e 
pr

op
er

ty
 o

f 
sy

m
m

et
ric

 m
at

ric
es[7

2,
 C

or
.

8.
1.

4]
 t

ha
t 

th
e

co
nd

iti
on

 o
f 

th
e 

re
st

ric
te

d 
H

es
si

an
 i

s 
no

 wor
se

 t
ha

n 
th

at
 o

f 
th

e 
H

es
si

an
 i

ts
el

f, 
th

e 
pr

es
en

ce
 o

f

bo
un

ds
 o

n 
th

e 
de

ci
si

on
 var

ia
bl

es
 c

an
 o

nl
y 

se
rve

to
re

du
ce

 t
he

 c
onv

er
ge

nc
e 

ra
te

 c
on

st
an

t.F
or

pr
ob

le
m

s 
th

at
 i

nc
lu

de
 p

en
al

ty
 f

un
ct

io
ns

, 
ifm
is

 t
ak

en
 t

o 
be

 t
he

 n
um

be
r 

of
 p

en
al

iz
ed

 c
on

st
ra

in
ts

th
en

 C
or

ol
la

ry
 2

.1
2 

sh
ow
s 

th
at

 t
he

 (m
+

1)
-s

te
p 

co
nve

rg
en

ce
 r

oo
t 

ra
te

 c
on

st
an

t 
is

 i
nd

ep
en

de
nt

 o
f

th
e 

si
ze

 o
f t

he
 p

en
al

ty
 c

on
st

an
t (

se
e

[9
0]

 )
.

C
or

ol
la

ry
 2

.1
2.

S
up

po
se

 th
at

(a
)

in
 p

ro
bl

em
P

,
f(

⋅)
is

th
re

e 
tim

es
 c

on
tin

uo
us

ly
 d

iffe
re

nt
ia

bl
e 

w
ith

 p
os

itiv
e 

de
fin

ite
 H

es
si

an

H
(x

)
on

; an
d 

th
at

x̂
,

th
e 

un
iq

ue
 g

lo
ba

l 
m

in
im

iz
er

 o
fP
,

sa
tis

fie
s 

th
e 

su
ffic

ie
nt

 c
on

di
tio

ns

(2
.3

2a
,b

)† ,
an

d 
th

at

T (x̂
)
=.

{
n

−
r

+
1,

 . 
. .

 ,n
},

 w
ith

 1
≤

r
≤

n
(a

ch
iev

ed
by

re
nu

m
be

rin
g 

th
e

†
T

he
 c

on
ve

xi
ty

 o
f 

th
e 

co
ns

tr
ai

nt
 s

et
 a

nd
 t

he
 s

tr
ic

t 
co

n
ve

xi
ty

 o
f 

th
e 

ob
je

ct
ive

 f
un

ct
io

n 
gu

ar
an

te
es

 t
ha

tP
ha

s 
a 

un
iq

ue
 g

lo
ba

l
m

in
im

iz
er

.
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va
ria

bl
es

, i
f n

ec
es

sa
ry

).

(b
)

{
x k

}
is

a
se

qu
en

ce
 p

ro
du

ce
d 

by
 A

lg
or

ith
m

 M
od

el
 P

D
 u

si
ng

 t
he

 M
od

ifi
ed

 S
te

p-
si

ze
 P

ro
ce

-

du
re

 w
ith

 s
ea

rc
h 

di
re

ct
io

nsd
k

de
te

rm
in

ed
 a

s 
fo

llow
s 

(w
ith

d −
1

=
0

∈∈
IR

n
):

(2
.4

2a
)

d∼
i k

=
−

gi k
+

e k
d

i k−
1

,
i

∈∈
I k

,
w

he
re

e k
=

e PR k
=.

/ \
g k

,g
k

−
g k

−1
\ / I

k

||g
k−

1
||2 I k

,

(2
.4

2b
)

d
i k

=
  î

d∼
i k

−g
i k

if
/ \
d∼

k
,g

k
\ / I

k
≤

−

f 1
||g

k
||2 I k

an
d 

||d∼
k
|| I

k
≤

f 2
||g

k
|| I

k

ot
he

rw
is

e
,

\/
 i

∈∈
I k

, (2
.4

2c
)

d
i k

=
−

m
i k
gi k

,
f 1

≤
m

i k
≤

f 2
,

\/
 i

∈∈
A

k
,

an
d 

w
ith

 t
he

 s
te

p-
si

ze

g ′ k
de

te
rm

in
ed

 b
y 

an
 exa

ct
 l

in
e 

se
ar

ch
, 

an
d 

w
ith

 r
es

ta
rt

s 
(

d
i k

=
−

gi k
fo

r

i
∈∈

I k
)

im
po

se
d 

eve
ry

m
+

1
≤

n
−

r
ite

ra
tio

ns
.

Le
t

H
1,

1(
x̂

)
de

no
te

 t
he

 u
pp

er-l
ef

t 
(n

−
r)

×
(n

−
r)

di
ag

on
al

 b
lo

ck
 o

fH
(x̂

),
 a

nd
 le

ta
de

no
te

its
 m

in
im

um
 e

ig
env

al
ue

 a
nd

b
its

 (
m

+
1)

-t
h 

la
rg

es
t 

((n
−

m
−

r)
-t

h 
sm

al
le

st
) 

ei
ge

nva
lu

e.
 

If,
in

A
lg

or
ith

m
 M

od
el

 P
D

,

f 2
≥

1
+

b
/a

,
th

en
 f

or
 a

ny

h >
0

 th
er

e 
ex

is
ts

N
<

∞
su

ch
 t

ha
t 

fo
r 

al
l

k
≥

N
/(

m
+

1)
,

(2
.4

3)
||x

(k
+n

)(
m

+1
)
−

x̂
||

≤
c k

  b
−

a

b
+

a
+

h  n

,
n

=
0,

 1
, 2

, .
 . 

.

w
he

re
c k

is
 a

 b
ou

nd
ed

 c
on

st
an

t.

P
ro

o
f.

B
y 

P
ro

po
si

tio
n 

2.
11

, 
th

er
e 

e
xi

st
s

N
1

<
∞

su
ch

 t
ha

t 
fo

r 
al

lk
≥

N
1

+
1,

T (x
k
)

=

T (x̂
),

i.e
.,

fo
r 

al
l

k
≥

N
1

+
1,

xi k
=

0
fo

r
i

∈∈

T (x̂
)

an
d 

fo
r 

al
li

/∈

T (x̂
),

d
i k

is
 d

et
er

m
in

ed
 b

y 
eq

ua
tio

ns

(2
.4

2a
,b

).
 

F
ur

th
er

m
or

e,it
 c

an
 b

e 
sh

ow
n 

(s
ee

[2
], 

eq
ua

tio
ns

 2
.6

4,
 2

.6
5 

an
d 

2.
66

) 
th

at
 w

ith
 t

he

ch
oi

ce
 f

or

f 2
gi

ve
n

in
th

e 
C

or
ol

la
ry

 s
ta

te
m

en
t 

th
e 

te
st

s 
in

 (
2.

42
b)

 w
ill

 n
ot

 f
ai

l 
fo

r
k

≥
N

1
+

1.

T
hu

s,
 t

he
 s

ea
rc

h 
di

re
ct

io
nd∼

k
=

(d
1 k

..
. d

r k
),

k
≥

N
1

+
1,

 i
s 

de
te

rm
in

ed
 b

y 
th

e 
un

co
ns

tr
ai

ne
d,

 p
ar

-

tia
l 

co
nj

ug
at

e 
gr

ad
ie

nt
 m

et
ho

d,
 w

ith
 r

es
ta

rt
s 

e
ve

ry
m

+
1

ite
ra

tio
ns

, 
ap

pl
ie

d 
to

 t
he

 u
nc

on
st

ra
in

ed

su
bs

pa
ce

 {x
∈∈

IR
n

|x
i

=
0

,i
∈∈

T (x̂
)}

. 
It

fo
llo

w
s 

fr
om

 C
or

ol
la

ry
 5

.1
 in

[9
0]

 t
ha

t 
th

er
e 

exi
st

s 
a

fin
ite

N
≥

N
1

+
1

su
ch

 th
at

 (
2.

43
) 

ho
ld

s.

R
em

ar
k 

2.
13

.
If 

ex
ac

t 
lin

e 
se

ar
ch

es
 w

er
e 

no
t 

us
ed

 in
 t

he
 im

pl
em

en
ta

tio
n 

of
 t

he
 c

on
ju

g
at

e 
gr

a-

di
en

t 
m

et
ho

d 
giv

en
in

C
or

ol
la

ry
 2

.1
2,

 t
he

 t
es

ts
 i

n 
(2

.4
2b

) 
wou

ld
 p

ro
vi

de
 a

n 
au

to
m

at
ic

 r
es

ta
rt

in
g

m
ec

ha
ni

sm
. 

Iti
s 

po
ss

ib
le

 t
o 

avo
id

 r
es

ta
rt

s 
al

to
ge

th
er

 (
af

te
r 

a 
fin

ite
 n

um
be

r 
of

 i
te

ra
tio

ns
) 

e
ve

n

w
ith

ou
t 

us
in

g 
exa

ct
 l

in
e 

m
in

im
iz

at
io

n 
if 

th
e 

se
ar

ch
 d

ire
ct

io
nd
i k
,

i
∈∈

I k
,

in
(2

.4
2a

,b
) 

ar
e 

co
n-

st
ru

ct
ed

 u
si

ng
 t

he
 F

le
tc

he
r

-R
ee

ve
s

co
nj

ug
at

e 
gr

ad
ie

nt
 m

et
ho

d 
(e k

=

e FR k
=.

||g
k
||2 I k

/||
g k

−1
||2 I k

),
 o

r

us
in

g 
th
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. V
T k−

m̂
+2

)s
k−

m̂
+1

sT k−
m̂

+1
(V

k−
m̂

+2
..

. V
k
)

. . .
(3

.2
)

+

r k
s k

sT k
,

w
he

re

r k
=

1/
 (y

T k
s k

),
V

k
=

I
−

r k
y k

sT k
.

H
er

e 
w

e 
us

eI
(w

ith
ou

t 
an

y
su

bs
cr

ip
t)

 t
o 

de
no

te
 t

he

n
×

n
id

en
tit

y 
m

at
rix

.
A

s 
in

[9
4]

, 
w

e 
le

tG
0 k

=
I

in
 t

he
 fi

rs
t 

ite
ra

tio
n 

an
d 

du
rin

g 
re

st
ar

ts
, 

an
d 

on

ot
he

r 
ite

ra
tio

ns
 w

e 
le

tG
0 k

=

s k
I

w
he

re

s k
=

/ \
y k

,s
k

\ / I
k
/||

y k
||2 I k

is
 a

 s
el

f-
sc

al
in

g 
te

rm
 d

em
on

st
ra

te
d

in
 [9

5]
to

 m
ar

ke
dl

y 
im

pr
ov

e 
th

e 
pe

rf
or

m
an

ce
 o

f 
qu

as
i-N

e
w

to
n 

al
go

rit
hm

s.
A

n 
ef

fic
ie

nt
, 

re
cu

rs
ive

pr
oc

ed
ur

e 
fo

r 
co

m
pu

tin
gd

k
=

−
G

k
g k

w
ith

ou
t e

xp
lic

itl
y 

fo
rm

in
g 

an
y

m
at

ric
es

 is
 g

ive
n

in
[8

6]
.

T
he

 L
-B

F
G

S
 a

lg
or

ith
m

 h
as

 p
rove

n
to

be
qu

ite
 e

ffe
ct

iv
e 

[9
6]

. 
W

e
us

ed
 t

hi
s 

al
go

rit
hm

, 
w

ith

m
=

12
, 

to
 c

om
pu

te
 t

he
 s

ea
rc

h 
di

re
ct

io
nsd

i k
,

i
∈∈

I k
,

in
th

e 
un

co
ns

tr
ai

ne
d 

su
bs

pa
ce

.
T

hi
s 

is

ac
co

m
pl

is
he

d 
by

 s
avi
ng

 t
he

 f
ul

l v
ec

to
rs

s k
an

d
y k

bu
tr

es
tr

ic
tin

g 
th

e 
in

ne
r 

pr
od

uc
t 

ca
lc

ul
at

io
ns

 in

th
e 

re
cu

rs
ive

 a
lg

or
ith

m
 o

f[
86

] 
to

 t
he

 c
ur

re
nt

 e
st

im
at

e,I
k
,

of
th

e 
un

co
ns

tr
ai

ne
d 

su
bs

pa
ce

.
In

(2
.5

a)
, w

e 
ch

os
em

i k
=

s k
fo

r 
al

li
∈∈

A
k
.

W
e

als
o 

ad
de

d 
th

e 
fo

llow
in

g 
te

st
s:
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(i
)

If
/ \
y k

,s
k

\ / I
k

<
0.

00
1||

g k
||2 I k

,
se

t

t k
=

1
an

d 
do

 n
ot

 u
se

 c
ur

re
nt

 i
nf

or
m

at
io

ny k
an

d
s k

fo
r

H
es

si
an

 u
pd

at
es

.

(i
i)

R
es

ta
rt

 if
/ \
d

k
,g

k
\ / I

k
>

−
0.

 2

t k
||g

k
||2 I k

,

(i
ii)

R
es

ta
rt

 if
 ||d

k
||2 I k

>
10

00

t 2 k
||g

k
||2 I k

,

T
he

 fi
rs

t 
te

st
 e

ns
ur

es
 t

ha
t 

th
e 

H
es

si
an

 e
st

im
at

e 
is

 p
os

iti
ve

 d
efi

ni
te

. 
W

ith
 t

he
 t

es
ts(

ii)
an

d
(i
ii)

,t
he

se
ar

ch
 d

ire
ct

io
nd

k
sa

tis
fie

s 
th

e 
co

nd
iti

on
s 

in
 (

2.
5a

,b
,c

) 
fo

r 
so

m
eu 1
∈∈

(0
, 1

)a
nd

u 2
∈∈

(1
, ∞

)
if

w
e 

re
st

ric
t t

he
 m

ag
ni

tu
de

 o
ft k

so
 th

at

(3
.3

a)
0.

 2
t k

≥

u 1

an
d

(3
.3

b)
√

10
00

t k
≤

u 2
.

T
he

re
fo

re
, 

w
ith

 t
hi

s 
re

st
ric

tio
n,

 a
lg

or
ith

m
 P

D
 w

ith
 L

-B
F

G
S

 s
ea

rc
h 

di
re

ct
io

ns
 i

s 
co

n
ve

rg
en

t. 
In

ou
r 

im
pl

em
en

ta
tio

n,
 w

e 
hav

e
u 1

=
0.

 2
×

10
−3

an
d

u 2
=

√
10

00
×

10
3
.

T
he

 r
em

ai
ni

ng
 d

at
a 

re
qu

ire
d 

by
 A

lg
or

ith
m

 M
od

el
 P

D
 w

er
e 

ch
os

en
 a

s 
fo

llo
w

s:

v =
1

/2
,

w =
3

/5
,

M
=

20
,

ui 0
=

0
fo

r
i=

1,
 . 

. .
 ,n

,
an

d

x =
0.

 2
ex

ce
pt

, 
fo

r 
th

e 
pr

oj
ec

te
d 

L-
B

F
G

S

m
et

ho
d,

v =
1

/3
 w

as
 u

se
d 

to
 e

ns
ur

e 
th

at
 a

 s
te

p-
si

ze
 o

f 
1 

co
ul

d 
be

 a
cc

ep
te

d 
cl

os
e 

to
 a

 s
ol

ut
io

n.

T
he

 te
rm

in
at

io
n 

te
st

 in
 S

te
p 

1 
of

 A
lg

or
ith

m
 M

od
el

 P
D

 w
as

 c
on

si
de

re
d 

sa
tis

fie
d 

w
he

n

(i
)

||g
k
|| I

k
/|

I k
|<

x 2/
3

m
ac

h(
1

+
|f

(u
k
)|

) 
,

(i
i)
 

f
(u

k
)

−
f(

u
k−

1
)

<
10

x m
ac

h(
1

+
|f

(u
k
)|

) 
,

(i
ii)

||u
k

−
u

k−
1
|| ∞

<

x 1/
2

m
ac

h(
1

+
||u

k
|| ∞

)
,

(i
v)

 
xi k

=
0

fo
r 

al
li

∈∈
A

k
,

w
he

re
 t

he
 m

ac
hi

ne
 p

re
ci

si
on

 i
sx m

ac
h
≈

2.
 2

20
4e

−
16

. 
N

ot
et

ha
t 

th
is

 i
s 

a 
ver

y 
de

m
an

di
ng

 t
er

m
i-

na
tio

n 
cr

ite
rio

n.

W
ith

C
=

0,
 t

he
re

 w
er

e 
17

1 
bi

nd
in

g 
co

ns
tr

ai
nt

s 
at

 t
he

 s
ol

ut
io

n 
an

d 
th

es
e 

w
er

e 
id

en
tifi

ed

af
te

r 
7 

ite
ra

tio
ns

 f
or

 t
he

 p
ro

je
ct

ed
 c

on
ju

g
at

e 
an

d 
pr

oj
ec

te
d 

L-
B

F
G

S
 m

et
ho

ds
 a

nd
 a

fte
r 

12
 i

te
ra

-

tio
ns

 f
or

 t
he

 p
ro

je
ct

ed
 s

te
ep

es
t 

de
sc

en
t 

m
et

ho
d.

W
ith

C
=

10
0,

 t
he

re
 w

er
e 

43
6 

bi
nd

in
g 

co
n-

st
ra

in
ts

 a
t 

th
e 

so
lu

tio
n 

an
d 

th
es

e 
w

er
e 

id
en

tifi
ed

 a
fte

r 
19

, 
28

 a
nd

 1
53

 i
te

ra
tio

ns
, 

re
sp

ec
ti

ve
ly

,
fo

r

th
e 

th
re

e 
m

et
ho

ds
.

T
he

 n
um

be
r 

of
 it

er
at

io
ns

, 
fu

nc
tio

n 
e

va
lu

at
io

ns
, 

gr
ad

ie
nt

 eva
lu

at
io

ns
 a

nd
 c

pu
 t

im
e†
re

qu
ire

d

to
 r

ea
ch

 t
er

m
in

at
io

n 
fo

r 
pr

ob
le

mO
C

P
w

ith
C

=
0

ar
e 

gi
ve

n
in

Ta
bl

e 
3.

1.
T

he
 s

am
e 

in
fo

rm
at

io
n

†
E

xp
er

im
en

ts
 w

er
e 

ru
n 

on
 a

 6
0M

H
z 

S
un

 S
pa

rc
S

ta
tio

n 
20

 w
ith

 9
6M

B
 i

nt
er

na
l 

m
em

or
y 

an
d 

1M
B

 e
xt

er
na

l 
ca

ch
e.

T
he

 a
lg

o-
rit

hm
s 

w
er

e 
im

pl
em

en
te

d 
in

 M
at

la
b’s
M

-s
cr

ip
t 

la
ng

ua
ge

 w
ith

 t
he

 exc
ep

tio
n 

of
 t

he
 L

-B
F

G
S

 s
ea

rc
h 

di
re

ct
io

n 
ro

ut
in

e 
w

hi
ch

 w
as

 w
rit

te
n

in
 C

.
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is
 p

ro
vi

de
d 

in
 T

ab
le

 3
.2

 f
or

 p
ro

bl
em

O
C

P
w

ith
C

=
10

0.
 

It
is

 c
le

ar
 t

ha
t 

th
e 

pr
oj

ec
te

d 
co

nj
ugat

e

gr
ad

ie
nt

 a
nd

 t
he

 p
ro

je
ct

ed
 L

-B
F

G
S

 m
et

ho
ds

 p
er

fo
rm

 s
ig

ni
fic

an
tly

 b
et

te
r 

th
an

 t
he

 p
ro

je
ct

 s
te

ep
es

t

de
sc

en
t m

et
ho

d.

M
et

ho
d 

F
un

ct
io

nc
al

ls
 

G
ra

di
en

tca
lls

 
Ite

ra
tio

ns
 

C
P

UT
im

e

C
on

ju
ga

te
 G

ra
di

en
t

70
 

20
19

 
4.

2s
ec

.

L-
B

F
G

S
 

43
14

 
13

2.
7 

se
c.

S
te

ep
es

t D
es

ce
nt

97
 

29
28

 
5.

3s
ec

.

Ta
bl

e 
3.

1:
W

or
k 

do
ne

 to
 s

ol
ve

pr
ob

le
m

O
C

P
w

ith
C

=
0.

M
et

ho
d 

F
un

ct
io

nc
al

ls
 

G
ra

di
en

tca
lls

 
Ite

ra
tio

ns
 

C
P

UT
im

e

C
on

ju
ga

te
 G

ra
di

en
t

24
9 

38
37

 
10

.9
se

c.

L-
B

F
G

S
 

16
3

38
 

37
8.

3 
se

c.

S
te

ep
es

t D
es

ce
nt

17
88

 
35

5
35

4 
81

.0
se

c.

Ta
bl

e 
3.

2:
W

or
k 

do
ne

 to
 s

ol
ve

pr
ob

le
m

O
C

P
w

ith
C

=
10

0.

T
he

 o
pt

im
al

 s
ol

ut
io

n,û
,o

ft
he

 d
is

cr
et

iz
ed

 p
ro

bl
em

 w
ithC

=
10

0 
is

 s
ho

w
n 

in
 F

ig
ur

e 
3.

1.

3.
4 

C
O

N
C

LU
D

IN
G

R
E

M
A

R
K

S

W
e 

ha
v e

pr
es

en
te

d 
an

 im
pl

em
en

ta
bl

e 
pr

oj
ec

te
d 

de
sc

en
t 

al
go

rit
hm

 m
od

el
, 

A
lg

or
ith

m
 M

od
el

P
D

, 
an

d 
pr

ove
d

its
 c

on
ve

rg
en

ce
 f

or
 a

ny
se

ar
ch

 d
ire

ct
io

ns
 s

at
is

fy
in

g 
th

e 
co

nd
iti

on
s 

in
 e

qu
at

io
ns

(2
.5

a,
b,

c)
. 

T
hi

sa
lg

or
ith

m
 m

od
el

 s
ol

ves
 a

 c
om

m
on

 c
la

ss
 o

f 
pr

ob
le

m
s 

in
vo

lv
in

g 
si

m
pl

e 
bo

un
ds

 o
n

th
e 

de
ci

si
on

 va
ria

bl
es

. 
Iti

s 
pa

rt
ic

ul
ar

ly
 u

se
fu

l i
f 

th
e 

nu
m

be
r 

of
 d

ec
is

io
n 

v
ar

ia
bl

e 
is

 la
rge

 s
uc

h 
as

ca
n 

oc
cu

r 
in

 t
he

 d
is

cr
et

iz
at

io
n 

of
 o

pt
im

al
 c

on
tr

ol
 p

ro
bl

em
s 

w
ith

 c
on

tr
ol

 b
ou

nd
s.

F
ur

th
er

m
or

e,

m
an

y
pr

ob
le

m
s 

w
ith

 s
im

pl
e 

bo
un

ds
 o

n 
th

e 
de

ci
si

on
 v

ar
ia

bl
es

 a
s 

w
el

l 
as

 s
om

e 
ad

di
tio

na
l 

ge
ne

ra
l

co
ns

tr
ai

nt
s 

ca
n 

be
 c

onve
rt

ed
 in

to
 t

he
 f

or
m

 o
f 

pr
ob

le
mP

us
in

g 
qu

ad
ra

tic
 p

en
al

ty
 f

un
ct

io
ns

 o
r 

au
g-

m
en

te
d 

La
gr

an
gi

an
s.T

he
 A

lg
or

ith
m

 M
od

el
 P

D
, 

w
he

n 
us

ed
 in

 c
on

ju
nc

tio
n 

w
ith

 a
 c

on
ju

g
at

e 
gr

a-

di
en

t 
m

et
ho

d 
or

 t
he

 li
m

ite
d-

m
em

or
y 

B
F

G
S

 m
et

ho
d 

fo
r 

de
te

rm
in

in
g 

th
e 

un
co

ns
tr

ai
ne

d 
po

rt
io

n 
of

th
e 

se
ar

ch
 d

ire
ct

io
ns

, 
ha

s 
th

e 
ad

v
an

ta
ge

 o
f 

re
qu

iri
ng

 ve
ry

 l
itt

le
 s

to
ra

ge
 a

nd
 wo

rk
 p

er
 i

te
ra

tio
n.

Y
et

, 
th

e 
ra

te
 o

f 
co

nve
rg

en
ce

 b
eh

avi
or

 c
an

 b
e 

exp
ec

te
d 

to
 b

e 
th

e 
sa

m
e 

as
 t

ha
t 

of
 t

he
 u

nc
on

st
ra

in
ed

co
nj

ug
at

e 
gr

ad
ie

nt
 o

r 
lim

ite
d-

m
em

or
y 

B
F

G
S

 m
et

ho
ds

 a
fte

r 
a 

fin
ite

 n
um

be
r 

of
 it

er
at

io
ns

.
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op
tim

al
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on
tr

ol
lo

w
er

 b
ou

nd
   

 

0
0.

5
1

1.
5

2
2.

5
−

3

−
2

−
10123456

T
im

e

S
ol

ut
io

n 
w

ith
 C

 =
 1

00
.

F
ig

.3
.1

:
P

lo
t s

ho
w

in
g 

th
e 

op
tim

al
 c

on
tr

ol
 fo

r 
pr

ob
le

mO
C

P
w

ith
C

=
0

(n
=

10
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C
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N
U

M
E

R
IC

A
L 

IS
S

U
E

S

4.
1 

IN
T

R
O

D
U

C
T

IO
N

In
 C

ha
pt

er
 2

, 
w

e 
pr

ovi
de

d 
a 

fr
am

ew
or

k 
fo

r 
th

e 
co

ns
tr

uc
tio

n 
of

 a
pp

ro
xi

m
at

in
g 

pr
ob

le
m

s

{(
P

N
,

y N
)}

 t
ha

t 
ar

e 
co

ns
is

te
nt

 a
pp

ro
xi

m
at

io
ns

 t
o 

an
 o

rig
in

al
 p

ro
bl

em
 (

P
,

y ).
 

In
C

ha
pt

er
 3

, 
w

e

pr
es

en
te

d 
an

 a
lg

or
ith

m
 f

or
 s

ol
vi

ng
 a

 p
ar

tic
ul

ar
 c

la
ss

 o
f 

pr
ob

le
m

s
P

N
.

In
th

is
 c

ha
pt

er,
w

e
fo

cu
s

ou
r 

at
te

nt
io

n 
on

 t
wo

pr
ac

tic
al

 i
ss

ue
s 

th
at

 a
ris

e 
in

 t
he

 n
um

er
ic

al
 i

m
pl

em
en

ta
tio

n 
of

 a
n 

al
go

rit
hm

fo
r 

so
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in
g 

a 
se

qu
en

ce
 o

f 
pr

ob
le

m
s{
P

N
}

w
ho

se
 s

ol
ut

io
ns

{

z N
}

c
on

ve
rg

e
to

a
so

lu
tio

n

z *
of

P
.

T
he

se
 is

su
es

 a
re

, 
ro

ug
hl

y 
sp

ea
ki

ng
,

(i
)

gi
ve

n
an

ap
pr

ox
im

at
e 

so
lu

tio
n

z N
i*

to
 p

ro
bl

em
P

N
i
at

di
sc

re
tiz

at
io

n 
lev

el
N

i
an

d 
a 

new
di

sc
re

tiz
at

io
n 

lev
el

N
i+

1
,s

el
ec

t 
a 

new
in

te
gr

at
io

n 
m

es
h 

fo
r 

pr
ob

-

le
m

P
N

i+
1

su
ch

 
th

at
 

||

z N
i+

1*
−

z * |
| H

2
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sm

al
l 

as
 

po
ss

ib
le
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an
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)

pr
ov
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e 

es
tim

at
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||

z N
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−

z * |
| H

2
.

T
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se
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 c
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sc
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 b

e 
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 t
ha

t 
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or
e 
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ra
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N

).
 

W
e

w
ill

 fi
rs

t

ob
ta

in
 a

 b
ou

nd
 fo

r 
|

|

� * N
−

� ˆN
|| 

in
te

rm
s 

of
 ||d

u
f N

(V
A

,t
N
(û
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û

N
|| 2

+
||û
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bj

ec
ti

ve
 fu

nc
tio

n 
by

 a
llo

w
-

in
g 

th
e 

vi
ol

at
io

n 
of

 t
ra

je
ct

or
y 

co
ns

tr
ai

nt
s 

to
 i

nc
re

as
e 

be
tw

ee
n 

m
es

h 
po

in
ts

.
T

hi
s 

pr
ob

le
m

 w
as

al
le

vi
at

ed
 b

y 
co

ns
tr

uc
tin

g 
ap

pr
ox

im
at

in
g 

po
ly

no
m

ia
ls

 t
o 

th
e 

st
at

e 
tr

aj
ec

to
rie

s 
an

d 
en

su
rin

g 
co

n-

st
ra

in
t 

sa
tis

fac
tio

n 
fo

r 
th

e 
po

ly
no

m
ia

l 
ove

r
its

 w
ho

le
 i

nt
er

va
l 

of
 d

efi
ni

tio
n.

In
 [4

1]
,

S
tr

yk
 n

ot
es

th
at

 t
he

re
 a

re
 s

er
io

us
 c

onve
rg

en
ce

 a
nd

 c
on

di
tio

ni
ng

 p
ro

bl
em

s 
as

so
ci

at
ed

 w
ith

 t
hi

s 
m

et
ho

d.
O

th
er

st
ra

teg
ie

s 
ba

se
d 

on
 e

qu
id

is
tr

ibut
io

n 
of

 t
he

 d
is

cr
et

iz
at

io
n 

er
ro

r 
w

hi
ch

 avo
id

 t
hi

s 
pr

ob
le

m
 a

lto
ge

th
er

ar
e 

de
ve

lo
pe

d 
in

[3
4,

41
]. 

T
he

se
m

et
ho

ds
 l

ea
d 

to
 s

er
io

us
 c

om
pl

ic
at

io
n 

of
 t

he
 n

on
lin

ea
r 

pr
og

ra
m

w
hi

ch
 m

us
t 

be
 s

ol
ved

 t
o 

ob
ta

in
 a

 s
ol

ut
io

n 
toP

N
.

Sp
ec

ifi
ca

lly
,

a
la

rg
e 

sy
st

em
 o

f 
no

nl
in

ea
r 

co
n-

st
ra

in
ts

 t
ha

t 
ap

pr
ox

im
at

el
y 

eq
ui

di
st

ribut
es

 t
he

 i
nt

egr
at

io
n 

er
ro

r 
is

 a
dd

ed
 t

o 
th

e 
or

ig
in

al
 n

on
lin

ea
r

pr
og

ra
m

. 
T

hi
sr

es
ul

ts
 in

 a
 s

ig
ni

fic
an

t i
nc

re
as

e 
in

 th
e 

co
m

pu
ta

tio
n 

tim
e.

T
he

 a
dv

an
ta

ge
 o

f 
dy

na
m

ic
 m

es
h 

re
fin

em
en

t 
is

 t
ha

t, 
fo

r 
a 

gi
ve

n
di

sc
re

tiz
at

io
n 

lev
el

N
,

th
e

m
es

h 
po

in
ts

 c
an

 b
e 

pl
ac

ed
 q

ui
te

 a
cc

ur
at

el
y 

w
ith

 r
es

pe
ct

 t
o 

m
in

im
iz

in
g 

th
e 

in
te

gr
at

io
n 

er
ro

r 
fo

r

th
at

 d
is

cr
et

iz
at

io
n 

leve
l. 

H
ow

ev
er

, 
th

is
 d

oe
s 

no
t 

m
ea

n 
th

at
 t

he
 s

ol
ut

io
n� N

of
P

N
is

 t
he

 b
es

t

ap
pr

ox
im

at
e 

so
lu

tio
n 

ofP
th

at
 c

an
 b

e 
ob

ta
in

ed
 f

or
 a

 d
is

cr
et

iz
at

io
n 

le
ve

l
N

.
Fu

rt
he

rm
or

e,
 a

dd
in

g

so
 m

uc
h 

ext
ra

 c
om

pu
ta

tio
na

l bu
rd

en
 in

 o
rd

er
 t

o 
dy

na
m

ic
al

ly
 r

efi
ne

 t
he

 m
es

h 
on

ly
 m

ak
es

 s
en

se
 if

on
ly

 o
ne

 a
pp

ro
xi

m
at

in
g 

pr
ob

le
m

 i
s 

to
 b

e 
so

lv
ed

. 
S

in
ce

w
e 

pl
an

 t
o 

so
lve

a
se

qu
en

ce
 o

f 
ap

pr
ox

i-

m
at

in
g 

pr
ob

le
m

sP
N

i,
w

e
ca

n 
ob

ta
in

 m
es

he
st N

i
th

at
 a

re
 a

lm
os

t 
th

e 
sa

m
e 

as
 a

 m
es

h 
pr

od
uc

ed
 b

y

dy
na

m
ic

 r
efi

ne
m

en
t 

si
m

pl
y 

by
 r

efi
ni

ng
 t

he
 m

es
he

s 
be

tw
ee

n 
th

e 
so

lu
tio

n 
of

 p
ro

bl
em

s
P

N
i.

T
he

re
as

on
 f

or
 t

hi
s 

is
 t

ha
t 

on
ce

� N
i

is
 c

lo
se

 t
o

� * ,
th

e 
di

st
rib

ut
io

n 
of

 t
he

 l
oc

al
 i

nt
egr

at
io

n 
er

ro
rs

 w
ill

no
t 

ch
an

ge
 

m
uc

h.
T

hu
s,

 
th

e 
re

la
tive

 
siz

es
 

of
t N

i,
k+

1
−

t N
i,

k
w

ill
 

ch
an

ge
 

ve
ry

 
lit

tle
 

on
ce

||

� N
i+

1
−

� N
i||

 b
ec

om
es

 s
m

al
l.

It 
sh

ou
ld

 b
e 

no
te

d 
th

at
 n

ei
th

er
 d

yn
am

ic
 m

es
h 

re
fin

em
en

t 
no

r 
st

at
ic

 m
es

h 
re

fin
em

en
t 

w
ill

 b
e

ab
le

 t
o 

lo
ca

te
 d

is
co

nt
in

ui
tie

s 
in

 t
he

 o
pt

im
al

 c
on

tr
ol

 o
r 

e
xi

t 
an

d 
en

tr
y 

po
in

ts
 f

or
 t

ra
je

ct
or

y 
co

n-

st
ra

in
ts

 ex
ac

tly
.N

or
 w

ill
 t

he
y

be
ab

le
 t

o 
en

su
re

 t
ha

t 
co

nt
ro

l a
nd

 t
ra

je
ct

or
y 

co
ns

tr
ai

nt
s 

ar
e 

sa
tis

fie
d

ex
ac

tly
 f

or
 a

ll
t

∈∈
[0

, 1
].

A
st

ra
te

gy
 f

or
 p

ro
du

ci
ng

 s
ol

ut
io

ns
 o

f 
ver
y 

hi
gh

 a
cc

ur
acy

is
di

sc
us

se
d 

in

th
e 

ch
ap

te
r 

on
 fu

tu
re

 r
es

ea
rc

h.
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S
ta

tic
 M

es
h 

R
efi

ne
m

en
t 

(S
tr

at
eg

y 
1,

 m
o

va
bl

e
kn

ot
s)

.
W

e 
pr

op
os

e 
tw

o
st

ra
te

gi
es

 f
or

 s
ta

tic

m
es

h 
re

fin
em

en
t.B

ot
h 

at
te

m
pt

 t
o 

ch
oo

se
 t

he
 m

es
h 

po
in

ts
 i

n 
or

de
r 

to
 a

pp
ro

xi
m

at
el

y 
eq

ui
di

s-

tr
ib

ut
e 

th
e 

pr
in

ci
pa

l 
lo

ca
l 

tr
un

ca
tio

n 
er

ro
r

e N
,k

∆s+
1

N
,k

,
k

=
0,

 . 
. ,

N
−

1.
 

T
he

fir
st

 s
tr

at
eg

y 
is

 b
as

ed

on
 t

he
 a

lg
or

ith
mN
E
W
K
N
T

fo
r 

th
e 

re
po

si
tio

ni
ng

 o
f 

sp
lin

e 
kn

ot
 lo

ca
tio

ns[6
3,

 p
p.

 1
82

-1
84

].G
iv

en

a
m

es
h

t N
i

an
d 

a 
so

lu
tio

n

� N
i

to
P

N
i

de
fin

ed
 o

n 
th

at
 m

es
h,

 w
e 

se
ek

 t
o 

ch
oo

se
 a

 n
e

w
m

es
h

t N
i+

1
=

{
t N

i+
1
,k

}
N

i+
1

k=
0

w
ith

 th
e 

pr
op

er
ty

 th
at

(3
.7

a)
|e

N
i+

1
,k

|∆
s+

1
N

i+
1
,k

=
|e

N
i+

1
,k

+1
|∆

s+
1

N
i+

1
,k

+1
,

\/
 k

∈∈
{0

,.
..

,N
i+

1
−

2
} 

,

w
he

re
∆

N
i+

1
,k

=.
t N

i+
1
,k

+1
−

t N
i+

1
,k

.
C

le
ar

ly,
th

is
 is

 e
qu

iva
le

nt
 to

 c
ho

os
in

g{
t N

i+
1
,k

}
su

ch
 th

at

(3
.7

b)
|e

N
i+

1
,k

|1/
s+

1
∆

N
i+

1
,k

=
|e

N
i+

1
,k

+1
|1/

s+
1
∆

N
i+

1
,k

+1
.

W
e 

pr
oc

ee
d 

by
 d

efi
ni

ng
 t

he
 p

ie
cew
is

e 
co

ns
ta

nt
 f

un
ct

io
nE

(t
)

w
hi

ch
 i

nt
er

po
la

te
s 

th
e 

val
ue

s

(t
N

i,
k
,|

e N
i,

k
|∆

s+
1

N
i,

k
).

 
T

hu
s,

fo
r

t
∈∈

[t
k
,t

k+
1
),

E
(t

)
=

|e
N

i,
k
|∆

s+
1

N
i,

k
.

T
he

n,
 s

at
is

fy
in

g 
(3

.7
b)

 i
s 

eq
uiv-

al
en

t t
o 

ch
oo

si
ng

{
t N

i+
1
,k

}
su

ch
 th

at
 fo

r 
ea

ch
k

∈∈
{0

,.
..

,N
i+

1
−

1
},

(3
.7

c)

t N
i+

1
,k

+1

t N
i+

1
,k∫

E
(t

)1/
s+

1
d

t 
=

1

N
i+

1
∫1 0

E
(t

)1/
s+

1
d

t 
=

1

N
i+

1

N
i−

1

j=
0Σ

|e
N

i,
j|1/

s+
1
∆

N
i,

j
.

T
hi

s 
pr

ob
le

m
 i

s 
ea

si
ly

 s
ol

ved
, 

on
ce

N
i+

1
is

 s
pe

ci
fie

d,
 b

y 
co

ns
tr

uc
tin

g 
th

e 
co

nt
in

uo
us

, 
m

on
ot

on
e

in
cr

ea
si

ng
, p

ie
cew

is
e 

lin
ea

r 
fu

nc
tio

n

(3
.8

a)
G

(

� )
=.

∫ 

0
E

(t
)1/

s+
1
d

�

an
d 

se
tti

ng

(3
.8

b)
t N

i+
1
,k

=
G

−1
 

k

N
i+

1
G

(1
) 

,
k

=
0,

 . 
. .

 ,N
i+

1
.

To
 c

ho
os

e
N

i+
1

w
e 

ca
n 

us
e 

th
e 

fo
llow

in
g 

he
ur

is
tic

.S
in

ce
 t

he
 t

ot
al

 i
nt

egr
at

io
n 

er
ro

r 
is

 a
pp

ro
xi

-

m
at

el
y 

giv
en

by

(3
.9

)
E

t N
i
=.

N
i−

1

k=
0Σ

|e
N

i,
k
|∆

s+
1

N
i,

k
≈

K N
s i

,

w
e 

co
ul

d 
re

du
ce

 b
y 

a 
f

ac
to

r 
of

F
A

C
th

e 
to

ta
l i

nt
eg

ra
tio

n 
er

ro
r 

w
ith

ou
t 

re
di

st
ribu

tin
g 

by
 c

ho
os

in
g

a
di

sc
re

tiz
at

io
n 

lev
el

(3
.1

0a
)

N
′=

N
i(

F
A

C
)1/

s


,

w
he

re
r

i
s 

th
e 

sm
al

le
st

 in
teg

er
 la

rg
er

 t
ha

nr
.

Si
nc

e 
th

is
 va

lu
e 

of
N

′d
oe

s 
no

t 
ta

ken
 in

to
 a

cc
ou

nt

th
e 

be
ne

fit
 o

f r
ed

is
tr

ibut
in

g 
th

e 
m

es
h,

 w
e 

in
st

ea
d 

us
e

-
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(3
.1

0b
)

N
i+

1
=

m
ax

 {
N

i,
N

i 
F

A
C

m
ax

k
{|

e N
i,

k
|/e

}
 1/

s

}
,

w
he

re
e

=
1 N

i
ΣN

−1
k=

0
|e

N
i,

k
|.

F
in

al
ly

,
in

or
de

r 
to

 e
ns

ur
e 

th
at

 t
he

 m
es

h 
re

fin
em

en
t 

st
ra

te
gy

 w
ill

 p
ro

du
ce

 q
ua

si
-u

ni
fo

rm

m
es

he
s,

 w
e 

se
t

(3
.1

1)
e N

,k
=

m
ax

 { 
|e

N
,k

|, 
m

ax
k

|e
N

,k
|/

¡ }
,

w
he

re

¡ is
 t

he
 c

on
st

an
t 

in
 D

efi
ni

tio
n 

2.
1 

of
 q

ua
si

-u
ni

fo
rm

ity,
be

fo
re

 c
om

pu
tin

g 
th

e 
new

m
es

h.

A
ls

o,
 a

n 
es

tim
at

e,

¡ ∆
,o

ft
he

 e
ffe

ct
 o

f r
ed

is
tr

ibu
tio

n 
is

 c
om

pu
te

d 
as

:

(3
.1

2)
¡ ∆

=
m

ax
k

|e
k
|1/

s+
1
∆

N
,k

m
in

k
|e

k
|1

/s
+1

∆
N

, k
.

T
he

 la
rg

er

¡ ∆
is

, t
he

 la
rge

r 
th

e 
be

ne
fit

 r
ec

eive
d

fr
om

 r
ed

is
tr

ibu
tio

n 
w

ill
 b

e.

S
ta

tic
 M

es
h 

R
efi

ne
m

en
t 

(S
tr

at
eg

y 
2,

 fi
x

ed
 k

no
ts

).
O

ur
 s

ec
on

d 
st

ra
tegy

 i
s 

ba
se

d 
on

 t
he

he
ur

is
tic

 i
n[

10
5]

 w
hi

ch
 a

llo
w

s 
m

es
h 

po
in

ts
 t

o 
be

 a
dd

ed
 o

r 
de

le
te

d,
 b

ut
 n

ot
 m

ov
ed

. 
T

hu
s,

if 
no

de
le

tio
n 

oc
cu

rs
, 

th
e 

co
nt

ro
l 

su
bs

pa
ce

s 
ne

st
,

i.e
.

L
t N

i+
1

⊂
L

t N
i
.

T
he

 e
st

im
at

es
 i

n 
(3

.6
a)

 o
r 

(3
.6

b)

fo
r 

th
e 

lo
ca

l 
tr

un
ca

tio
n 

er
ro

r 
ar

e 
us

ed
 t

o 
di

vi
de

 e
ac

h 
in

te
rva

l 
[t

k
,t

k+
1
]

in
to

n
k

su
bi

nt
er

va
ls

. 
T

he

on
ly

 s
ub

tle
ty

 i
s 

th
at

, 
w

he
neve

r
an

in
te

rv
al

 i
s 

re
m

ov
ed

, 
th

e 
lo

ca
l 

tr
un

ca
tio

n 
er

ro
r 

as
so

ci
at

ed
 w

ith

th
at

 in
te

rva
l i

s 
ad

de
d 

to
 t

he
 lo

ca
l t

ru
nc

at
io

n 
er

ro
r 

of
 t

he
 p

re
vi

ou
s 

in
te

rva
l. 

T
he

re
fin

em
en

t 
is

 p
er-

fo
rm

ed
 it

er
at

ive
ly

 a
s 

fo
llo

w
s:

S
te

p
 1

:
C

om
pu

te
 th

e 
ave

ra
ge

 lo
ca

l t
ru

nc
at

io
n 

er
ro

r

(3
.1

3a
)

e
=

1 N
i

N
i−

1

k=
0Σ

|e
N

i,
k
|1/

s+
1
∆

N
i,

k
,

an
d 

co
m

pu
te

 th
e 

re
la

tive
 lo

ca
l t

ru
nc

at
io

n 
er

ro
rs

,

(3
.1

3b
)

e k
=

|e
N

i,
k
|1/

s+
1
∆

N
i,

k

e
 

F
A

C

m
ax

k
{|

e N
i,

k
|/e

}
 1/

s

,

w
he

re
 t

he
 s

ec
on

d 
te

rm
, 

as
 in

 S
tr

at
e

gy
 1

, 
eq

ua
tio

n 
(3

.1
0b

),
 s

pe
ci

fie
s 

th
at

 t
he

 in
te

gr
at

io
n

er
ro

r 
sh

ou
ld

 d
ec

re
as

e 
by

 a
 f

ac
to

r 
of

F
A

C
.

S
te

p
 2

:
C

ho
os

e

¢ ∈∈
(0

,1 2
).

 
D

et
er

m
in

ew
hi

ch
 m

es
h 

po
in

ts
,t k

,
ar

e 
to

 b
e 

re
m

ove
d

an
d 

ad
d 

th
ei

r

re
la

tiv
e 

lo
ca

l t
ru

nc
at

io
n 

er
ro

rs
,e k

,t
o

th
e 

re
la

tiv
e 

lo
ca

l t
ru

nc
at

io
n 

er
ro

r,e
k−

1
,o

ft
he

 p
re

-

vi
ou

s 
in

te
rva

l. 
A

m
es

h 
po

in
t 

is
 t

o 
be

 r
em

ove
d

(in
 S

te
p 

4)
 if

e k
<

¢ .
T

he
 f

ol
lo

w
in

g 
lo

op

im
pl

em
en

ts
 th

is
 p

ro
ce

du
re

:
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fo
r

k
=

 N
i

−
1

by
 -

1 
to

 2
,

if
e k

<
0.

25
e k

−1
=

e
k−

1
+

e k
e k

=
0

en
di

f
if

0.
 2

5
≤

e k
<

1
e k

=
1

en
di

f
en
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po

in
t 

co
ns

tr
ai

nt
s 

is
 q

ui
te

 li
m

ite
d 

be
ca

us
e 

th
es

e 
en

dp
oi

nt

co
ns

tr
ai

nt
s 

do
 n

ot
 s

at
is

fy
 t

he
 s

ta
nd

ar
d 

co
ns

tr
ai

nt
 q

ua
lifi

ca
tio

n 
(d

es
cr

ib
ed

 i
n 

th
e 

ne
xt

 s
ec

tio
n)

.

T
hi

s 
di

ffi
cu

lty
 c

an
 b

e 
ci

rc
um

ven
te

d 
by

 e
lim

in
at

in
g 

th
e 

co
ns

tr
ai

nt
s 

al
to

ge
th

er
 a

nd
, 

in
st

ea
d,

 a
dd

in
g

to
 t

he
 o

bj
ec

tive
 fu

nc
tio

n 
th

e 
pe

na
lty

 t
er

mg
o
(

! ,x
(b

))
=.

xn+
1
(b

)
w

he
re

 n
ow

" se
rv

es
 a

s 
a 

pe
na

lty

pa
ra

m
et

er.
H

ow
ev

 er
, 

in
th

is
 a

pp
ro

ac
h,

" m
us

t n
ow

be
a

la
rg

e 
po

si
tiv

e 
nu

m
be

r 
an

d 
th

is
 w

ill

ad
ve

rs
el

y 
aff

ec
t 

th
e 

co
nd

iti
on

in
g 

of
 t

he
 p

ro
bl

em
.E
ac

h 
of

 t
he

se
 p

os
si

bi
lit

ie
s 

is
 i

m
pl

em
en

te
d 

in

‘o
bs

ta
cl

e.
c’

 fo
r 

pr
ob

le
m

 O
bs

ta
cl

e 
(s

ee
 A

pp
en

di
x 

B
).

C
on

tin
uu

m
 O

bj
ec

tiv
e 

F
un

ct
io

ns
.

O
bj

ec
tiv

e 
fu

nc
tio

ns
 o

f t
he

 fo
rm

u
m

in
t

∈∈
[a

,b
]

m
ax

l(
t,

x(
t)

,u
(t

))

ca
n 

be
 c

onv
er

te
d 

in
to

 t
he

 f
or

m
 o

f 
pr

ob
le

mO
C

P
by

 a
ug

m
en

tin
g 

th
e 

st
at

e 
v

ec
to

r 
w

ith
 a

n 
ad

di
tio

na
l

st
at

e,
w

,s
uc

h 
th

at

ẇ
=

0
;

w
(0

)=

! n+
1

an
d 

fo
rm

in
g 

th
e 

eq
uiva

le
nt

, t
ra

je
ct

or
y 

co
ns

tr
ai

ne
d 

pr
ob

le
m

(u
,

# n+
1
)

m
in

! n+
1

su
bj

ec
t t

o

l(
t,

x(
t)

,u
(t

))
−

! n+
1

≤
0

,
t

∈∈
[a

,b
].

T
hi

s 
tr

an
sc

rip
tio

n 
al

so
 wo

rk
s 

fo
r 

st
an

da
rd

 m
in

-m
ax

 o
bj

ec
ti

ve
 fu

nc
tio

ns
 (

w
hi

ch
 a

re
 o

nl
y 

su
pp

or
te

d

fo
r 

pr
ob

le
m

O
C

P
w

he
n

rio
ts

is
 li

nk
ed

 w
ith

 C
F

S
Q

P
) 

of
 th

e 
fo

rm

u
m

in

$ ∈∈
q o

m
ax

g

$ (u
,

! )+
∫b a

l

$ (t
,x

(t
),

u(
t)

d
t

.

In
 th

is
 c

as
e,

 a
n 

eq
uiva

le
nt

 e
nd

po
in

t c
on

st
ra

in
ed

 p
ro

bl
em

 w
ith

 a
 s

in
gl

e 
ob

je
ct

i
ve

 fu
nc

tio
n,

u,

# n+
1

m
in

! n+
1

su
bj

ec
t t

o
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g∼

% (u
,

& )−

& n+
1

≤
0

,

' ∈∈
q o

is
 fo

rm
ed

 b
y 

us
in

g 
th

e 
au

gm
en

te
d 

st
at

e 
v

ec
to

r 
(x

,w
,z

)
w

tih

ẇ
=

0
,

w
(0

)=

& n+
1

ż

% =
l

% (t
,x

(t
),

u(
t)

) 
,

z

% (0
)=

0
,

' ∈∈
q o

,

an
d 

de
fin

in
g

g∼

% (u
,

& )
=.

g

% (u
,

& )+
z

% (b
)

.

3.
 

U
S

IN
G

R
IO

T
S

T
hi

s 
se

ct
io

n 
pr

ovi
de

s 
so

m
e 

exa
m

pl
es

 o
f 

how
to

sim
ul

at
e 

sy
st

em
s 

an
d 

so
lve
op

tim
al

 c
on

tr
ol

 p
ro

b-

le
m

s 
w

ith
 t

he
 R

IOT
S

 t
oo

lb
ox

.
D

et
ai

le
d 

de
sc

rip
tio

ns
 o

f 
al

l 
re

qu
ire

d 
us

er
-f

un
ct

io
ns

, 
si

m
ul

at
io

n

ro
ut

in
es

, 
op

tim
iz

at
io

n 
pr

og
ra

m
s 

an
d 

ut
ili

ty
 p

ro
gr

am
s 

ar
e 

gi
ve

n
in

su
bs

eq
ue

nt
 s

ec
tio

ns
.T
he

se

pr
og

ra
m

s 
ar

e 
al

l 
ca

lla
bl

e 
fr

om
 w

ith
in

 M
at

la
b 

on
ce

 M
at

la
b’

s
pa

th
 i

s 
se

t 
to

 i
nc

lu
de

 t
he

 d
ire

ct
or

y

co
nt

ai
ni

ng
 R

IO
T

S
. 

T
he

M
at

la
b 

co
m

m
an

d

>
>
 
p
a
t
h
(
p
a
t
h
,
’

fu
ll_

p
a

th
_

n
a

m
e

_
fo

r_
R

IOT
S’
)

>
>
 
R
I
O
T
S
_
d
e
m
o

sh
ou

ld
 b

e 
us

ed
 f

or
 t

hi
s 

pu
rp

os
e.R
ef

er
 t

o 
th

e 
§8

, 
‘‘C
om

pi
lin

g 
an

d 
Li

nk
in

g 
R

IO
T

S
’’,

 f
or

 d
et

ai
ls

 o
n

ho
w

to
in

st
al

l R
IO

T
S

.

R
IO

T
S

 p
ro

vi
de

s 
ap

pr
ox

im
at

e 
so

lu
tio

ns
 o

f 
co

nt
in

uo
us

 t
im

e 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s 
by

so
lv

in
g 

di
sc

re
tiz

ed
 ‘‘a

pp
ro

xi
m

at
in

g’’
p

ro
bl

em
s.

 
T

he
se

ap
pr

ox
im

at
in

g 
pr

ob
le

m
s 

ar
e 

ob
ta

in
ed

 b
y

(i
)

nu
m

er
ic

al
ly

 i
nt

eg
ra

tin
g 

th
e 

co
nt

in
uo

us
 t

im
e 

sy
st

em
 d

yn
am

ic
s 

w
ith

 o
ne

 o
f 

fo
ur

 R
un

ge
-K

ut
ta

in
te

gr
at

io
n 

m
et

ho
ds†

an
d

(i
i)

re
st

ric
tin

g 
th

e 
sp

ac
e 

of
 a

llow
ab

le
 c

on
tr

ol
s 

to
 fi

ni
te

-d
im

en
si

on
al

 s
ub

-

sp
ac

es
 o

f 
sp

lin
es

.In
 t

hi
s 

wa
y,

th
e 

ap
pr

ox
im

at
in

g 
pr

ob
le

m
s 

ca
n 

by
 s

ol
v

ed
 u

si
ng

 s
ta

nd
ar

d 
m

at
he

-

m
at

ic
al

 p
ro

gr
am

m
in

g 
te

ch
ni

qu
es

 t
o 

op
tim

iz
e 

o
ve

r
th

e 
sp

lin
e 

co
effi

ci
en

ts
 a

nd
 a

ny
fr

ee
 in

iti
al

 c
on

-

di
tio

ns
. 

It
is

 n
ot

 i
m

po
rt

an
t 

fo
r 

th
e 

us
er

 o
f 

R
IOT
S

 t
o 

un
de

rs
ta

nd
 t

he
 d

is
cr

et
iz

at
io

n 
pr

oc
ed

ur
e 

or

sp
lin

es
.

T
he

 a
cc

ur
acy

of
th

e 
so

lu
tio

ns
 o

bt
ai

ne
d 

in
 t

hi
s 

m
an

ne
r 

de
pe

nd
s 

on
 s

e
ve

ra
l 

fa
ct

or
s 

w
hi

ch

in
cl

ud
e:

† R
IO

T
S

 a
ls

o 
in

cl
ud

es
 a

 d
is

cr
et

e-
tim

e 
sy

st
em

 s
ol

v
er

 a
nd

 a
 va

ria
bl

e 
st

ep
-s

iz
e 

in
tegr

at
io

n 
ro

ut
in

e.
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(1
) 

T
he

ac
cu

ra
cy

of
th

e 
in

teg
ra

tio
n 

sc
he

m
e 

(w
hi

ch
 d

ep
en

ds
 o

n 
th

e 
or

de
r 

of
 t

he
 i

nt
e

gr
at

io
n

sc
he

m
e 

an
d 

th
e 

se
le

ct
io

n 
of

 th
e 

in
te

gr
at

io
n 

m
es

h)
.

(2
) 

H
ow

w
el

l e
le

m
en

ts
 o

f 
th

e 
sp

lin
e 

su
bs

pa
ce

 c
an

 a
pp

ro
xi

m
at

e 
so

lu
tio

ns
 o

f 
th

e 
or

ig
in

al
, 

in
fi-

ni
te

-d
im

en
si

on
al

 p
ro

bl
em

 (
th

is
 d

ep
en

ds
 o

n 
th

e 
or

de
r 

an
d 

kn
ot

 s
eq

ue
nc

e 
of

 t
he

 s
pl

in
es

 a
nd

 o
n 

th
e

sm
oo

th
ne

ss
 o

f t
he

 o
pt

im
al

 c
on

tr
ol

).

(3
) 

H
ow

ac
cu

ra
te

ly
 t

he
 a

pp
ro

xi
m

at
in

g 
pr

ob
le

m
s 

ar
e 

so
lv

ed
 b

y 
th

e 
un

de
rly

in
g 

m
at

he
m

at
ic

al

pr
og

ra
m

m
in

g 
al

go
rit

hm
.

T
he

 a
llo

w
ab

le
 s

pl
in

e 
or

de
rs

 a
re

 r
el

at
ed

 t
o 

th
e 

pa
rt

ic
ul

ar
 i

nt
e

gr
at

io
n 

m
et

ho
d 

us
ed

 (
se

e

de
sc

rip
tio

n 
of

si
m

ul
at

e
in

 §
5)

.
F

or
pr

ob
le

m
s 

th
at

 h
ave

 s
m

oo
th

 o
pt

im
al

 c
on

tr
ol

s,
 h

ig
he

r 
or

de
r

sp
lin

es
 w

ill
 p

rov
id

e 
so

lu
tio

ns
 w

ith
 h

ig
he

r 
ac

cu
ra

c
y.

 
Sm

oo
th

ne
ss

 is
 n

ot
, 

how
ev

er
, 

ty
pi

ca
l o

f 
op

ti-

m
al

 c
on

tr
ol

s 
fo

r 
pr

ob
le

m
s 

w
ith

 c
on

tr
ol

 a
nd

/o
r 

tr
aj

ec
to

ry
 c

on
st

ra
in

ts
.

In
 g

en
er

al
, 

th
e 

sp
lin

e 
kn

ot

se
qu

en
ce

 is
 c

on
st

ru
ct

ed
 fr

om
 th

e 
in

te
gr

at
io

n 
m

es
h

t N
=.

{
t k

}
N

+1
k=

1
.

W
e 

sta
rt

 o
ur

 in
de

xi
ng

 f
ro

m
k

=
1

ra
th

er
 t

ha
nk

=
0,

 a
s 

w
e 

di
d 

in
 p

rev
io

us
 c

ha
pt

er
s,

 b
ec

au
se

 M
at

-

la
b’

s
in

de
xi

ng
 b

eg
in

s 
w

ith
 o

ne
.T

hi
s 

in
te

gr
at

io
n 

m
es

h 
al

so
 r

ep
re

se
nt

s 
th

e 
br

ea
kp

oi
nt

s 
fo

r 
th

e 
co

n-

tr
ol

 s
pl

in
es

.T
he

 s
ub

sc
rip

tN
,

re
fe

rr
ed

 t
o 

as
 t

he
 d

is
cr

et
iz

at
io

n 
le

ve
l, 

in
di

ca
te

s 
th

at
 t

he
re

 a
reN

in
te

gr
at

io
n 

st
ep

s 
an

dN
+

1
sp

lin
e 

br
ea

kp
oi

nt
s.

E
ac

h 
sp

lin
e 

is
 d

et
er

m
in

ed
 f

ro
m

 t
he

 k
no

t 
se

qu
en

ce

an
d 

its
 c

oe
ffic

ie
nt

s.
 F

or
 a

 s
pl

in
e 

of
 o

rd
er

( ,e
ac

h 
co

nt
ro

l i
np

ut
 r

eq
ui

re
sN

+

( −
1

co
ef

fic
ie

nt
s 

an
d

th
es

e 
co

effi
ci

en
ts

 a
re

 s
to

re
d 

asr
o

w
ve

ct
or

s.
 

T
hu

s,
a

sy
st

em
 w

ith
m

in
pu

ts
 w

ill
 b

e 
st

or
ed

 i
n 

a

‘‘
sh

or
t-

fa
t’’

m
at

rix
 w

ith
m

ro
w

s 
an

d
N

+

( −
1

co
lu

m
ns

. 
M

or
ed

et
ai

ls
 a

bo
ut

 s
pl

in
es

 a
re

 g
i

ve
n

in

th
e 

ne
xt

 s
ec

tio
n.

Ty
pi

ca
lly

,w
e

us
e 

th
e 

M
at

la
b 

var
ia

bl
eu

to
 s

to
re

 t
he

 s
pl

in
e 

co
effic

ie
nt

s.
 T

he
sy

st
em

 t
ra

je
ct

o-

rie
s 

co
m

pu
te

d 
by

 i
nt

egr
at

in
g 

th
e 

sy
st

em
 d

yn
am

ic
s 

ar
e 

st
or

ed
 i

n 
th

e 
v

ar
ia

bl
e
x

.
L

ik
e
u

,
x

is
 a

‘‘
sh

or
t-

fa
t’’

m
at

rix
 w

ith
n

ro
w

s 
an

dN
+

1
co

lu
m

ns
. 

T
hu

s,f
or

 e
xa

m
pl

e,
x
(
:
,
k
)

is
 t

he
 c

om
pu

te
d

va
lu

e 
of

x(
t k

).
 

O
th

er
qu

an
tit

ie
s,

 s
uc

h 
as

 g
ra

di
en

ts
 a

nd
 a

dj
oi

nt
s,

 a
re

 a
ls

o 
st

or
ed

 a
s 

‘
‘s

ho
rt

-fa
t’’

m
at

ric
es

.

T
he

 f
ol

lo
w

in
g 

sa
m

pl
e 

se
ss

io
ns

 w
ith

 R
IOT
S

 s
ol

ve
a

fe
w

 o
ft

he
 s

am
pl

e 
op

tim
al

 c
on

tr
ol

 p
ro

b-

le
m

s 
th

at
 a

re
 s

up
pl

ie
d 

w
ith

 R
IOT
S

 a
s 

exa
m

pl
es

. 
A

pp
en

di
xB

pr
ov

id
es

 a
 d

es
cr

ip
tio

n 
of

 t
he

se

pr
ob

le
m

s 
an

d 
th

e 
C

-c
od

e 
im

pl
em

en
ta

tio
ns

 a
re

 in
cl

ud
ed

 in
 th

e 
‘R

IO
T

S
/s

ys
te

m
s’

 s
ub

-d
ire

ct
or

y.
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S
es

si
on

 1
 (

un
co

ns
tr

ai
ne

d 
pro

bl
em

).
In

 t
hi

s 
se

ss
io

n 
w

e 
co

m
pu

te
 a

 s
ol

ut
io

n 
to

 t
he

 u
nc

on
-

st
ra

in
ed

 n
on

lin
ea

r 
P

ro
bl

em
 R

ay
le

ig
h.T

hi
s 

sy
st

em
 h

as
 t

wo
st

at
es

 a
nd

 o
ne

 i
np

ut
.W

e 
sta

rt
 b

y

de
fin

in
g 

th
e 

in
iti

al
 c

on
di

tio
ns

 a
nd

 a
 u

ni
fo

rm
 in

te
gr

at
io

n 
m

es
h 

ove
r

th
e 

tim
e 

in
te

rva
l [

0,
2.

 5
]w

ith

w
ith

 a
 d

is
cr

et
iz

at
io

n 
leve

lo
f

N
=

50
 in

te
rva

ls
.

W
e 

ca
n 

ta
ke

a
lo

ok
 a

t 
th

e 
so

lu
tio

n 
tr

aj
ec

to
rie

s 
by

 s
im

ul
at

in
g 

th
is

 s
ys

te
m

 w
ith

 s
om

e 
in

iti
al

 c
on

tr
ol

.

W
e 

w
ill

 s
pe

ci
fy

 a
n 

ar
bi

tr
ar

y 
pi

ec
ew
is

e 
lin

ea
r 

(o
rd

er

) =
2)

 s
pl

in
e 

by
 u

si
ng

N
+

) −
1

=
N

+
1

co
ef

fic
ie

nt
s 

an
d 

pe
rf

or
m

 a
 s

im
ul

at
io

n 
by

 c
al

lin
g

si
m

ul
at

e.

>
>
 
N
=
5
0
;

>
>
 
x
0
=
[
-
5
;
-
5
]
;

%
I
n
i
t
i
a
l
 
c
o
n
d
i
t
i
o
n
s

>
>
 
t
=
[
0
:
2
.
5
/
5
0
:
2
.
5
]
;

%
U
n
i
f
o
r
m
 
i
n
t
e
g
r
a
t
i
o
n
 
m
e
s
h

>
>
 
u
0
=
z
e
r
o
s
(
1
,
N
+
1
)
;

%
S
p
l
i
n
e
 
w
i
t
h
 
a
l
l
 
c
o
e
f
f
’
s
 
z
e
r
o
.

>
>
 
[
j
,
x
]
=
s
i
m
u
l
a
t
e
(
1
,
x
0
,
u
0
,
t
,
4
,
2
)
;

>
>
 
p
l
o
t
(
t
,
x
) 0

0
.5

1
1

.5
2

2
.5

−
8

−
6

−
4

−
20246

[j
,x

]=
s
im

u
la

te
(1

,x
0

,u
0

,t
,4

,2
);

N
ex

t, 
w

e 
fin

d 
an

 a
pp

ro
xi

m
at

e 
so

lu
tio

n 
to

 t
he

 P
ro

bl
em

 R
ay

le
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i
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r
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s
y
s
_
i
n
i
t
(
p
a
r
a
m
s
)

%
i
f

p
a
r
a
m
s
 
i
s
 
N
U
L
L
 
t
h
e
n
 
s
e
t
u
p
 
n
e
q
.

O
t
h
e
r
w
i
s
e
 
r
e
a
d
 
s
y
s
t
e
m

%
p
a
r
a
m
e
t
e
r
s
 
i
n
 
p
a
r
a
m
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.

I
n
 
M
a
t
l
a
b
,
 
a
r
r
a
y
s
 
a
r
e
 
i
n
d
e
x
e
d

%
s
t
a
r
t
i
n
g
 
f
r
o
m
 
1
,
 
s
o
 
n
e
q
(
i
)
 
c
o
r
r
e
s
p
o
n
d
s
 
t
o
 
t
h
e
 
C
 
s
t
a
t
e
m
e
n
t

%
n
e
q
[
i
-
1
]
.

i
f
 
p
a
r
a
m
s
 
=
=
 
[
]
,

%
E
a
c
h
 
r
o
w
 
o
f
 
n
e
q
 
c
o
n
s
i
s
t
s
 
o
f
 
t
w
o
 
c
o
l
u
m
n
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.

T
h
e
 
v
a
l
u
e
 
i
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%
t
h
e
 
f
i
r
s
t
 
c
o
l
u
m
n
 
s
p
e
c
i
f
i
e
s
 
w
h
i
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h
 
p
i
e
c
e
 
o
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y
s
t
e
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%
i
n
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m
a
t
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o
n
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o
 
s
e
t
.

T
h
e
 
v
a
l
u
e
 
i
n
 
t
h
e
 
s
e
c
o
n
d
 
c
o
l
u
m
n
 
i
s

%
t
h
e
 
i
n
f
o
r
m
a
t
i
o
n
.

F
o
r
 
e
x
a
m
p
l
e
,
 
t
o
 
i
n
d
i
c
a
t
e
 
t
h
a
t
 
t
h
e

%
s
y
s
t
e
m
 
h
a
s
 
5
 
s
y
s
t
e
m
 
p
a
r
a
m
e
t
e
r
s
,
 
o
n
e
 
r
o
w
 
i
n
 
n
e
q
 
s
h
o
u
l
d
 
b
e

%
[
3

5
]

s
i
n
c
e
 
n
e
q
(
3
)
 
s
t
o
r
e
s
 
t
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e
 
n
u
m
b
e
r
 
o
f
 
s
y
s
t
e
m

%
p
a
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a
m
e
t
e
r
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.

%
H
e
r
e
 
w
e
 
s
e
t
 
n
s
t
a
t
e
s
 
=
 
2
;
 
n
i
n
p
u
t
s
 
=
 
1
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1
 
n
o
n
l
i
n
e
a
r

%
e
n
d
p
o
i
n
t
 
c
o
n
s
t
r
.

n
e
q
 
=
 
[
1
 
2
 
;
 
2
 
1
 
;
 
1
2
 
1
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e
l
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R
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m
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p
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e
t
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s
 
f
r
o
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p
a
r
a
m
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a
n
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s
t
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r
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t
h
e
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i
n
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t
h
e
 
g
l
o
b
a
l
 
v
a
r
i
a
b
l
e
 
s
y
s
_
p
a
r
a
m
s
 
w
h
i
c
h
 
w
i
l
l
 
b
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b
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o
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e
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.

g
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o
b
a
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s
y
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_
p
a
r
a
m
s

s
y
s
_
p
a
r
a
m
s
 
=
 
p
a
r
a
m
s
;

e
n
d

D
es

cr
ip

tio
n

W
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n 
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 f

un
ct

io
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s 
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lle

d,
 t

he
 var

ia
bl

e
p
a
r
a
m
s

w
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 b
e 
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 0

 (N
U
L
L

)
if
i
n
i
t
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)
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ex
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ed
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o 
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 i

nf
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m
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io
n 
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t 
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e 
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 c
on

tr
ol

 p
ro
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em
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 t
he

n
e
q
[
]

ar
ra

y.
O

th
er

-

w
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e,
p
a
r
a
m
s
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to
r 
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 s

ys
te

m
 p

ar
am

et
er

s 
be

in
g 
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ss

ed
 f

ro
m

 M
at
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b 

to
 t

he
 u

se
r’

s
pr

og
ra

m
.

W
he

n
p
a
r
a
m
s
=
=
0

,t
he

 va
lu

es
 in
n
e
q
[
]

sh
ou

ld
 b

e 
se

t t
o 

in
di

ca
te

 th
e 

fo
llow
in

g:

n
e
q
[
0
]

--
- 

N
um

be
ro

f 
st

at
e 

va
ria

bl
es

.
n
e
q
[
1
]

--
- 

N
um

be
ro

f 
in

pu
ts

.
n
e
q
[
2
]

--
- 

N
um

be
ro

f 
sy

st
em

 p
ar

am
et

er
s.

n
e
q
[
3
]

--
- 

N
ot

us
ed

 o
n 

ca
lls

 t
o 

in
it(

).
C

on
ta

in
s 

tim
e 

in
dex

.
n
e
q
[
4
]

--
- 

N
ot

us
ed

 o
n 

ca
lls

 t
o 

in
it(

).
U

se
d 

to
 i

nd
ic

at
e 

w
hi

ch
 f

un
ct

io
n 

to
 eva

lu
at

e.
n
e
q
[
5
]

--
- 

N
um

be
ro

f 
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je
ct
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 f

un
ct

io
ns

.
n
e
q
[
6
]

--
- 

N
um

be
ro

f 
ge

ne
ra

l 
no

nl
in

ea
r 

tr
aj

ec
to

ry
 i

ne
qu

al
ity

 c
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st
ra

in
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.
n
e
q
[
7
]
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- 

N
um

be
ro

f 
ge

ne
ra

l 
lin

ea
r 

tr
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ec
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ry
 i
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qu

al
ity

 c
on

st
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in
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.
n
e
q
[
8
]

--
- 

N
um

be
ro

f 
ge

ne
ra

l 
no

nl
in

ea
r 

en
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nt
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ne

qu
al

ity
 c

on
st

ra
in
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.

n
e
q
[
9
]

--
- 

N
um

be
ro

f 
ge

ne
ra

l 
lin

ea
r 

en
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oi
nt
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ne

qu
al

ity
 c

on
st

ra
in
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n
e
q
[
1
0
]
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- 

N
um
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ro

f 
ge
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l 
no

nl
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r 

en
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 e
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al
ity

 c
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st
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n
e
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[
1
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- 

N
um
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f 
ge
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l 
no

nl
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r 
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 e
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 c
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n
e
q
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1
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In
di

ca
te

st
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e 
of

 s
ys

te
m

 d
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ic

s 
an

d 
co

st
 f

un
ct

io
ns

:
0

--
>

 n
on

lin
ea

r 
sy

st
em

 a
nd

 c
os

t,
1

--
>

 l
in

ea
r 

sy
st

em
,

2
--

>
 l

in
ea

r 
an

d 
tim

e-
inv

ar
ia

nt
 s
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te

m
,

3
--

>
 l

in
ea

r 
sy

st
em

 w
ith

 q
ua

dr
at

ic
 c

os
t,

4
--

>
 l

in
ea

r 
an

d 
tim

e-
inv

ar
ia

nt
 w

ith
 q

ua
dr

at
ic

 c
os

t.

R
em

em
be

r 
th

at
, 

fo
r 

M
-fi

le
s,n
e
q
(
i
)
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 e

qu
iva

le
nt

 t
o 

th
e 

C
-c

od
e 

st
at

em
en

t
n
e
q
[
i
-
1
]

.
T

he
 v

al
-

ue
s 

of
n
e
q
[
]

al
l 

de
fa
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t 

to
 z

er
o 

exc
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e
q
[
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w
hi
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 d
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 t
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T
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 r
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at
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be
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n

th
e 

va
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es
 i

n
n
e
q
[
]

an
d 

th
e 
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l 
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le
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 d
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tio
n 

ofO
C
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in
§2

is
as
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llo

w
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n
=
n
e
q
[
0
]

,
m

=
n
e
q
[
1
]

,
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=
n
e
q
[
2
]

,
q o

=
n
e
q
[
5
]

,
q t

i
=
n
e
q
[
6
]
+
n
e
q
[
7
]
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q e
i
=
n
e
q
[
8
]
+
n
e
q
[
9
]
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d
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=
n
e
q
[
1
0
]
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n
e
q
[
1
1
]

.
T
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n
e
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[
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an
d
n
e
q
[
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 c
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w

ill
 b
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lle
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ra
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 p
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 p
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 f
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efi

ne
d 

fu
nc

tio
ns

.S
om

e 
ex

am
pl

es

of
 u

se
fu

l s
ys

te
m

 p
ar

am
et

er
s 

in
cl

ud
e 

ph
ys

ic
al

 c
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 d
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d
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 d
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 c
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te
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0.

-
17

1 
-

C
ha

p.
 5



N
ot

es

1.
 

C
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tr
ol

bo
un

ds
 s

ho
ul

d 
be
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nd

ic
at

ed
 s

ep
ar

at
el
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w

he
n 

ca
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ng
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iz
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n 
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.
D

o
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in
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m
pl
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en
er
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 c
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st
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in

ts
.

S
im
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,
si

m
pl

e 
bo
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n
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ee
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 c

on
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tio
ns

 s
ho
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d 

be
 s
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fie
d 

on
 th

e 
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m
m

an
d 
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2.
 

Fo
r 

no
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in
ea

r 
sy

st
em

s,
 a

ll 
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nt

s 
in

vo
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in
g 
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at
e 

var
ia

bl
e 
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no
nl

in
ea

r 
fu
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ns
 o
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e
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nt

ro
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T
hu

s,
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e 
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tr

ai
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x
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)
=
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le

 l
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ea
r 

in
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rgu
m

en
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 n
on

lin
ea

r

w
ith

 r
es

pe
ct

 t
ou

.
T

he
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se
r 

do
es

 n
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ee

d 
to

 a
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ou
nt

 f
or

 t
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s 
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tu
at

io
n,

 h
o

w
ev

er
, 

an
d 

sh
ou

ld
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-
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te
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ha
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ne
ar

 c
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st
ra

in
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T

S
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ut
om

at
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al
ly
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re
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s 

al
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en
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 c
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r
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r
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P
ur

po
se

T
hi

s 
fu

nc
tio

n 
se

rve
s 

on
ly

 o
ne

 p
ur

po
se

, 
to

 c
om

pu
teh(
t,

x,
u)

, 
th

e 
rig

ht
 h

an
d 

si
de

 o
f 

th
e 

di
f

fe
re

nt
ia

l

eq
ua

tio
ns

 d
es

cr
ib

in
g 

th
e 

sy
st

em
 d

yn
am

ic
s.

C
S

yn
ta

x

v
o
i
d
 
h
(
n
e
q
,
t
,
x
,
u
,
x
d
o
t
)

i
n
t
 
n
e
q
[
]
;

d
o
u
b
l
e
 
*
t
,
x
[
N
S
T
A
T
E
S
]
,
u
[
N
I
N
P
U
T
S
]
,
x
d
o
t
[
N
S
T
A
T
E
S
]
;

{
/
*
 
C
o
m
p
u
t
e
 
x
d
o
t
(
t
)
 
=
 
h
(
t
,
x
(
t
)
,
u
(
t
)
)
.
 
*
/

}

M
-fi

le
 S

yn
ta

x

f
u
n
c
t
i
o
n
 
x
d
o
t
 
=
 
s
y
s
_
h
(
n
e
q
,
t
,
x
,
u
)

g
l
o
b
a
l
 
s
y
s
_
p
a
r
a
m
s

%
x
d
o
t
 
m
u
s
t
 
b
e
 
a
 
c
o
l
u
m
n
 
v
e
c
t
o
r
 
w
i
t
h
 
n
 
r
o
w
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.

D
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cr
ip

tio
n

O
n 

en
tr
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 c
ur
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nt
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 c
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nt
 c

on
tr
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r.

A
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n
e
q
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3
]
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 s

et
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e 
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rr

en
t d
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et
e-
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e 
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dex,
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−
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 s
uc

h 
th
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≤
t

<
t k
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† .

O
n 

ex
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 t
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o
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[
]

sh
ou

ld
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on
ta

in
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 c
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d 

v
al

ue
 o
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,x
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).
 

T
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f

x
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o
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]
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fa
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r 
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je
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 c
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N
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 d
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sy
st

em
s,

 t
he

 u
se

r 
sh

ou
ld
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l t
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e 
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†
T
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C
 c
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P
ur
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se

T
hi

s 
fu
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tio

n 
se

rve
s 

tw
o

pu
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os
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. 
Iti

s 
us

ed
 t

o 
co

m
pu

te
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ue
s 

fo
r 

th
e 

in
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ra
nd

s 
of

 c
os

t 
fu

nc
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tio
ns

,l
o
(t

,x
,u
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 a

nd
 th

e 
val

ue
s 

of
 s

ta
te

 tr
aj

ec
to

ry
 c

on
st

ra
in

ts
,

l ti
(t

,x
,u

).

C
S

yn
ta

x

d
o
u
b
l
e
 
l
(
n
e
q
,
t
,
x
,
u
)

i
n
t
 
n
e
q
[
]
;

d
o
u
b
l
e
 
*
t
,
x
[
N
S
T
A
T
E
S
]
,
u
[
N
I
N
P
U
T
S
]
;

{
i
n
t
 
F
_
n
u
m
,
 
c
o
n
s
t
r
a
i
n
t
_
n
u
m
;

d
o
u
b
l
e
 
z
;

F
_
n
u
m
 
=
 
n
e
q
[
4
]
;

N
F
U
N
S
 
=
 
n
e
q
[
5
]
;

i
f
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F
_
n
u
m
 
<
=
 
N
F
U
N
S
 
)
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/
*
 
C
o
m
p
u
t
e
 
z
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l
(
t
,
x
(
t
)
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u
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)
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F
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n
u
m
 
i
n
t
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n
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.

*
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/
*
 
I
f
 
t
h
i
s
 
i
n
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n
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n
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c
a
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o
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*
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/
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s
e
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z
 
=
 
0
 
a
n
d
 
n
e
q
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]
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-
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*
/
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l
s
e
 
{

c
o
n
s
t
r
a
i
n
t
_
n
u
m
 
=
 
F
_
n
u
m
 
-
 
N
F
U
N
S
;

/
*
 
C
o
m
p
u
t
e
 
z
 
=
 
l
(
t
,
x
(
t
)
,
u
(
t
)
 
f
o
r
 
t
h
e

*
/

/
*
 
c
o
n
s
t
r
a
i
n
t
_
n
u
m
 
t
r
a
j
e
c
t
o
r
y
 
c
o
n
s
t
r
a
i
n
t
.
 
*
/

} r
e
t
u
r
n
 
z
;

}

M
-fi

le
 S

yn
ta

x

f
u
n
c
t
i
o
n
 
z
 
=
 
s
y
s
_
l
(
n
e
q
,
t
,
x
,
u
)

%
z

i
s
a

s
c
a
l
a
r
.

g
l
o
b
a
l
 
s
y
s
_
p
a
r
a
m
s

F
_
N
U
M
 
=
 
n
e
q
(
5
)
;

N
F
U
N
S
 
=
 
n
e
q
(
6
)
;

i
f
 
F
_
N
U
M
 
<
=
 
N
F
U
N
S

%
C
o
m
p
u
t
e
 
z
 
=
 
l
(
t
,
x
(
t
)
,
u
(
t
)
)
 
f
o
r
 
t
h
e
 
F
_
n
u
m
 
i
n
t
e
g
r
a
n
d
.

e
l
s
e

c
o
n
s
t
r
a
i
n
t
_
n
u
m
 
=
 
F
_
n
u
m
 
-
 
N
F
U
N
S
;

%
C
o
m
p
u
t
e
 
z
 
=
 
l
(
t
,
x
(
t
)
,
u
(
t
)
)
 
f
o
r
 
t
h
e
 
c
o
n
s
t
r
a
i
n
t
_
n
u
m

%
t
r
a
j
.
 
c
o
n
s
t
r
a
i
n
t
.
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O
n 

en
tr

an
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is

 t
he

 c
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nt

 t
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e,x
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he

 c
ur
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nt

 s
ta

te
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r 

an
du

is
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ur
re

nt
 c

on
tr

ol
 vec

to
r.

A
ls

o,
n
e
q
[
3
]

is
 s

et
 t

o 
th

e 
cu

rr
en

t 
di

sc
re

te
-t

im
e 

in
dex
k

−
1

su
ch

 t
ha

tt
k

≤
t

<
t k

+1
(s

ee
 f

oo
tn

ot
e

fo
r

h)
an

d
n
e
q
[
4
]

is
 u

se
d 

to
 in

di
ca

te
 w

hi
ch

 in
tegr

an
d 

or
 t

ra
je

ct
or

y 
co

ns
tr

ai
nt

 is
 t

o 
be

 e
va

lu
at

ed
.

N
ot

e 
th

at
, 

fo
r 

fr
ee

 fi
na

l 
tim

e 
pr

ob
le

m
s,

 t
he

 v
ar

ia
bl

e
t

sh
ou

ld
 n

ot
 b

e 
us

ed
 b

ec
au

se
 d

er
i

va
tiv

es
of

th
e 

sy
st

em
 f

un
ct

io
ns

 w
ith

 r
es

pe
ct

 t
o
t

ar
e 

no
t 

co
m

pu
te

d.I
n 

th
is

 c
as

e,
 t

he
 u

se
r 

sh
ou

ld
 a

ug
m

en
t

th
e 

st
at

e 
var

ia
bl

e 
w

ith
 a

n 
ext

ra
 ti

m
e 

st
at

e 
an

d 
an

 ext
ra

 fi
na

l-t
im

e 
st

at
e 

as
 d

es
cr

ib
ed

 in
 §

2.

If 
1

≤
n

e
q[

4]
≤

q o
,

th
en

z
sh

ou
ld

 b
e 

se
t 

tol
n

e
q[

4]
o

(t
,x

,u
).

 
If

ln
e

q[
4]

o
(⋅,

⋅,
⋅)

=
0

th
en

, 
be

si
de

s

re
tu

rn
in

g 
0,

l(
in

 o
bj

ec
t 

co
de

 ve
rs

io
ns

) 
ca

n 
se

tne
q[

3]
=

−
1

to
in

di
ca

te
 t

ha
t 

th
e 

fu
nc

tio
n 

is
 id

en
ti-

ca
lly

 z
er

o.
T

he
 l

at
te

r 
in

cr
ea

se
s 

effic
ie

nc
y

be
ca

us
e 

it 
te

lls
 R

IOT
S

 t
ha

t 
th

er
e 

is
 n

o 
in

tegr
al

 c
os

t.

O
nl

y 
th

e 
fu

nc
tio

nl
is

 a
llo

w
ed

 t
o 

m
od

ify
n

e
q[

3]
. 

R
eg

ar
dl

es
s 

of
 h

ow
n

e
q[

3]
 i

s 
se

t,l
m

u
st

al
w

ay
s

re
tu

rn
 a

 va
lu

e 
ev

en
if

th
e 

re
tu

rn
ed

 va
lu

e 
is

 z
er

o.

If
n

e
q[

4]
 >

q o
,t

he
n

z
sh

ou
ld

 b
e 

se
t 

tol
n

e
q[

4]
−

q
o

ti
(t

,x
,u

).
 I

f
th

er
e 

ar
e 

bo
th

 li
ne

ar
 a

nd
 n

on
lin

-

ea
r 

tr
aj

ec
to

ry
 c

on
st

ra
in

ts
, 

th
e 

no
nl

in
ea

r 
co

ns
tr

ai
nt

s 
m

us
t 

pr
ec

ed
e 

th
os

e 
th

at
 a

re
 li

ne
ar

.
T

he
 o

rd
er-

in
g 

of
 th

e 
fu

nc
tio

ns
 c

om
pu

te
d 

byl
is

 s
um

m
ar

iz
ed

 in
 th

e 
fo

llow
in

g 
ta

bl
e:

>

fu
nc

tio
n 

to
 c

om
pu

te

1
≤

n
e

q[
4]

≤
q o

n
e

q[
4]

l

? o
(t

,x
,u

)

l

? ti
(t

,x
,u

),
 n

on
lin

ea
r

l

? ti
(t

,x
,u

),
 li

ne
ar

n
e

q[
4]

 >
q o

n
e

q[
4]

−
q o
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T
hi

s 
fu

nc
tio

n 
se

rve
s 

tw
o

pu
rp

os
es

. 
Iti

s 
us

ed
 t

o 
co

m
pu

te
 t

he
 e

nd
po

in
t 

co
st

 f
un

ct
io

n
g o

(

A ,x
(b

))

an
d 

th
e 

en
dp

oi
nt

 in
eq

ua
lit

y 
an

d 
eq

ua
lit

y 
co

ns
tr

ai
nt

s
g e

i(

A ,x
(b

))
 a

nd
g e

e(

A ,x
(b

))
. 

T
he

sy
nt

ax
 f

or

th
is

 f
un

ct
io

n 
in

cl
ud

es
 a

n 
in

pu
t 

fo
r 

th
e 

tim
e 

v
ar

ia
bl

e
t

fo
r 

co
ns

id
er

at
io

n 
of

 f
ut

ur
e 

im
pl

em
en

ta
tio

ns

an
d 

sh
ou

ld
 n

ot
 b

e 
us

ed
.P
ro

bl
em

s 
inv

ol
vi

ng
 a

 c
os

t o
n 

th
e 

fin
al

 ti
m

eT
sh

ou
ld

 u
se

 th
e 

tr
an

sc
rip

tio
n

fo
r 

fr
ee

 fi
na

l t
im

e 
pr

ob
le

m
s 

de
sc

rib
ed

 in
 §

2.

C
S

yn
ta

x

d
o
u
b
l
e
 
g
(
n
e
q
,
t
,
x
0
,
x
f
)

i
n
t
 
n
e
q
[
]
;

d
o
u
b
l
e
 
*
t
,
x
0
[
N
S
T
A
T
E
S
]
,
x
f
[
N
S
T
A
T
E
S
]
;

{
i
n
t
 
F
_
n
u
m
,
 
c
o
n
s
t
r
a
i
n
t
_
n
u
m
;

d
o
u
b
l
e
 
v
a
l
u
e
;

F
_
n
u
m
 
=
 
n
e
q
[
4
]
;

N
F
U
N
S
 
=
 
n
e
q
[
5
]
;

i
f
 
(
 
F
_
n
u
m
 
<
=
 
N
F
U
N
S
 
)
 
{

/
*
 
C
o
m
p
u
t
e
 
v
a
l
u
e
 
o
f
 
g
(
t
,
x
0
,
x
f
)
 
f
o
r
 
t
h
e
 
*
/

/
*
 
F
_
n
u
m
 
c
o
s
t
 
f
u
n
c
t
i
o
n
.

*
/

} e
l
s
e
 
{

c
o
n
s
t
r
a
i
n
t
_
n
u
m
 
=
 
F
_
n
u
m
 
-
 
N
F
U
N
S
;

/
*
 
C
o
m
p
u
t
e
 
v
a
l
u
e
 
g
(
t
,
x
0
,
x
f
)
 
f
o
r
 
t
h
e

*
/

/
*
 
c
o
n
s
t
r
a
i
n
t
_
n
u
m
 
e
n
d
p
o
i
n
t
 
c
o
n
s
t
r
a
i
n
t
.
 
*
/

} r
e
t
u
r
n
 
v
a
l
u
e
;

}

M
-fi

le
 S

yn
ta

x

f
u
n
c
t
i
o
n
 
J
 
=
 
g
(
n
e
q
,
t
,
x
0
,
x
f
)

%
J

i
s
a

s
c
a
l
a
r
.

g
l
o
b
a
l
 
s
y
s
_
p
a
r
a
m
s

F
_
N
U
M
 
=
 
n
e
q
(
5
)
;

i
f
 
F
_
N
U
M
 
<
=
 
s
y
s
_
p
a
r
a
m
s
(
6
)

%
C
o
m
p
u
t
e
 
g
(
t
,
x
0
,
x
f
)
 
f
o
r
 
c
o
s
t
 
f
u
n
c
t
i
o
n
.

e
l
s
e
i
f
 
F
_
N
U
M
 
=
=
 
2

%
C
o
m
p
u
t
e
 
g
(
t
,
x
0
,
x
f
)
 
f
o
r
 
e
n
d
p
o
i
n
t
 
c
o
n
s
t
r
a
i
n
t
s
.
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D
es

cr
ip

tio
n

O
n 

en
tr

an
ce

,x
0

is
 t

he
 i

ni
tia

l 
st

at
e 

vec
to

r 
an

dx
f

is
 t

he
 fi

na
l 

st
at

e 
vec

to
r.

T
he

 v
al

ue
n
e
q
[
4
]

is

us
ed

 t
o 

in
di

ca
te

 w
hi

ch
 c

os
t 

fu
nc

tio
n 

or
 e

nd
po

in
t 

co
ns

tr
ai

nt
 i

s 
to

 b
e 

e
va

lu
at

ed
. 

N
on

lin
ea

rc
on

-

st
ra

in
ts

 m
us

t 
pr

ec
ed

e 
lin

ea
r 

co
ns

tr
ai

nt
s.T
he

 o
rd

er
 o

f 
fu

nc
tio

ns
 t

o 
be

 c
om

pu
te

d 
is

 s
um

m
ar

iz
ed

 in

th
e 

fo
llo

w
in

g 
ta

bl
e:

B
fu

nc
tio

n 
to

 c
om

pu
te

1
≤

n
e

q[
4]

≤
q o

n
e

q[
4]

g

C o
(

D ,x
(b

))

g

C ie
(

D ,x
(b

))
, n

on
lin

ea
r

g

C ie
(

D ,x
(b

))
, l

in
ea

r
q o

<
n

e
q[

4]
≤

q o
+

q e
i

n
e

q[
4]

−
q o

g

C e
e(

D ,x
(b

))
, n

on
lin

ea
r

g

C e
e(

D ,x
(b

))
, l

in
ea

r
q o

+
q e

i
<

n
e

q[
4]

≤
q o

+
q e

i
+

q e
e

n
e

q[
4]

−
q o

−
q e

i

S
ee

 A
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o:
tim

e_
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c.
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P
ur

po
se

T
he

se
 f

un
ct

io
ns

 p
rovi

de
 t

he
 d

er
iva

tiv
es

of
th

e 
us

er-
su

pp
lie

d 
fu

nc
tio

n 
w

ith
 r

es
pe

ct
 t

o 
th

e 
ar

gu
-

m
en

ts
x

an
d

u.
T

he
 p

ro
gr

am
sri

ot
s

(s
ee

 §
6)

 c
an

 b
e 

us
ed

 w
ith

ou
t 

pr
o

vi
di

ng
 t

he
se

 d
er

iva
tiv

es
by

se
le

ct
in

g 
th

e 
fin

ite
-d

iffe
re

nc
e 

op
tio

n.
In

 t
hi

s 
ca

se
, 

du
m

m
y 

fu
nc

tio
ns

 m
us

t 
be

 s
up

pl
ie

d 
fo

r
D

h,
D

l

an
d

D
g.

C
S

yn
ta

x

v
o
i
d
 
D
h
(
n
e
q
,
t
,
x
,
u
,
A
,
B
)

i
n
t
 
n
e
q
[
]
;

d
o
u
b
l
e
 
*
t
,
x
[
N
S
T
A
T
E
S
]
,
u
[
N
I
N
P
U
T
S
]
;

d
o
u
b
l
e
 
A
[
N
S
T
A
T
E
S
]
[
N
S
T
A
T
E
S
]
,
B
[
N
S
T
A
T
E
S
]
[
N
I
N
P
U
T
S
]
;

{
/
*
 
T
h
e
 
A
 
m
a
t
r
i
x
 
s
h
o
u
l
d
 
c
o
n
t
a
i
n
 
d
h
(
t
,
x
,
u
)
/
d
x
.
 
*
/

/
*
 
T
h
e
 
B
 
m
a
t
r
i
x
 
s
h
o
u
l
d
 
c
o
n
t
a
i
n
 
d
h
(
t
,
x
,
u
)
/
d
u
.
 
*
/

} d
o
u
b
l
e
 
D
l
(
n
e
q
,
t
,
x
,
u
,
l
_
x
,
l
_
u
)

i
n
t
 
n
e
q
[
]
;

d
o
u
b
l
e
 
*
t
,
x
[
N
S
T
A
T
E
S
]
,
u
[
N
I
N
P
U
T
S
]
,
l
_
x
[
N
S
T
A
T
E
S
]
,
l
_
u
[
N
I
N
P
U
T
S
]
;

{
/
*
 
l
_
x
[
]
 
s
h
o
u
l
d
 
c
o
n
t
a
i
n
 
d
l
(
t
,
x
,
u
)
/
d
x

*
/

/
*
 
l
_
u
[
]
 
s
h
o
u
l
d
 
c
o
n
t
a
i
n
 
d
l
(
t
,
x
,
u
)
/
d
u

*
/

/
*
 
a
c
c
o
r
d
i
n
g
 
t
o
 
t
h
e
 
v
a
l
u
e
 
o
f
 
n
e
q
[
4
]
.

*
/

/
*
 
T
h
e
 
r
e
t
u
r
n
 
v
a
l
u
e
 
i
s
 
d
l
(
t
,
x
0
,
x
f
)
/
d
t
 
w
h
i
c
h
 
*
/

/
*
 

i
s
n
o
t
 
c
u
r
r
e
n
t
l
y
 
u
s
e
d
 
b
y
 
R
I
O
T
S
.

*
/

r
e
t
u
r
n
 
0
.
0
;

} d
o
u
b
l
e
 
D
g
(
n
e
q
,
t
,
x
0
,
x
f
,
g
_
x
0
,
g
_
x
f
)

i
n
t
 
n
e
q
[
]
;

d
o
u
b
l
e
 
*
t
,
x
0
[
N
S
T
A
T
E
S
]
,
x
f
[
N
S
T
A
T
E
S
]
,
J
_
x
f
[
N
S
T
A
T
E
S
]
;

{
/
*
 
g
_
x
0
[
]
 
s
h
o
u
l
d
 
c
o
n
t
a
i
n
 
d
g
(
t
,
x
0
,
x
f
)
/
d
x
0
.

*
/

/
*
 
g
_
x
f
[
]
 
s
h
o
u
l
d
 
c
o
n
t
a
i
n
 
d
g
(
t
,
x
0
,
x
f
)
/
d
x
f
.

*
/

/
*
 

a
c
c
o
r
d
i
n
g
t
o
 
t
h
e
 
v
a
l
u
e
 
o
f
 
n
e
q
[
4
]
.

*
/

/
*
 
T
h
e
 
r
e
t
u
r
n
 
v
a
l
u
e
 
i
s
 
d
g
(
t
,
x
0
,
x
f
)
/
d
t
 
w
h
i
c
h
 
*
/

/
*
 

i
s
n
o
t
 
c
u
r
r
e
n
t
l
y
 
u
s
e
d
 
b
y
 
R
I
O
T
S
.

*
/

r
e
t
u
r
n
 
0
.
0
;

}
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M
-fi

le
 S

yn
ta

x
f
u
n
c
t
i
o
n
 
[
A
,
B
]
 
=
 
s
y
s
_
D
h
(
n
e
q
,
t
,
x
,
u
)

g
l
o
b
a
l
 
s
y
s
_
p
a
r
a
m
s

%
A
m
u
s
t
 
b
e
 
a
n
 
n
 
b
y
 
n
 
m
a
t
r
i
x
.

%
B
m
u
s
t
 
b
e
 
a
n
 
n
 
b
y
 
m
 
m
a
t
r
i
x
.

f
u
n
c
t
i
o
n
 
[
l
_
x
,
l
_
u
,
l
_
t
]
 
=
 
s
y
s
_
D
l
(
n
e
q
,
t
,
x
,
u
)

g
l
o
b
a
l
 
s
y
s
_
p
a
r
a
m
s

%
l
_
x
 
s
h
o
u
l
d
 
b
e
 
a
 
r
o
w
 
v
e
c
t
o
r
 
o
f
 
l
e
n
g
t
h
 
n
.

%
l
_
u
 
s
h
o
u
l
d
 
b
e
 
a
 
r
o
w
 
v
e
c
t
o
r
 
o
f
 
l
e
n
g
t
h
 
m
.

%
l
_
t
 
i
s
 
a
 
s
c
a
l
a
r
-
-
-
n
o
t
 
c
u
r
r
e
n
t
l
y
 
u
s
e
d
.

f
u
n
c
t
i
o
n
 
[
g
_
x
0
,
g
_
x
f
,
g
_
t
]
 
=
 
s
y
s
_
c
o
s
t
(
n
e
q
,
t
,
x
0
,
x
f
)

g
l
o
b
a
l
 
s
y
s
_
p
a
r
a
m
s

%
g
_
x
0
 
a
n
d
 
g
_
x
f
 
a
r
e
 
r
o
w
 
v
e
c
t
o
r
s
 
o
f
 
l
e
n
g
t
h
 
n
.

%
g
_
t
 
i
s
 
a
 
s
c
a
l
a
r
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ll 

to
in

it
so

 t
ha

t 
th

e 
us

er
’

s
co

de
 c

an
 r

ea
d 

in
 t

he
se

 p
ar

am
et

er
s.

N
or

-

m
al

ly
p
a
r
a
m
s

is
 a

 v
ec

to
r.

It
ca

n 
be

 a
 m

at
rix

 i
n 

w
hi

ch
 c

as
e 

th
e 

us
er

 s
ho

ul
d 

k
ee

p 
in

 m
in

d 
th

at

M
at

la
b 

st
or

es
 m

at
ric

es
 c

ol
um

n-
w

is
e 

(F
or

tr
an

 s
ty

le
).

If 
th

e 
sy

st
em

 h
as

 n
o 

pa
ra

m
et

er
s 

th
en

 e
ith

er

om
it
p
a
r
a
m
s

or
 s

et
p
a
r
a
m
s
=
[
]

.
If

no
ou

tp
ut

 v
ar

ia
bl

es
 a

re
 p

re
se

nt
 in

 t
hi

s 
ca

ll 
tosi
m

ul
at

e
th

e

sy
st

em
 m

es
sa

ge
 lo

ad
ed

 o
n 

th
e 

ca
ll 

to
ac

tiv
at

e
an

d 
ot

he
r 

in
fo

rm
at

io
n 

ab
ou

t 
th

e 
sy

st
em

 w
ill

 b
e 

di
s-

pl
ay

ed
.

T
he

 fo
llo

w
in

g 
is

 a
 li

st
 o

f t
he

 d
iffe

re
nt

 va
lu

es
 in
i
n
f
o

re
tu

rn
ed

 b
ys

im
ul

at
e:

i
n
f
o
(
1
)

nu
m

be
r 

of
 s

ta
te

s

i
n
f
o
(
2
)

nu
m

be
r 

of
 in

pu
ts

i
n
f
o
(
3
)

nu
m

be
r 

of
 s

ys
te

m
 p

ar
am

et
er

s

i
n
f
o
(
4
)

(r
es

er
ve

d)

i
n
f
o
(
5
)

(r
es

er
ve

d)

i
n
f
o
(
6
)

nu
m

be
r 

of
 o

bj
ec

tive
 fu

nc
tio

ns

i
n
f
o
(
7
)

nu
m

be
r 

of
 n

on
lin

ea
r 

tr
aj

ec
to

ry
 in

eq
ua

lit
y 

co
ns

tr
ai

nt
s

i
n
f
o
(
8
)

nu
m

be
r 

of
 li

ne
ar

 tr
aj

ec
to

ry
 in

eq
ua

lit
y 

co
ns

tr
ai

nt
s

i
n
f
o
(
9
)

nu
m

be
r 

of
 n

on
lin

ea
r 

en
dp

oi
nt

 in
eq

ua
lit

y 
co

ns
tr

ai
nt

s

i
n
f
o
(
1
0
)

nu
m

be
r 

of
 li

ne
ar

 e
nd

po
in

t i
ne

qu
al

ity
 c

on
st

ra
in

ts

i
n
f
o
(
1
1
)

nu
m

be
r 

of
 n

on
lin

ea
r 

en
dp

oi
nt

 e
qu

al
ity

 c
on

st
ra

in
ts

i
n
f
o
(
1
2
)

nu
m

be
r 

of
 li

ne
ar

 e
nd

po
in

t e
qu

al
ity

 c
on

st
ra

in
ts

i
n
f
o
(
1
3
)

ty
pe

 o
f s

ys
te

m
 (

0 
th

ro
ug

h 
4)

0:
 n

on
lin

ea
r 

dy
na

m
ic

s 
an

d 
ob

je
ct

i
ve

1:
 li

ne
ar

 d
yn

am
ic

s;
 n

on
lin

ea
r 

ob
je

ct
i

ve

2:
 li

ne
ar

,t
im

e-
in

va
ria

nt
 d

yn
am

ic
s;

 n
on

lin
ea

r 
ob

je
ct

i
ve

3:
 li

ne
ar

 d
yn

am
ic

s;
 q

ua
dr

at
ic

 o
bj

ec
ti

ve

4:
 li

ne
ar

,t
im

e-
in

va
ria

nt
 d

yn
am

ic
s;

 q
ua

dr
at

ic
 o

bj
ec

ti
ve

i
n
f
o
(
1
4
)

nu
m

be
r 

of
 m

es
h 

po
in

ts
 u

se
d 

in
 th

e 
m

os
t r

ec
en

t s
im

ul
at

io
n

T
he

 s
ca

la
r 

ou
tp

uts
i
m
e
d

is
 u

se
d 

to
 i

nd
ic

at
e 

w
he

th
er

 a
 c

al
l 

tosi
m

ul
at

e,
fo

rm
 1

, 
ha

s 
be

en
 m

ad
e.

If
s
i
m
e
d
=
1

th
en

 a
 s

im
ul

at
io

n 
of

 th
e 

sy
st

em
 h

as
 o

cc
ur

re
d.

O
th

er
w

is
es
i
m
e
d
=
0

.
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[
f
,
x
,
d
u
,
d
x
0
,
p
]
 
=
 
s
i
m
u
l
a
t
e
(
1
,
x
0
,
u
,
t
,
i
a
l
g
,
a
c
t
i
o
n
)

T
hi

s 
fo

rm
 c

au
se

s 
th

e 
sy

st
em

 d
yn

am
ic

s,
ẋ

=
h(

t,
u,

x)
w

ith
x(

a)
=

x
0,

 t
o 

be
 i

nt
eg

ra
te

d 
us

in
g 

th
e

in
te

gr
at

io
n 

m
et

ho
d 

sp
ec

ifi
ed

 b
yi
a
l
g

(c
f.

Ta
bl

e 
S

3)
.A

ls
o,

 t
he

 va
lu

e
f

of
 t

he
 fi

rs
t 

ob
je

ct
ive

 fu
nc

-

tio
n,

 a
nd

 p
os

si
bl

y 
its

 g
ra

di
en

ts
,

d
u

an
d
d
x
0

an
d 

th
e 

ad
jo

in
tp

,
ca

n 
be

 ev
al

ua
te

d.
 

O
nl

yt
he

 fi
rs

t

co
lu

m
n 

of
x
0

is
 r

ea
d.

T
he

 s
tr

ic
tly

 in
cr

ea
si

ng
 t

im
e 

vec
to

rt
of

 le
ng

th
N

+
1

sp
ec

ifi
es

 t
he

 in
teg

ra
-

tio
n 

m
es

h 
on

 [a
,b

]
w

ith
t

(1
)=

a
an

d
t

(N
+

1)
=

b
.

T
he

 c
on

tr
ol
u

is
 c

om
po

se
d 

ofm
ro

w
s 

of

sp
lin

e 
co

effi
ci

en
ts

.

T
he

 c
al

cu
la

tio
ns

 p
er

fo
rm

ed
 b

ysi
m

ul
at

e,
fo

rm
 2

, 
de

pe
nd

 o
n 

th
e 

v
al

ue
 o

fa
c
t
i
o
n

.
T

he
se

ac
tio

ns
 a

re
 li

st
ed

 in
 th

e 
fo

llow
in

g 
ta

bl
e:

Ta
bl

e 
S

4

A
ct

io
n 

R
et

ur
nV

al
ue

s
0

no
re

tu
rn

 va
lu

es
1

fu
nc

tio
n 

va
lu

e
f

2
f

an
d 

sy
st

em
 tr

aj
ec

to
ryx

3
f,

x
an

d 
co

nt
ro

l a
nd

 in
iti

al
 c

on
di

tio
n 

gr
ad

ie
nt

s
d

u
an

d
d

z
4

f,
x,

d
u,

d
z

an
d 

th
e 

ad
jo

in
t t

ra
je

ct
or

yp.

W
he

n 
us

in
g 

th
e 

var
ia

bl
e 

st
ep

-s
iz

e 
m

et
ho

d 
LS

O
D

A
(i
a
l
g
 
=
 
5
,
6

),
 t

he
 a

rgu
m

en
ti
a
l
g

ca
n 

in
cl

ud
e 

th
re

e 
ad

di
tio

na
l p

ie
ce

s 
of

 d
at

a: S
et

tin
g 

D
efa

ul
t V

al
ue

i
a
l
g
(
2
)

N
um

be
r 

of
 in

te
rn

al
 k

no
ts

 u
se

d 
du

rin
g 

gr
ad

ie
nt

 c
om

pu
ta

tio
n.

1
i
a
l
g
(
3
)

R
el

at
ive

 in
te

gr
at

io
n 

to
le

ra
nc

e.
1e

-8
i
a
l
g
(
4
)

A
bs

ol
ut

e 
in

teg
ra

tio
n 

to
le

ra
nc

e.
1e

-8

T
he

 m
ea

ni
ng

 o
f 

‘‘in
te

rn
al

 k
no

ts
’’
is

di
sc

us
se

d 
be

low
in

th
e 

de
sc

rip
tio

n 
of

 g
ra

di
en

t 
co

m
pu

ta
tio

n

w
ith

 L
S

O
DA

.

E
xa

m
pl

e

T
he

 f
ol

lo
w

in
g 

co
m

m
an

ds
, 

ty
pe

d 
at

 t
he

 M
at

la
b 

pr
om

pt
, 

w
ill

 s
im

ul
at

e 
a 

th
re

e 
st

at
e 

sy
st

em
 w

ith
 t

w
o

in
pu

ts
 u

si
ng

 in
teg

ra
tio

n 
al

go
rit

hm
 R

K
4 

an
d 

qu
ad

ra
tic

 s
pl

in
es

.
T

he
 s

im
ul

at
io

n 
tim

e 
is

 f
ro

ma
=

0

un
til

b
=

2.
 5

an
d 

th
er

e 
ar

eN
=

10
0 

in
te

rva
ls

 in
 th

e 
in

teg
ra

tio
n 

m
es

h.

>
>
 
N
=
1
0
0
;

>
>
 
t
 
=
 
[
0
:
2
.
5
/
N
:
2
.
5
]
;

>
>
 
x
0
 
=
 
[
1
;
0
;
3
.
5
]
;
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>
>
 
u
0
 
=
 
o
n
e
s
(
2
,
N
+
2
)
;

%
u
0
(
t
)
=
[
1
;
1
]
;

>
>
 
[
j
,
x
]
 
=
 
s
i
m
u
l
a
t
e
(
1
,
x
0
,
u
0
,
t
,
4
,
2
)
;

j
=

s
i
m
u
l
a
t
e
(
2
,
f
_
n
u
m
b
e
r
,
1
)

[
d
u
,
d
x
0
,
p
]
 
=
 
s
i
m
u
l
a
t
e
(
2
,
f
_
n
u
m
b
e
r
,
a
c
t
i
o
n
)

T
hi

s 
fo

rm
 a

llo
w

s 
fu

nc
tio

n 
va

lu
es

 a
nd

 g
ra

di
en

ts
 t

o 
be

 c
om

pu
te

d 
w

ith
ou

t 
re

-s
im

ul
at

in
g 

th
e 

sy
st

em
.

A
ca

ll 
to

 t
hi

s 
fo

rm
 m

us
t 

be
 p

ro
ce

ed
ed

 b
y 

a 
ca

ll 
to

si
m

ul
at

e,
fo

rm
 1

.
T

he
 r

es
ul

ts
 a

re
 c

om
pu

te
d

fr
om

 t
he

 m
os

t 
re

ce
nt

 i
np

ut
s 

(
x
0
,
u
,
t
,
i
a
l
g

)
fo

r 
th

e 
ca

ll 
to

si
m

ul
at

e,
fo

rm
 1

.
T

he
 f

ol
lo

w
in

g

ta
bl

e 
sh

ow
s 

th
e 

re
la

tio
ns

hi
p 

be
tw

ee
n 

th
e 

v
al

ue
 o

ff
_
n
u
m
b
e
r

,
an

d 
th

e 
fu

nc
tio

n 
val

ue
 o

r 
gr

ad
ie

nt

w
hi

ch
 is

 c
om

pu
te

d.

Ta
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e 
S

5

f
_
n
u
m
b
e
r

ra
ng

e 
F

un
ct

io
n

F
un

ct
io

n 
to

 b
e 

eva
lu

at
ed

1
≤
f
_
n
u
m
b
e
r

≤
n 1

g

Q o
(

R ,x
(b

))
+
∫b a

l

Q o
(t

,x
,u

)d
t

S =
f
_
n
u
m
b
e
r

n 1
<
f
_
n
u
m
b
e
r

≤
n 2

l

Q ti
(t

,x
(t

),
u(

t)
)

S =
n

%
(N

+
1)

+
1

,t
=

t k
w

he
re

n
=
f
_
n
u
m
b
e
r

−
n 1

−
1

an
d

k
=
f
_
n
u
m
b
e
r

−
n 1

−

S (N
+

1)
.

n 2
<
f
_
n
u
m
b
e
r

≤
n 3

g

Q e
i(

R ,x
(b

))

S =
f
_
n
u
m
b
e
r

−
n 2

n 3
<
f
_
n
u
m
b
e
r

≤
n 4

g

Q e
e(

R ,x
(b

))

S =
f
_
n
u
m
b
e
r

−
n 3

w
he

re
n 1

=
q

o
is

 t
he

 n
um

be
r 

of
 o

bj
ec

tive
 fu

nc
tio

ns
,n

2
=

n
1

+
q t

i(
N

+
1)

 w
ith

q t
i

th
e 

nu
m

be
r 

of

tr
aj

ec
to

ry
 c

on
st

ra
in

ts
,n 3

=
n

2
+

q e
i
w

ith
q e

i
th

e 
nu

m
be

r 
of

 e
nd

po
in

t 
in

eq
ua

lit
y 

co
ns

tr
ai

nt
s,

 a
nd

n 4
=

n
3

+
q e

e
w

ith
q e

e
th

e 
nu

m
be

r 
of

 e
nd

po
in

t 
eq

ua
lit

y 
co

ns
tr

ai
nt

s.T
he

 n
ot

at
io

nn
%

m
m

ea
ns

 t
he

re
m

ai
nd

er
 a

fte
r 

div
is

io
n 

of
n

by
m

(n
m

od
ul

o
m

).
 

T
hu

s,
fo

r 
tr

aj
ec

to
ry

 c
on

st
ra

in
ts

, 
th

eT -t
h 

co
n-

st
ra

in
t (

w
ith

T =
n

%
(N

+
1)

+
1)

 is
 ev

al
ua

te
d 

at
 ti

m
et

k
.

If
a
c
t
i
o
n
=
1

,o
nl

y
d
u

an
d
d
x
0

ar
e 

re
tu

rn
ed

.If
a
c
t
i
o
n
=
2

,d
u

,d
x
0

an
d
p

ar
e 

re
tu

rn
ed

.

T
he

 fu
nc

tio
n,

ev
 al

_f
nc

,p
ro

vi
de

s 
a 

co
nve

ni
en

t i
nt

er
fa

ce
 to

 th
is

 fo
rm

.

[
x
d
o
t
,
z
d
o
t
]
 
=
 
s
i
m
u
l
a
t
e
(
3
,
x
,
u
,
t
,
{
f
_
n
u
m
,
{
k
}
}
)

[
x
d
o
t
,
z
d
o
t
,
p
d
o
t
]
 
=
 
s
i
m
u
l
a
t
e
(
3
,
x
,
u
,
t
,
p
,
{
k
}
)

T
hi

s 
fo

rm
 

ev
al

ua
te

s 
(a

s 
op

po
se

d 
to

 
in

tegr
at

es
) 

th
e 

fo
llow

in
g 

qu
an

tit
ie

s:
ẋ

=
h(

t,
x,

u)
,

ż
=

l

U o
(t

,x
,u

),
 a

nd
ṗ

=
−

(∂h
(t

,x
,u

)T

∂ x
p

+
∂l

(t
,x

,u
)T

∂x
)

at
th

e 
tim

es
 s

pe
ci

fie
d 

byt
.

T
he

se
 f

un
ct

io
ns

 a
re

ev
alu

at
ed

 a
t 

th
e 

po
in

ts
 i

nt
.

If
f
_
n
u
m

is
 s

pe
ci

fie
d,

T =
f
_
n
u
m

,
ot

he
rw

is
e

T =
1.

 
T

he
fu

nc
tio

n

l

U (⋅,
⋅,

⋅)
is

ev
al

ua
te

d 
ac

co
rd

in
g 

to
 Ta

bl
e 

S
5 

ab
ove

.
T

he
 la

st
 in

pu
t,k

,c
an

 o
nl

y 
be

 s
up

pl
ie

d 
ift

is
 a

si
ng

le
 t

im
e 

po
in

t.
It 

is
 u

se
d 

to
 in

di
ca

te
 t

he
 d

is
cr

et
e-

tim
e 

in
te

rv
al

 c
on

ta
in

in
gt

.
T

ha
t 

is
,k

is
 s

uc
h

-
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th
at

t k
≤
t

<
t k

+1
.

If
k

is
 g

iv
en

,l
is

 c
al

le
d 

w
ith
n
e
q
[
3
]

=
k

−
1.

 I
n

th
is

 c
al

l, 
th

e 
va

lu
es

 in
u

re
p-

re
se

nt
 p

oi
nt

w
is

e 
val
ue

s 
of

u(
t)

, 
no

t 
its

 s
pl

in
e 

co
effi

ci
en

ts
. 

T
he

in
pu

ts
x

an
d
u

m
us

t 
ha

ve
 th

e 
sa

m
e

nu
m

be
r 

of
 c

ol
um

ns
 a

st
.

[
h
_
x
,
h
_
u
,
l
_
x
,
l
_
u
]
 
=
 
s
i
m
u
l
a
t
e
(
4
,
x
,
u
,
t
,
{
f
_
n
u
m
,
{
k
}
}
)

T
hi

s 
fo

rm
 ev

al
ua

te
s

∂h
(t

,x
,u

)
∂ x

,
∂h

(t
,x

,u
)

∂u
,

∂l

V (t
,x

,u
)

∂x
,

an
d

∂l
V (t

,x
,u

)
∂x

.
In

th
is

 c
al

l,
t

m
us

t 
be

 a
 s

in
gl

e 
tim

e

po
in

t. 
If
f
_
n
u
m

is
 s

pe
ci

fie
d,

W =
f
_
n
u
m

,
ot

he
rw

is
e

W =
1.

 
T

he
fu

nc
tio

n
l

X (⋅,
⋅,

⋅)
is

ev
al

ua
te

d

ac
co

rd
in

g 
to

 Ta
bl

e 
S

5 
ab

ove
.

T
he

 la
st

 in
pu

t,k
,

in
di

ca
te

s 
th

e 
di

sc
re

te
-t

im
e 

in
te

rval
 c

on
ta

in
in

gt
.

T
ha

t 
is

,k
is

 s
uc

h 
th

at
t k

≤
t

<
t k

+1
.

If
k

is
 g

iv
en

,l
is

 c
al

le
d 

w
ith
n
e
q
[
3
]

=
k

−
1.

 
In

th
is

 c
al

l,

th
e 

va
lu

es
 in
u

re
pr

es
en

t p
oi

nt
w

is
e 

val
ue

s 
of

u(
t)

, n
ot

 it
s 

sp
lin

e 
co

effi
ci

en
ts

.

[
g
,
g
_
x
0
,
g
_
x
f
]
 
=
 
s
i
m
u
l
a
t
e
(
5
,
x
0
,
x
f
,
t
f
,
{
f
_
n
u
m
}
)

T
hi

s 
fo

rm
 e

va
lu

at
es

g
X (x

0
,x
f

),
∂g

V (x
0

,x
f

)
∂x
0

,
an

d
∂g

V (x
0

,x
f

)
∂x
f

.
If
f
_
n
u
m

is
 s

pe
ci

fie
d,

W =
f
_
n
u
m

.

O
th

er
w

is
e

W =
1.

 
T

he
in

pu
tt
f

ge
ts

 p
as

se
d 

to
 t

he
 u

se
r 

fu
nc

tio
nsg
an

d
D

g
(s

ee
 d

es
cr

ip
tio

ns
 i

n

§2
) 

fo
r 

co
m

pa
tib

ili
ty

 w
ith

 fu
tu

re
 r

el
ea

se
s 

of
 R

IOT
S

.

s
t
a
t
s
 
=
 
s
i
m
u
l
a
t
e
(
6
)

T
hi

s 
fo

rm
 p

rov
id

es
 s

ta
tis

tic
s 

on
 h

ow
m

an
y

tim
es

 t
he

 f
un

ct
io

ns
h

an
d

D
h

ha
ve

 b
ee

n 
ev

al
ua

te
d,

ho
w

m
an

y
tim

es
 t

he
 s

ys
te

m
 h

as
 b

ee
n 

si
m

ul
at

ed
 t

o 
pr

od
uc

e 
th

e 
tr

aj
ec

to
ry

x,
an

d 
ho

w
m

an
y

tim
es

fu
nc

tio
ns

 o
r 

th
e 

gr
ad

ie
nt

s 
off

X (⋅,
⋅),

g

X (⋅,
⋅)

or
l

X ti
(⋅,

⋅,
⋅)

ha
v e

be
en

 c
om

pu
te

d.T
he

 f
ol

lo
w

in
g 

ta
bl

e

in
di

ca
te

s 
w

ha
t t

he
 c

om
po

ne
nt

s 
ofs
t
a
t
s

re
pr

es
en

t:

Ta
bl

e 
S

6

C
om

po
ne

nt
 

M
ea

ni
ng

s
t
a
t
s
(
1
)

N
um

be
r 

of
 c

al
ls

 to
h.

s
t
a
t
s
(
2
)

N
um

be
r 

of
 c

al
ls

 to
D

h.
s
t
a
t
s
(
3
)

N
um

be
r 

of
 s

im
ul

at
io

ns
.

s
t
a
t
s
(
4
)

N
um

be
r 

of
 fu

nc
tio

n 
eva

lu
at

io
ns

.
s
t
a
t
s
(
5
)

N
um

be
r 

of
 g

ra
di

en
t ev

al
ua

tio
ns

.
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l
t
e
 
=
 
s
i
m
u
l
a
t
e
(
7
)

T
hi

s 
fo

rm
, 

w
hi

ch
 m

us
t 

be
 p

re
ce

de
d 

by
 a

 c
al

l t
o

si
m

ul
at

e,
fo

rm
 1

 w
ith
i
a
l
g
=
1
,
2
,
3
,
4

,
re

tu
rn

s

es
tim

at
es

 o
f 

th
e 

lo
ca

l 
tr

un
ca

tio
n 

er
ro

r 
fo

r 
th

e 
fix

ed
 s

te
p-

si
ze

 R
un

ge
-Kut

ta
 i

nt
eg

ra
tio

n 
ro

ut
in

es
.

T
he

 lo
ca

l t
ru

nc
at

io
n 

er
ro

r 
is

 g
i

ve
n,

 fo
rk

=
1,

 . 
. .

 ,N
,b

y

lte
k

=
 

x k
(t

k+
1
)−

x N
,k

+1

z k
(t

k+
1
)−

z N
,k

+1

 
,

w
he

re
x k

(t
k+

1
)

an
d

z k
(t

k+
1
)

ar
e 

th
e 

so
lu

tio
ns

 o
f

 ẋ ż 
=

 
h(

x,
u)

l1 o
(t

,x
,u

) 
,

x(
t k

)
=

x
N

,k

z(
t k

)
=

0
,

t
∈∈

[t
k
,t

k+
1
].

an
d

x N
,k

+1
an

d
z N

,k
+1

ar
e 

th
e 

qu
an

tit
ie

s 
co

m
pu

te
d 

by
 o

ne
 R

un
ge

-K
ut

ta
 s

te
p 

fr
om

x N
,k

an
d 

0,

re
sp

ec
tiv

el
y.

T
he

se
 l

oc
al

 t
ru

nc
at

io
ns

 e
rr

or
s 

ar
e 

es
tim

at
ed

 b
y 

ta
ki

ng
 d

ou
bl

e 
in

te
gr

at
io

n 
st

ep
s 

as

de
sc

rib
ed

 i
n 

S
ec

tio
n 

4.
3.

1.T
he

 l
oc

al
 t

ru
nc

at
io

n 
er

ro
r 

es
tim

at
es

 a
re

 u
se

d 
by

di
st

rib
ut

e
(s

ee

de
sc

rip
tio

n 
in

 §
7)

 t
o 

re
di

st
ribu

te
 t

he
 in

teg
ra

tio
n 

m
es

h 
po

in
ts

 in
 o

rd
er

 t
o 

in
cr

ea
se

 in
te

gr
at

io
n 

ac
cu

-

ra
cy

.
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ra
tio

n 
ro
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in

es
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to

si
m

ul
at

e.

S
ys

te
m

 S
im

ul
at

io
n

S
ys

te
m

 s
im

ul
at

io
n 
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 a

cc
om

pl
is

he
d 

by
 f

or
w

ar
d 

in
teg

ra
tio

n 
of

 t
he

 d
iffe

re
nt

ia
l 

eq
ua

tio
ns

 u
se

d 
to

de
sc

rib
e 

th
e 

sy
st

em
.T
he

re
 a

re
 f

ou
r 

fixe
d 

st
ep

-s
iz

e 
R

un
ge

-Kut
ta

 i
nt

eg
ra

to
rs

, 
on

e 
var

ia
bl

e 
st

ep
-

si
ze

 in
teg

ra
to

r 
(L

S
O

DA
),

 a
nd

 o
ne

 d
is

cr
et

e-
tim

e 
so

lver
.

T
he

 R
K

 in
teg

ra
to

rs
 a

nd
 L

S
O

DA
pr

od
uc

e

ap
pr

ox
im

at
e 

so
lu

tio
ns

 to
 th

e 
sy

st
em

 o
f d

if
fe

re
nt

ia
l e

qu
at

io
n

ẋ
=

h(
t,

x,
u)

,
x(

a)
=

Y

ż
=

l(
t,

x,
u)

,
z(

a)
=

0

on
 t

he
 in

te
rva

lt
∈∈

[a
,b

]. 
T

he
R

un
ge

-K
ut

ta
 in

teg
ra

to
rs

, 
de

sc
rib

ed
 b

y 
th

e 
B

ut
ch

er
 a

rr
ay

s
A

1
,A

2
,

A
3

an
d

A
4

gi
ve

n
in

C
ha

pt
er

 4
.2

, 
ar

e 
of

 o
rd

er
 1

, 
2,

 3
 a

nd
 4

 r
es

pe
ct

i
ve

ly
.

T
he

 d
is

cr
et

e-
tim

e 
in

tegr
a-

to
r 

so
lve

s

x k
+1

=
h

(t
k
,x

k
,u

k
)

,
x 0

=

Y

z k
+1

=
l(

t k
,x

k
,u

k
)

,
z 0

=
0

fo
r

k
=

1,
 . 

. .
 ,N

.

T
he

 v
ar

ia
bl

e 
st

ep
-s

iz
e 

in
tegr

at
or

 is
 a

 p
ro

gr
am

 c
al

le
d 

LS
O

DA
[1

27
,1

28
]. 

LS
O

DA
ca

n 
so

lve

bo
th

 s
tiff

an
d 

no
n-

st
iff

di
ff

er
en

tia
l 

eq
ua

tio
ns

.In
 t

he
 n

on
-s

tiff
m

od
e,

 L
S

O
DA

op
er

at
es

 a
s 

an

A
da

m
s-

M
ou

lto
n 

lin
ea

r,
m

ul
ti-

st
ep

 m
et

ho
d.

If 
LS

O
D

A
de

te
ct

s 
st

iffn
es

s,
 it

 s
w

itc
he

s 
to

 b
ac

kwa
rd

s

di
ff

er
en

ce
 f

or
m

ul
ae

.W
he

n 
op

er
at

in
g 

in
 s

tiff
m

od
e,

 L
S

O
DA

re
qu

ire
s 

th
e 

sy
st

em
 J

ac
ob

ia
ns

∂h
(t

,x
,u

)
∂ x

an
d

∂l
(t

,x
,u

)
∂x

.
If

th
e 

us
er

 h
as

 n
ot

 s
up

pl
ie

d 
th

es
e 

fu
nc

tio
ns

, 
LS

O
D

A
m

us
t 

be
 c

al
le

d 
us

in
g

i
a
l
g
=
6

so
 t

ha
t 

th
es

e 
qu

an
tit

ie
s 

w
ill

 b
e 

co
m

pu
te

d 
us

in
g 

fin
ite

-d
if

fe
re

nc
e 

ap
pr

ox
im

at
io

ns
.O

th
er

-

w
is

e,
 L

S
O

DA
sh

ou
ld

 b
e 

ca
lle

d 
us

in
gi
a
l
g
=
5

so
 t

ha
t 

th
e 

an
al

yt
ic

 exp
re

ss
io

ns
 f

or
 t

he
se

 q
ua

nt
iti

es

w
ill

 b
e 

us
ed

.

T
he

 i
nt

eg
ra

tio
n 

pr
ec

is
io

n 
of

 L
S

O
DA

is
co

nt
ro

lle
d 

by
 a

 r
el

at
ive

 to
le

ra
nc

e 
an

d 
an

 a
bs

ol
ut

e

to
le

ra
nc

e.
 

T
he

se
bo

th
 d

efa
ul

t 
to

 1
e

−
8

bu
t 

ca
n 

be
 s

pe
ci

fie
d 

ini
a
l
g
(
3
:
4
)

re
sp

ec
tiv

el
y 

(s
ee

de
sc

rip
tio

n 
of

si
m

ul
at

e,
fo

rm
 1

).
T

he
 o

nl
y 

no
n-

st
an

da
rd

 a
sp

ec
t 

of
 t

he
 o

pe
ra

tio
n 

of
 L

S
O

D
A

by

si
m

ul
at

e
is

 t
ha

t 
th

e 
in

teg
ra

tio
n 

is
 r

es
ta

rt
ed

 a
t 

e
ve

ry
 m

es
h 

po
in

tt k
du

e 
to

 d
is

co
nt

in
ui

tie
s 

in
 t

he

co
nt

ro
l s

pl
in

eu
(⋅)

, o
r 

its
 d

er
iva

tiv
es

, a
t t

he
se

 p
oi

nt
s.
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G
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di
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 t
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s 

se
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io
n 

w
e 

di
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s 

th
e 
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pu
ta

tio
n 

of
 t
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en
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 o
f 

th
e 

ob
je
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i
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 a
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 c

on
st
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in

t 
fu
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tio
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 o
f 
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le
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O
C

P
w
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 c
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T
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se

 g
ra
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ts
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m

pu
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d 
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a 
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teg
ra

tio
n 
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 th

e 
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t e
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at
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d 
w
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 e
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h 
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D
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gr
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F

or
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sc
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e 
ad

jo
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t 
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ua
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ra
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en
ts

ar
e 

giv
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e 
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tio
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th
e 
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ct
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tio
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q o
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,.

..
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h
x
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k
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k
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k
)T
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+
l

[ x
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k
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k
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k
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 c
on
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in
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=

h
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e 

di
sc
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dex
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∈∈
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=
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l

[ u
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k
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k
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k
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=
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=
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=
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R
un

ge
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ut
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te

gr
at

or
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F
or

co
nv

en
ie

nc
e,

 w
e 

in
tr

od
uc

e 
th

e 
no

ta
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u
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=

u
(
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i j
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=
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w
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∈∈
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R
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R
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s
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2
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=
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=
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+
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ṗ(

t)
. 

A
ls

o,
th

e 
co

m
pu

ta
tio

n 
ta

kes
 a

dv
an

ta
ge

 o
f

th
e 

fa
ct

 t
ha

t 
th

e 
in

teg
ra

nd
s 

ar
e 

ze
ro

 o
ut

si
de

 t
he

 l
oc

al
 s

up
po

rt
 o

f 
th

e 
sp

lin
e 

ba
si

s 
el

em
en

ts

n t N
,

o ,k
(t

).

-
19

8 
-

C
ha

p.
 5

0
< 40
r 8
s 4t
2 3

P
ur

po
se

T
hi

s 
fu

nc
tio

n 
pr

ov
id

es
 a

 c
he

ck
 f

or
 t

he
 a

cc
ur

acy
of

th
e 

us
er-

su
pp

lie
d 

de
riva

tiv
es

D
h,

D
la

nd
D

g
by

co
m

pa
rin

g 
th

es
e 

fu
nc

tio
ns

 t
o 

de
ri

va
tiv

e 
ap

pr
ox

im
at

io
ns

 o
bt

ai
ne

d 
by

 a
pp

ly
in

g 
fo

rwar
d 

or
 c

en
tr

al

fin
ite

-d
iff

er
en

ce
s 

to
 th

e 
co

rr
es

po
nd

in
g 

us
er

-s
up

pl
ie

d 
fu

nc
tio

nh
,l

an
d

g.

C
al

lin
g 

S
yn

ta
x

[
e
r
r
o
r
A
,
e
r
r
o
r
B
,
m
a
x
_
e
r
r
o
r
]
 
=
 
c
h
e
c
k
_
d
e
r
i
v
(
x
,
u
,
t
,
{
p
a
r
a
m
s
}
,
{
i
n
d
e
x
}
,

{
c
e
n
t
r
a
l
}
,
{
D
I
S
P
}
)

D
es

cr
ip

tio
n

T
he

 i
np

ut
s

x
∈∈

IR
n
,

u
∈∈

IR
m

an
d

t
∈∈

IR
 

gi
v e

th
e 

no
m

in
al

 p
oi

nt
 a

bo
ut

 w
hi

ch
 t

o 
e

va
lu

at
e 

th
e

de
riv

at
iv

es
h

x
(t

,x
,u

),
h u

(t
,x

,u
),

l

u x
(t

,x
,u

),
l

u u
(t

,x
,u

),
g

u x
(t

,x
,u

)
an

d
g

u u
(t

,x
,u

).
 I

f
th

er
e 

ar
e 

sy
s-

te
m

 p
ar

am
et

er
s 

(s
ee

 d
es

cr
ip

tio
n 

of
in

it
in

 §
3)

, 
th

ey
m

us
t 

su
pp

lie
d 

by
 t

he
 in

pu
tp
a
r
a
m
s

.
If

sp
ec

i-

fie
d,
i
n
d
e
x

in
di

ca
te

s 
th

e 
di

sc
re

te
-t

im
e 

in
dex

fo
r 

w
hi

ch
t
(
i
n
d
e
x
)

≤
t

≤
t
(
i
n
d
e
x
+
1
)

.
T

hi
s

is
 o

nl
y 

ne
ed

ed
 if

 o
ne

 o
f 

th
e 

us
er-s
up

pl
ie

d 
sy

st
em

 f
un

ct
io

ns
 u

se
s 

th
e 

di
sc

re
te

-t
im

e 
in

de
x

pa
ss

ed
 in

n
e
q
[
3
]

.

T
he

 
er

ro
r 

in
 

ea
ch

 
de

riva
tiv

e 
is

es
tim

at
ed

 
as

 
th

e 
di

ffe
re

nc
e 

be
tw

ee
n 

th
e 

us
er-s
up

pl
ie

d

de
riv

at
iv

e 
an

d 
its

 fi
ni

te
-d

iffe
re

nc
e 

ap
pr

ox
im

at
io

n.F
or

a
ge

ne
ric

 f
un

ct
io

n
f(

x)
, 

th
is

 e
rr

or
 is

 c
om

-

pu
te

d,
 w

ith
e i

th
e

i-
th

 u
ni

t v
ec

to
r 

an
d

v i
a

sc
al

ar
,a

s

E
=

f(
x)

−
f(

x
+

v ie
i)

v i
−

d
f(

x)

d
x

e i
,

if 
fo

rw
ar

d 
di

ffe
re

nc
es

 a
re

 u
se

d,
 o

r

E
=

f(
x

−

v ie
i)

−
f(

x
+

v ie
i)

2

v i
−

d
f(

x)

d
x

e i
,

if 
ce

nt
ra

l 
di

ffe
re

nc
es

 a
re

 u
se

d.T
he

 p
er

tu
rb

at
io

n 
si

ze
 i

sv i
=

w 1/3 m
ac

h
m

ax
 { 

1,
 |x

i|
}.

 C
en

tr
al

 d
iffe

r-

en
ce

 a
pp

ro
xi

m
at

io
ns

 a
re

 s
el

ec
te

d 
by

 s
et

tin
g 

th
e 

op
tio

na
l a

r
gu

m
en

tc
e
n
t
r
a
l

to
 a

 n
on

-z
er

o 
val

ue
.

O
th

er
w

is
e,

 fo
rw

ar
d 

di
ffe

re
nc

e 
ap

pr
ox

im
at

io
ns

 w
ill

 b
e 

us
ed

.

T
he

 fi
rs

t 
te

rm
 in

 t
he

 Ta
yl

or
 e

xp
an

si
on

 o
fE

w
ith

 r
es

pe
ct

 t
o

v i
is

 o
f 

or
de

r 
is

O
(

v 2 i
)

fo
r 

ce
nt

ra
l

di
ff

er
en

ce
s 

an
dO

(

v i)
fo

r 
fo

rw
ar

d 
di

ffe
re

nc
es

. 
M

or
ed

et
ai

ls
 c

an
 b

e 
fo

un
d 

in[1
29

, 
S

ec
. 

4.
1.

1]
.

T
hu

s,
 i

t 
is

 s
om

et
im

es
 u

se
fu

l 
to

 p
er

fo
rm

 b
ot

h 
fo

rw
ar

d 
an

d 
ce

nt
ra

l 
di

ffe
re

nc
e 

ap
pr

ox
im

at
io

ns
 t

o

-
19

9 
-

C
ha

p.
 5



de
ci

de
 w

he
th

er
 a

 l
arge

 d
iff

er
en

ce
 b

et
w

ee
n 

th
e 

de
ri

va
tiv

e 
an

d 
its

 fi
ni

te
-d

iffe
re

nc
e 

ap
pr

ox
im

at
io

ns

is
 d

ue
 m

er
el

y 
a 

re
su

lt 
of

 s
ca

lin
g 

or
 i

f 
it 

is
 a

ct
ua

lly
 d

ue
 t

o 
an

 e
rr

or
 i

n 
th

e 
im

pl
em

en
ta

tio
n 

of
 t

he

us
er

-s
up

pl
ie

d 
de

riva
tiv

e.
If

th
e 

de
riv

at
iv

e 
is

is
co

rr
ec

t 
th

en
E

sh
ou

ld
 d

ec
re

as
e 

su
bs

ta
nt

ia
lly

 w
he

n

ce
nt

ra
l d

iffe
re

nc
es

 a
re

 u
se

d.

If
D
I
S
P
=
0

,o
nl

y 
th

e 
m

ax
im

um
 e

rr
or

 is
 d

is
pl

ay
ed

.

T
he

 o
ut

pu
ts
e
r
r
o
r
A

an
d
e
r
r
o
r
B

re
tu

rn
 t

he
 e

rr
or

s 
fo

rh
x
(t

,x
,u

)
an

d
h u

(t
,x

,u
)

re
sp

ec
-

tiv
el

y.
T

he
 o

ut
pu

tm
a
x
_
e
r
r
o
r

is
 th

e 
m

ax
im

um
 e

rr
or

 d
et

ec
te

d 
fo

r 
al

l o
f t

he
 d

er
i

va
tiv

es
.

E
xa

m
pl

e

T
he

 f
ol

lo
w

in
g 

ex
am

pl
e 

co
m

pa
re

s 
th

e 
ou

tp
ut

 f
ro

mch
ec

k_
de

riv
us

in
g 

fo
rw

ar
d 

an
d 

ce
nt

ra
l 

fin
ite

-

di
ff

er
en

ce
s.

 
T

he
de

riv
at

iv
es

ap
pe

ar
 t

o 
be

 c
or

re
ct

 s
in

ce
 t

he
 e

rr
or

s 
ar

e 
m

uc
h 

sm
al

le
r 

w
he

n 
ce

nt
ra

l

di
ff

er
en

ce
s 

ar
e 

us
ed

.F
irs

t f
or

w
ar

d 
di

ffe
re

nc
es

 a
re

 u
se

d,
 th

en
 c

en
tr

al
 d

if
fe

re
nc

es
.

>
>
 
c
h
e
c
k
_
d
e
r
i
v
(
[
-
5
;
-
5
]
,
0
,
0
)
;

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

S
y
s
t
e
m
 
m
a
t
r
i
c
e
s
:

E
r
r
o
r
 
i
n
 
h
_
x
 
=

1
.
0
e
-
0
4
 
*

0
-
0
.
0
0
0
0

-
0
.
0
0
0
0
 

-
0
.
6
3
5
8

E
r
r
o
r
 
i
n
 
h
_
u
 
=

1
.
0
e
-
1
0
 
*

0
0
.
9
4
2
1

F
o
r
 
f
u
n
c
t
i
o
n
 
1
:

E
r
r
o
r
 
i
n
 
l
_
x
 
=

1
.
0
e
-
0
4
 
*

-
0
.
3
0
2
8
 

0

E
r
r
o
r
 
i
n
 
l
_
u
 
=

6
.
0
5
5
3
e
-
0
6

F
o
r
 
f
u
n
c
t
i
o
n
 
1
:

E
r
r
o
r
 
i
n
 
g
_
x
0
 
=

0
0

E
r
r
o
r
 
i
n
 
g
_
x
f
 
=

0
0

M
a
x
i
m
u
m
 
e
r
r
o
r
 
r
e
p
o
r
t
e
d
 
i
s
 
6
.
3
5
8
2
3
e
-
0
5
.

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

-
20

0 
-

C
ha

p.
 5

>
>
 
c
h
e
c
k
_
d
e
r
i
v
(
[
-
5
;
-
5
]
,
0
,
0
,
[
]
,
0
,
1
)
;

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

S
y
s
t
e
m
 
m
a
t
r
i
c
e
s
:

E
r
r
o
r
 
i
n
 
h
_
x
 
=

1
.
0
e
-
1
0
 
*

0
-
0
.
0
5
7
8

-
0
.
2
3
5
5
 

-
0
.
3
8
3
3

E
r
r
o
r
 
i
n
 
h
_
u
 
=

1
.
0
e
-
1
0
 
*

0
0
.
9
4
2
1

F
o
r
 
f
u
n
c
t
i
o
n
 
1
:

E
r
r
o
r
 
i
n
 
l
_
x
 
=

1
.
0
e
-
1
0
 
*

0
.
5
7
8
2
 

0

E
r
r
o
r
 
i
n
 
l
_
u
 
=

0

F
o
r
 
f
u
n
c
t
i
o
n
 
1
:

E
r
r
o
r
 
i
n
 
g
_
x
0
 
=

0
0

E
r
r
o
r
 
i
n
 
g
_
x
f
 
=

0
0

M
a
x
i
m
u
m
 
e
r
r
o
r
 
r
e
p
o
r
t
e
d
 
i
s
 
9
.
4
2
1
3
5
e
-
1
1
.

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

S
ee

 A
ls

o:
ch

ec
k_

gr
ad

-
20

1 
-

C
ha

p.
 5



0
< 40
r 8

@ t
/s

P
ur

po
se

T
hi

s 
fu

nc
tio

n 
ch

ec
ks

 t
he

 a
cc

ur
acy
of

gr
ad

ie
nt

s 
of

 t
he

 o
bj

ec
tive

 a
nd

 c
on

st
ra

in
t 

fu
nc

tio
ns

, 
w

ith

re
sp

ec
t 

to
 c

on
tr

ol
s 

an
d 

in
iti

al
 c

on
di

tio
ns

, 
as

 c
om

pu
te

d 
by

si
m

ul
at

e,
fo

rm
s 

1 
an

d 
2.

It 
al

so
 p

ro
-

vi
de

s 
a 

m
ea

ns
 to

 in
di

re
ct

ly
 c

he
ck

 th
e 

v
al

id
ity

 o
f t

he
 u

se
r-s

up
pl

ie
d 

de
riva

tiv
e

D
h,

D
la

nd
D

g.

C
al

lin
g 

S
yn

ta
x

m
a
x
_
e
r
r
o
r
 
=
 
c
h
e
c
k
_
g
r
a
d
(
i
,
j
,
k
,
x
0
,
u
,
t
,
i
a
l
g
,
{
p
a
r
a
m
s
}
,
{
c
e
n
t
r
a
l
}
,

{
D
I
S
P
}
)

D
es

cr
ip

tio
n

T
he

 
in

pu
t
x
0

,
u

,
t

an
d
i
a
l
g

sp
ec

ify
 

th
e 

in
pu

ts
 

to
 

th
e 

no
m

in
al

 
si

m
ul

at
io

nsi
m

u-

la
te

(1
,x

0,
u,

t,i
al

g,
0)

pr
io

r 
to

 t
he

 c
om

pu
ta

tio
n 

of
 t

he
 g

ra
di

en
ts

.
T

he
 g

ra
di

en
ts

 a
re

 t
es

te
d 

at
 t

he
 d

is
-

cr
et

e-
tim

e 
in

di
ce

s 
as

 s
pe

ci
fie

d 
in

 th
e 

fo
llo

w
in

g 
ta

bl
e:

In
de

x
Pu

rp
os

e

i
S

pl
in

e 
co

effi
ci

en
t c

on
tr

ol
u

th
at

 w
ill

 b
e 

pe
rt

ur
be

d.
If
i
=
0

,t
he

gr
ad

ie
nt

s 
w

ith
 r

es
pe

ct
 tou

w
ill

 n
ot

 b
e 

ch
ec

ke
d.

j
In

de
x

of
in

iti
al

 s
ta

te
 ve

ct
or

,

x ,t
ha

t w
ill

 b
e 

pe
rt

ur
be

d.
If
j
=
0

,t
he

gr
ad

ie
nt

s 
w

ith
 r

es
pe

ct
 to

 th
ex w

ill
 n

ot
 b

e 
ch

ec
ke

d.
k

F
or

ea
ch

 tr
aj

ec
to

ry
 c

on
st

ra
in

ts
,
k

in
di

ca
te

s 
th

e 
di

sc
re

te
-t

im
e 

in
-

de
x,

 s
ta

rt
in

g 
w

ith
k
=
1

,a
tw

hi
ch

 th
e 

tr
aj

ec
to

ry
 c

on
st

ra
in

ts
 w

ill
 b

e
ev

alu
at

ed
. 

If
k
=
0

,t
he

 tr
aj

ec
to

ry
 c

on
st

ra
in

t g
ra

di
en

ts
 w

ill
 n

ot
 b

e
ch

ec
ke

d.

T
he

 fi
ni

te
-d

iffe
re

nc
e 

co
m

pu
ta

tio
ns

 a
re

 th
e 

sa
m

e 
as

 d
es

cr
ib

ed
 fo

r
ch

ec
k_

de
riv

.

If 
th

er
e 

ar
e 

sy
st

em
 p

ar
am

et
er

s 
(s

ee
 d

es
cr

ip
tio

n 
of

in
it

,§
3)

, 
th

es
e 

m
us

t 
be

 g
i

ve
n

by
th

e 
in

pu
t

p
a
r
a
m
s

.
C

en
tr

al
 d

iffe
re

nc
e 

ap
pr

ox
im

at
io

ns
 w

ill
 b

e 
us

ed
 i

f 
a 

no
n-

ze
ro

 v
al

ue
 f

or
c
e
n
t
r
a
l

is

sp
ec

ifi
ed

; 
ot

he
rw

is
e 

fo
rwa

rd
 d

iff
er

en
ce

s 
w

ill
 b

e 
us

ed
.If
D
I
S
P
=
0

,
on

ly
 t

he
 m

ax
im

um
 e

rr
or

 i
s

di
sp

la
ye

d.
 

T
hi

si
s 

pa
rt

ic
ul

ar
ly

 u
se

fu
l 

ifc
he

ck
_d

er
iv

is
 u

se
d 

in
 a

 l
oo

p 
on

 a
ny
of

th
e 

in
di

ce
s

i
,
j
,
k

.
T

he
 o

ut
pu

tm
a
x
_
e
r
r
o
r

is
 th

e 
m

ax
im

um
 e

rr
or

 d
et

ec
te

d 
in

 th
e 

gr
ad

ie
nt

s.

-
20

2 
-

C
ha

p.
 5

E
xa

m
pl

e

T
he

 f
ol

lo
w

in
g 

ex
am

pl
e 

ch
ec

ks
 t

he
 t

en
th

 c
om

po
ne

nt
 o

f 
th

e 
co

nt
ro

l 
gr

ad
ie

nt
 a

nd
 t

he
 s

ec
on

d 
co

m
-

po
ne

nt
 o

f 
in

iti
al

 c
on

di
tio

n 
gr

ad
ie

nt
 a

s 
co

m
pu

te
d 

by
 R

K
2 

us
in

g 
ce

nt
ra

l 
di

f
fe

re
nc

es
. 

T
he

in
te

gr
a-

tio
n 

is
 p

er
fo

rm
ed

 o
n 

th
e 

tim
e 

in
te

rval
t

∈∈
[0

, 2
. 5

]w
ith

N
=

50
 in

te
rva

ls
. 

T
he

gr
ad

ie
nt

s 
ar

e 
eva

lu
-

at
ed

 fo
r 

th
e 

se
co

nd
 o

rd
er

 s
pl

in
e 

co
nt

ro
l

u(
t)

=
1

fo
r 

al
lt

(i.
e.

,

y k
=

1,
k

=
1,

 . 
. .

 ,N
+

1)
.

>
>
 
t
 
=
 
[
0
:
2
.
5
/
5
0
:
2
.
5
]
;

>
>
 
u
 
=
 
o
n
e
s
(
1
,
5
1
)
;

>
>
 
x
0
 
=
 
[
-
5
;
-
5
]
;

>
>
 
c
h
e
c
k
_
g
r
a
d
(
1
0
,
2
,
0
,
x
0
,
u
,
t
,
2
,
[
]
,
1
)
;

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

U
s
i
n
g
 
p
e
r
t
u
r
b
a
t
i
o
n
 
s
i
z
e
 
o
f
 
6
.
0
5
5
4
5
e
-
0
6

E
v
a
l
u
a
t
i
n
g
 
f
u
n
c
t
i
o
n
 
1
.

e
r
r
o
r
_
u
 
=
1
.
8
4
3
2
9
e
-
0
9

e
r
r
o
r
_
x
0
 
=
 
-
4
.
8
8
4
2
7
e
-
1
1

R
e
l
a
t
i
v
e
 
e
r
r
o
r
 
i
n
 
c
o
n
t
r
o
l
 
g
r
a
d
i
e
n
t
 
=
 
2
.
5
2
8
2
1
e
-
0
7
%

G
r
a
d
i
e
n
t
 
O
K

R
e
l
a
t
i
v
e
 
e
r
r
o
r
 
i
n
 
x
0
 
g
r
a
d
i
e
n
t
 
=
 
1
.
1
4
8
4
2
e
-
0
9
%

G
r
a
d
i
e
n
t
 
O
K

E
v
a
l
u
a
t
i
n
g
 
e
n
d
p
o
i
n
t
 
c
o
n
s
t
r
a
i
n
t
 
1
.

e
r
r
o
r
_
u
 
=
-
5
.
4
6
7
3
7
e
-
1
1

e
r
r
o
r
_
x
0
 
=
 
-
5
.
9
8
2
7
1
e
-
1
2

R
e
l
a
t
i
v
e
 
e
r
r
o
r
 
i
n
 
c
o
n
t
r
o
l
 
g
r
a
d
i
e
n
t
 
=
 
6
.
0
4
3
3
7
e
-
0
8
%

G
r
a
d
i
e
n
t
 
O
K

R
e
l
a
t
i
v
e
 
e
r
r
o
r
 
i
n
 
x
0
 
g
r
a
d
i
e
n
t
 
=
 
1
.
8
7
8
4
6
e
-
0
9
%

G
r
a
d
i
e
n
t
 
O
K

M
a
x
i
m
u
m
 
e
r
r
o
r
 
r
e
p
o
r
t
e
d
 
i
s
 
1
.
8
4
3
2
9
e
-
0
9
.

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

S
ee

 A
ls

o:
ch

ec
k_

de
riv

-
20

3 
-

C
ha

p.
 5



4 3
/= 8H 90

P
ur

po
se

T
hi

s 
fu

nc
tio

n 
pr

ov
id

es
 a

 c
onv

en
ie

nt
 i

nt
er

fa
ce

 t
o

si
m

ul
at

e,
fo

rm
 2

, 
fo

r 
co

m
pu

tin
g 

fu
nc

tio
n 

an
d

gr
ad

ie
nt

 v
al

ue
s.

 
A

sy
st

em
 s

im
ul

at
io

n 
m

us
t 

al
re

ad
y 

have
 b

ee
n 

pe
rf

or
m

ed
 f

or
 t

hi
s 

fu
nc

tio
n 

to

w
or

k.

C
al

lin
g 

S
yn

ta
x

[
f
,
d
u
,
d
x
0
,
p
]
 
=
 
e
v
a
l
_
f
n
c
(
t
y
p
e
,
n
u
m
,
k
)

D
es

cr
ip

tio
n 

of
 In

pu
ts

t
y
p
e

A
st

rin
g 

th
at

 s
pe

ci
fie

s 
th

e 
ty

pe
 o

f f
un

ct
io

n 
to

 b
e 

e
va

lu
at

ed
. 

T
he

ch
oi

ce
s 

ar
e

’
o
b
j
’

O
bj

ec
tiv

e 
fu

nc
tio

n
’
e
i
’

E
nd

po
in

t i
ne

qu
al

ity
 c

on
st

ra
in

t
’
e
e
’

E
nd

po
in

t e
qu

al
ity

 c
on

st
ra

in
t

’
t
r
a
j
’

T
ra

je
ct

or
y 

co
ns

tr
ai

nt

n
u
m

S
pe

ci
fie

s

z fo
r 

th
e 

fu
nc

tio
n 

of
 th

e 
ty

pe
 s

pe
ci

fie
d 

byt
y
p
e

is
 to

 b
e 

eva
lu

at
ed

.

k
F

or
tr

aj
ec

to
ry

 c
on

st
ra

in
ts

 o
nl

y.
Sp

ec
ifi

es
 t

he
 i

nd
ex

fo
r 

th
e 

tim
e,

t k
,

in
th

e 
cu

rr
en

t

in
te

gr
at

io
n 

m
es

h 
at

 w
hi

ch
 t

o 
e

va
lu

at
e 

th
e 

tr
aj

ec
to

ry
 c

on
st

ra
in

t.If
k

is
 a

 v
ec

to
r,

th
e

tr
aj

ec
to

ry
 c

on
st

ra
in

t 
w

ill
 b

e 
eva
lu

at
ed

 a
t 

th
e 

tim
es

 s
pe

ci
fie

d 
by

 e
ac

h 
m

es
h 

po
in

t 
in

de
x

in
k

.

D
es

cr
ip

tio
n 

of
 O

ut
pu

ts

f
T

he
 fu

nc
tio

n 
va

lu
e.

d
u

T
he

 g
ra

di
en

t 
w

ith
 r

ep
ec

t 
tou

.
N

ot
 c

om
pu

te
d 

fo
r 

tr
aj

ec
to

ry
 c

on
st

ra
in

ts
 ifi
n
d
e
x

is
 a

ve
ct

or
.

d
x
0

T
he

 d
er

iva
tiv

e 
of

th
e 

fu
nc

tio
n 

w
ith

 r
es

pe
ct

 t
o 

in
iti

al
 c

on
di

tio
ns

,{ .
N

ot
 c

om
pu

te
d 

fo
r

tr
aj

ec
to

ry
 c

on
st

ra
in

ts
 ifi
n
d
e
x

is
 a

 ve
ct

or
.

p
T

he
 a

dj
oi

nt
 t

ra
je

ct
or

y.
N

ot
 c

om
pu

te
d 

fo
r 

tr
aj

ec
to

ry
 c

on
st

ra
in

ts
 ifi
n
d
e
x

is
 a

 v
ec

to
r.

-
20

4 
-

C
ha

p.
 5

E
xa

m
pl

es

T
he

 f
ol

lo
w

in
g 

ex
am

pl
es

 a
ss

um
e 

th
at

 a
 s

im
ul

at
io

n 
ha

s 
al

re
ad

y 
be

en
 p

er
fo

rm
ed

 o
n 

a 
sy

st
em

 t
ha

t

ha
s 

at
 le

as
t 

two
en

dp
oi

nt
 e

qu
al

ity
 c

on
st

ra
in

ts
 a

nd
 a

 t
ra

je
ct

or
y 

co
ns

tr
ai

nt
.

T
he

 fi
rs

t 
ca

ll 
to

ev
 al

_f
nc

ev
alu

at
es

 th
e 

se
co

nd
 e

nd
po

in
t e

qu
al

ity
 c

on
st

ra
in

t.

>
>
 
f
=
e
v
a
l
_
f
n
c
(
’
e
e
’
,
2
)

f
=

0
.
2
4
2
4

S
in

ce
 e

qu
al

ity
 c

on
st

ra
in

ts
 s

ho
ul

d 
e

va
lu

at
e 

to
 z

er
o,

 t
hi

s 
co

ns
tr

ai
nt

 is
 v

io
la

te
d.T
hi

s 
ne

xt
 c

al
l e

va
lu

-

at
es

 th
e 

fir
st

 tr
aj

ec
to

ry
 c

on
st

ra
in

t a
t t

he
 ti

m
es

t k
,k

=
5,

 . 
. .

 , 
15

,in
 th

e 
cu

rr
en

t i
nt

egr
at

io
n 

m
es

h.

>
>
 
e
v
a
l
_
f
n
c
(
’
t
r
a
j
’
,
1
,
5
:
1
5
)

a
n
s
 
=

C
o
l
u
m
n
s
 
1
 
t
h
r
o
u
g
h
 
7

-
1
.
0
1
8
2
 

-
1
.
0
2
2
2
 

-
1
.
0
2
5
8
 

-
1
.
0
2
8
8
 

-
1
.
0
3
1
1
 

-
1
.
0
3
2
7
 

-
1
.
0
3
3
8

C
o
l
u
m
n
s
 
8
 
t
h
r
o
u
g
h
 
1
1

-
1
.
0
3
3
5
 

-
1
.
0
3
1
8
 

-
1
.
0
2
9
5
 

-
1
.
0
2
6
5

S
in

ce
 i

ne
qu

al
ity

 c
on

st
ra

in
ts

 a
re

 s
at

is
fie

d 
if 

le
ss

 t
ha

n 
or

 e
qu

al
 t

o 
ze

ro
, 

th
is

 t
ra

je
ct

or
y 

co
ns

tr
ai

nt
 i

s

sa
tis

fie
d 

at
 th

es
e 

sp
ec

ifi
ed

 p
oi

nt
s.

-
20

5 
-

C
ha

p.
 5



6.
 

O
P

T
IM

IZ
A

T
IO

N
 P

R
O

G
R

A
M

S

T
hi

s 
se

ct
io

n 
de

sc
rib

es
 t

he
 s

ui
te

 o
f 

op
tim

iz
at

io
n 

pr
og

ra
m

s 
th

at
 c

an
 b

e 
us

ed
 t

o 
so

lv
e

va
rio

us
 c

as
es

of
 t

he
 o

pt
im

al
 c

on
tr

ol
 p

ro
bl

em
O

C
P

.
T

he
se

 p
ro

gr
am

s 
se

ek
 l

oc
al

 m
in

im
iz

er
s 

to
 t

he
 d

is
cr

et
iz

ed

pr
ob

le
m

. 
T

he
m

os
t 

ge
ne

ra
l 

pr
og

ra
m

 i
srio

ts
w

hi
ch

 c
on

ve
rt

s
O

C
P

in
to

 a
 m

at
he

m
at

ic
al

 p
ro

gr
am

w
hi

ch
 is

 s
ol

ve
d 

us
in

g 
st

an
da

rd
 n

on
lin

ea
r 

pr
og

ra
m

m
in

g 
te

ch
ni

qu
es

.
C

ur
re

nt
ly,

rio
ts

ca
n 

be
 li

nk
ed

w
ith

 o
ne

 o
f 

tw
o

se
qu

en
tia

l 
qu

ad
ra

tic
 p

ro
gr

am
m

in
g 

(S
Q

P
) 

al
go

rit
hm

 a
s 

de
sc

rib
ed

 l
at

er
.

B
es

id
es

be
in

g 
ab

le
 t

o 
so

lve
th

e 
la

rg
es

t 
cl

as
s 

of
 o

pt
im

al
 c

on
tr

ol
 p

ro
bl

em
s,rio

ts
is

 a
ls

o 
th

e 
m

os
t 

ro
bus

t

al
go

rit
hm

 a
m

on
gs

t 
th

e 
op

tim
iz

at
io

n 
pr

og
ra

m
s 

a
va

ila
bl

e 
in

 R
IO

T
S

. 
H

ow
ev

er
, 

it
ca

n 
on

ly
 h

an
dl

e

m
ed

iu
m

 s
iz

e 
pr

ob
le

m
s.T

he
 s

iz
e 

of
 a

 p
ro

bl
em

, 
th

e 
nu

m
be

r 
of

 d
ec

is
io

n 
v

ar
ia

bl
es

, 
is

 p
rim

ar
ily

de
te

rm
in

ed
 b

y 
th

e 
nu

m
be

r 
of

 c
on

tr
ol

 i
np

ut
s 

an
d 

th
e 

di
sc

re
tiz

at
io

n 
le

ve
l. 

W
ha

t
is

 m
ea

nt
 b

y

m
ed

iu
m

 s
iz

e 
pr

ob
le

m
s 

is
 d

is
cu

ss
ed

 in
 th

e 
de

sc
rip

tio
n 

of
rio

ts
.

T
he

 m
os

t 
re

st
ric

tive
 p

ro
gr

am
 is

pd
m

in
w

hi
ch

 c
an

 s
ol

ve
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s 
w

ith
 c

on
-

st
ra

in
ts

 c
on

si
st

in
g 

of
 o

nl
y 

si
m

pl
e 

bo
un

ds
 o

n| an
d

u.
St

at
e 

co
ns

tr
ai

nt
s 

ar
e 

no
t 

al
low
ed

. 
T

he
al

go
-

rit
hm

 u
se

d 
by

pd
m

in
is

 t
he

 p
ro

je
ct

ed
 d

es
ce

nt
 m

et
ho

d 
de

sc
rib

ed
 in

 C
ha

pt
er

 3
.

B
ec

au
se

 o
f 

th
e 

effi-

ci
en

cy
of

th
e 

pr
oj

ec
te

d 
de

sc
en

t m
et

ho
d,pd

m
in

ca
n 

so
lve

la
rg

e 
pr

ob
le

m
s.

P
ro

bl
em

s 
th

at
 h

ave
,

in
ad

di
tio

n 
to

 s
im

pl
e 

bo
un

ds
 o

nu
an

d

| ,
en

dp
oi

nt
 e

qu
al

ity
 c

on
st

ra
in

ts

ca
n 

be
 s

ol
ved

 b
ya

ug
_l

ag
rn

g.
T

he
 a

lg
or

ith
m

 is
 a

 m
ul

tip
lie

r 
m

et
ho

d 
w

hi
ch

 r
el

ie
s 

up
onpd

m
in

to

so
lv

e
a

se
qu

en
ce

 o
f 

pr
ob

le
m

s 
w

ith
 o

nl
y 

si
m

pl
e 

bo
un

d 
co

ns
tr

ai
nt

s.
T

hi
s 

pr
og

ra
m

 p
rov

id
es

 a
 g

oo
d

ex
am

pl
e 

of
 h

ow
th

e 
to

ol
bo

x 
st

yl
e 

of
 R

IOT
S

 c
an

 b
e 

us
ed

 t
o 

cr
ea

te
 a

 c
om

pl
e

x
al

go
rit

hm
 f

ro
m

 a

si
m

pl
er

 o
ne

.C
ur

re
nt

ly,
th

e 
im

pl
em

en
ta

tio
n 

ofa
ug

_l
ag

rn
g

is
 f

ai
rly

 n
ai

ve
 a

nd
 h

as
 a

 g
re

at
 d

ea
l o

f

ro
om

 le
ft 

fo
r 

im
pr

ov
em

en
t. 

A
ls

o,
it 

w
ou

ld
 b

e 
re

la
tive

ly
 s

tr
ai

gh
tfo

rw
ar

d 
to

 a
dd

 a
n 

ac
tive

 s
et

 s
tr

at
-

eg
y

to
au

g_
la

gr
ng

in
 o

rd
er

 to
 a

llow
it

to
ha

nd
le

 in
eq

ua
lit

y 
co

ns
tr

ai
nt

s.

F
in

al
ly

,
th

e 
pr

og
ra

m
ou

te
r

is
 a

n 
ex

pe
rim

en
ta

l 
ou

te
r 

lo
op

 w
hi

ch
 r

ep
ea

te
dl

y 
ca

llsrio
ts

to

so
lv

e
a

se
qu

en
ce

 o
f 

in
cr

ea
si

ng
ly

 a
cc

ur
at

e 
di

sc
re

tiz
at

io
ns

 (
ob

ta
in

ed
 b

y 
ca

lls
 t

o
di

st
rib

ut
e)

of
O

C
P

in
 o

rd
er

 to
 e

ffic
ie

nt
ly

 c
om

pu
te

 th
e 

op
tim

al
 c

on
tr

ol
 to

 a
 s

pe
ci

fie
d 

ac
cu

ra
c

y.

C
ho

ic
e 

of
 In

te
gr

at
io

n 
an

d 
S

pl
in

e 
O

r
de

rs
.

E
ac

h 
of

 t
he

se
 o

pt
im

iz
at

io
n 

pr
og

ra
m

s 
re

qu
ire

s 
th

e 
us

er
 t

o 
se

le
ct

 a
n 

in
te

gr
at

io
n 

ro
ut

in
e 

an
d 

th
e

or
de

r 
of

 t
he

 s
pl

in
e 

re
pr

es
en

ta
tio

n 
fo

r 
th

e 
co

nt
ro

ls
.

T
he

re
 a

re
 s

eve
ra

l 
fa

ct
or

s 
inv

ol
ve

d 
in

 t
he

se

se
le

ct
io

ns
. 

S
om

eof
 t

he
se

 fa
ct

or
s 

ar
e 

di
sc

us
se

d 
be

lo
w

an
d 

su
m

m
ar

iz
ed

 i
n 

th
e 

Tab
le

 O
2 

th
at

 f
ol

-

lo
w

s.
 C

on
su

ltC
ha

pt
er

 4
.2

 fo
r 

a 
m

or
e 

in
-d

ep
th

 d
is

cu
ss

io
n.

F
ix

ed
 s

te
p-

si
ze

 i
nt

eg
ra

tio
n.

T
he

 fi
rs

t 
co

ns
id

er
at

io
n 

is
 t

ha
t, 

fo
r 

ea
ch

 o
f 

th
e 

fix
ed

 s
te

p-
si

ze

R
un

ge
-K

ut
ta

 m
et

ho
ds

, 
th

er
e 

is
 a

 li
m

it 
to

 h
o

w
m

uc
h 

ac
cu

ra
cy

ca
n 

be
 o

bt
ai

ne
d 

in
 t

he
 c

on
tr

ol
 s

ol
u-

tio
ns

 a
t 

ce
rt

ai
n 

di
sc

re
te

 t
im

e 
po

in
ts

.
T

he
 a

cc
ur

acy
, 

||u
N
*

−
u*

||,
of

th
e 

co
nt

ro
l 

sp
lin

es
 c

an
 n

ot
 b

e

-
20

6 
-

C
ha

p.
 5

gr
ea

te
r 

th
an

 t
he

 s
ol

ut
io

ns
 a

t 
th

es
e 

tim
e 

po
in

ts
.

T
he

 o
rd

er
 o

f 
th

e 
ac

cu
ra

c
y

of
sp

lin
e 

so
lu

tio
ns

 w
ith

re
sp

ec
t 

to
 t

he
 d

is
cr

et
iz

at
io

n 
leve
lf

or
u

n
co

n
st

ra
in

e
d

pr
ob

le
m

s 
is

 g
ive

n
in

th
e 

fo
llo

w
in

g 
ta

bl
e.

T
he

qu
an

tit
y

∆
us

ed
 in

 t
hi

s 
ta

bl
e 

is
 d

efi
ne

d 
as∆

=.
m

ax
k

t N
,k

+1
−

t N
,k

.
T

he
 t

hi
rd

 c
ol

um
n 

is
 a

 r
em

in
de

r

of
 th

e 
sp

lin
e 

or
de

rs
 th

at
 a

re
 a

llow
ed

 b
ys

im
ul

at
e

fo
r 

ea
ch

 R
K

 m
et

ho
d.

Ta
bl

e 
O

1

R
K

 M
et

ho
d

O
rd

er
 o

f A
cc

ur
acy

A
llo

w
ab

le
 S

pl
in

e 
O

rd
er

s

1
O

(∆
1
)

1

2
O

(∆
2
)

2

3
O

(∆
2
)

2

4
O

(∆
3
)

2,
3,

4

W
hi

le
 it

 is
 p

os
si

bl
e 

w
ith

 s
om

e 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s 
to

 a
ch

ie
ve

 h
ig

he
r 

or
de

r 
ac

cu
ra

ci
es

, 
th

is
 is

a
no

n-
ge

ne
ric

 s
itu

at
io

n.
T

he
 o

rd
er

 o
f 

sp
lin

e 
re

pr
es

en
ta

tio
n 

sh
ou

ld
 t

he
re

fo
re

 n
ot

 e
xc

ee
d 

th
e 

ac
cu

-

ra
ci

es
 l

is
te

d 
in

 t
he

 s
ec

on
d 

co
lu

m
n 

of
 t

hi
s 

ta
bl

e.T
hu

s,
 f

or
 R

K
4,

 ev
en

th
ou

gh
 c

ub
ic

 s
pl

in
es

 a
re

al
lo

w
ed

 th
er

e 
is

 u
su

al
ly

 n
o 

re
as

on
 to

 u
se

 h
ig

he
r 

th
an

 q
ua

dr
at

ic
 s

pl
in

es
 (

} =
3)

.

T
he

 o
rd

er
s 

lis
te

d 
in

 t
he

 a
bove

 ta
bl

e 
ar

e 
us

ua
lly

 o
nl

y 
ac

hi
e

ve
d

fo
r 

un
co

ns
tr

ai
ne

d 
pr

ob
le

m
s.

F
or

pr
ob

le
m

s 
w

ith
 c

on
tr

ol
 c

on
st

ra
in

ts
 i

t 
is

 t
yp

ic
al

ly
 i

m
po

ss
ib

le
 t

o 
ac

hi
e

ve
 b

et
te

r 
th

an
 fi

rs
t 

or
de

r

ac
cu

ra
cy.

 
Th

is
 i

s 
ev

en
tru

e 
if 

th
e 

di
sc

on
tin

ui
tie

s 
in

 t
he

 o
pt

im
al

 c
on

tr
ol

 a
re

 k
no

w
n

a
pr

io
ri

si
nc

e

th
e 

lo
ca

tio
ns

 o
f 

th
es

e 
di

sc
on

tin
ui

tie
s 

w
ill

 n
ot

 c
oi

nc
id

e 
w

ith
 t

he
 d

is
co

nt
in

ui
tie

s 
of

 t
he

 d
is

cr
et

iz
ed

pr
ob

le
m

s.
 F

or
 p

ro
bl

em
s 

w
ith

 s
ta

te
 c

on
st

ra
in

ts
, 

th
e 

is
su

e 
is

 m
or

e 
co

m
pl

ic
at

ed
.

In
 g

en
er

al
, 

w
e 

re
c-

om
m

en
d 

us
in

g 
se

co
nd

 o
rd

er
 s

pl
in

es
 (

e
xc

ep
t 

fo
r 

E
ul

er
’s

m
et

ho
d)

 f
or

 p
ro

bl
em

s 
w

ith
 c

on
tr

ol
 a

nd
/o

r

tr
aj

ec
to

ry
 c

on
st

ra
in

ts
.E

ve
n 

if 
fir

st
 o

rd
er

 a
cc

ur
acy

is
all

 t
ha

t 
ca

n 
be

 a
ch

ieve
d,

 t
he

re
 i

s 
al

m
os

t 
no

ex
tr

a 
w

or
k 

in
vo

lv
ed

 i
n 

us
in

g 
se

co
nd

 o
rd

er
 s

pl
in

es
.

F
ur

th
er

m
or

e,
 s

ec
on

d 
or

de
r 

sp
lin

es
 w

ill
 o

fte
n

gi
ve

 s
om

ew
ha

t 
be

tte
r 

re
su

lts
 t

ha
n 

fir
st

 o
rd

er
 s

pl
in

es
 e

ve
n

if
th

e 
ac

cu
ra

cy
is

as
ym

pt
ot

ic
al

ly
 li

m
ite

d

to
 fi

rs
t o

rd
er.

A
se

co
nd

 c
on

si
de

ra
tio

n 
is

 t
ha

t 
th

e 
o

ve
ra

ll 
so

lu
tio

n 
er

ro
r 

is
 d

ue
 t

o 
bo

th
 t

he
 i

nt
e

gr
at

io
n 

er
ro

r

an
d 

th
e 

er
ro

r 
ca

us
ed

 b
y 

ap
pr

ox
im

at
in

g 
an

 in
fin

ite
 d

im
en

si
on

al
 f

un
ct

io
n,

 t
he

 o
pt

im
al

 c
on

tr
ol

, 
w

ith

a
fin

ite
 d

im
en

si
on

al
 s

pl
in

e.B
ec

au
se

 o
f 

th
e 

in
te

ra
ct

io
n 

of
 t

he
se

 t
w

o
so

ur
ce

s 
of

 e
rr

or
 a

nd
 t

he
 fac

t

th
at

 t
he

 a
cc

ur
acy

of
th

e 
sp

lin
e 

re
pr

es
en

ta
tio

ns
 is

 li
m

ite
d 

to
 t

he
 a

bo
ve

 ta
bl

e,
 im

pr
ov

in
g 

th
e 

in
teg

ra
-

tio
n 

ac
cu

ra
cy

by
us

in
g 

a 
hi

gh
er

 o
rd

er
 m

et
ho

d 
do

es
 n

ot
 n

ec
es

sa
ril

y 
im

pl
y 

th
at

 t
he

 a
cc

ur
ac

y
of

th
e

so
lu

tio
n 

to
 t

he
 a

pp
ro

xi
m

at
in

g 
pr

ob
le

m
 w

ill
 im

pr
o

ve
.

H
ow

ev
 er

, 
ev

en
if

th
e 

sp
lin

e 
ac

cu
ra

cy
is

lim
-

ite
d 

to
 fi

rs
t 

or
de

r,i
ti

s
of

te
n 

th
e 

ca
se

 t
ha

t 
th

e 
in

tegr
at

io
n 

er
ro

r,w
hi

ch
 is

 o
f 

or
de

rO
(∆

s ),
 w

he
re

s
is

th
e 

or
de

r 
of

 t
he

 R
K

 m
et

ho
d,

 s
til

l 
ha

s 
a 

si
gn

ifi
ca

nt
ly

 g
re

at
er

 e
f

fe
ct

 o
n 

th
e 

ove
ra

ll 
er

ro
r 

th
an

 t
he

sp
lin

e 
er

ro
r 

(e
sp

ec
ia

lly
 a

t 
low

di
sc

re
tiz

at
io

n 
lev

el
s)

. 
T

hi
si

s 
pa

rt
ly

 d
ue

 t
o 

th
e 

fac
t 

th
at

 e
rr

or
s 

in
 t

he

-
20

7 
-

C
ha

p.
 5



co
nt

ro
l 

ar
e 

in
teg

ra
te

d 
ou

t 
by

 t
he

 s
ys

te
m

 d
yn

am
ic

s.T
hu

s,
 i

t 
is

 o
fte

n 
ad

van
ta

ge
ou

s 
to

 u
se

 h
ig

he
r

-

or
de

r 
in

teg
ra

tio
n 

m
et

ho
ds

 eve
n

th
ou

gh
 t

he
 s

ol
ut

io
n 

er
ro

r 
is

 a
sy

m
pt

ot
ic

al
ly

 li
m

ite
d 

to
 fi

rs
t 

or
de

r 
by

th
e 

sp
lin

e 
ap

pr
ox

im
at

io
n 

er
ro

r
.

T
he

 i
m

po
rt

an
ce

 o
f 

th
e 

R
K

 o
rd

er,
in

te
rm

s 
of

 r
ed

uc
in

g 
th

e 
ove
ra

ll 
am

ou
nt

 o
f 

co
m

pu
ta

tio
na

l

w
or

k 
re

qu
ire

d 
to

 a
ch

ieve
 a

 c
er

ta
in

 a
cc

ur
acy

, 
de

pe
nd

s 
on

 t
he

 o
pt

im
iz

at
io

n 
pr

og
ra

m
 b

ei
ng

 u
se

d.

E
ac

h 
ite

ra
tio

ns
 o

fri
ot

s
re

qu
ire

s 
th

e 
so

lu
tio

n 
of

 o
ne

 o
r 

m
or

e 
de

ns
e 

qu
ad

ra
tic

 p
ro

gr
am

.
T

he

di
m

en
si

on
 o

f 
th

es
e 

qu
ad

ra
tic

 p
ro

gr
am

s 
is

 e
qu

al
 t

o 
th

e 
nu

m
be

r 
of

 d
ec

is
io

n 
pa

ra
m

et
er

s 
(w

hi
ch

 i
s

m
(N

+

~ −
1)

 p
lu

s 
th

e 
nu

m
be

r 
of

 f
re

e 
in

iti
al

 c
on

di
tio

ns
).B
ec

au
se

 t
he

 wo
rk

 r
eq

ui
re

d 
to

 s
ol

ve
a

de
ns

e 
qu

ad
ra

tic
 p

ro
gr

am
 g

oe
s 

up
 a

t 
le

as
t 

cu
bi

ca
lly

 w
ith

 t
he

 n
um

be
r 

of
 d

ec
is

io
n 

v
ar

ia
bl

es
, 

at
 a

 c
er-

ta
in

 d
is

cr
et

iz
at

io
n 

lev
el

m
os

t 
of

 t
he

 w
or

k 
at

 e
ac

h 
ite

ra
tio

n 
w

ill
 b

e 
sp

en
t 

so
lv

in
g 

th
e 

qu
ad

ra
tic

 p
ro

-

gr
am

. 
T

hu
s,i

t 
is

 u
su

al
ly

 b
es

t 
to

 u
se

 t
he

 f
ou

rt
h 

or
de

r 
R

K
 m

et
ho

d 
to

 a
ch

ie
ve

 a
s

m
uc

h 
ac

cu
ra

cy
as

po
ss

ib
le

 f
or

 a
 g

ive
n

di
sc

re
tiz

at
io

n 
lev

el
. 

A
n

ex
ce

pt
io

n 
to

 t
hi

s 
ru

le
 o

cc
ur

s 
w

he
n 

pr
ob

le
mO
C

P

in
cl

ud
es

 t
ra

je
ct

or
y 

co
ns

tr
ai

nt
s.B

ec
au

se
 a

 s
ep

ar
at

e 
gr

ad
ie

nt
 c

al
cu

la
tio

n 
is

 p
er

fo
rm

ed
 a

t 
ea

ch
 m

es
h

po
in

t 
fo

r 
ea

ch
 t

ra
je

ct
or

y 
co

ns
tr

ai
nt

, 
th

e 
am

ou
nt

 o
f 

w
or

k 
in

cr
ea

se
s 

si
gn

ifi
ca

nt
ly

 a
s 

th
e 

in
te

gr
at

io
n

or
de

r 
is

 in
cr

ea
se

d.T
hu

s,
 it

 m
ay

 b
e 

be
ne

fic
ia

l t
o 

us
e 

a 
R

K
3 

or
 e

ve
n

R
K

2 
de

pe
nd

in
g 

on
 t

he
 p

ro
b-

le
m

.

O
n 

th
e 

ot
he

r 
ha

nd
, 

fo
r 

th
e 

op
tim

iz
at

io
n 

pr
og

ra
m

s
pd

m
in

an
d

au
g_

la
gr

ng
(w

hi
ch

 i
s 

ba
se

d

on
pd

m
in

)
th

e 
am

ou
nt

 o
f 

wo
rk

 r
eq

ui
re

d 
to

 s
ol

ve
th

e 
di

sc
re

tiz
ed

 p
ro

bl
em

 is
 r

ou
gh

ly
 li

ne
ar

 in
 t

he

nu
m

be
r 

of
 d

ec
is

io
n 

var
ia

bl
es

 w
hi

ch
 i

s 
ba

si
ca

lly
 p

ro
po

rt
io

na
l 

to
 t

he
 d

is
cr

et
iz

at
io

n 
le

ve
l

N
.

T
he

am
ou

nt
 o

f 
wo

rk
 r

eq
ui

re
d 

to
 i

nt
egr

at
e 

th
e 

di
ffe

re
nt

ia
l 

eq
ua

tio
ns

 i
s 

lin
ea

rly
 p

ro
po

rt
io

na
l 

toN
s

w
he

re
s

th
e 

or
de

r 
of

 t
he

 R
un

ge
-Ku

tta
 m

et
ho

d.
S

in
ce

 t
he

 i
nt

egr
at

io
n 

er
ro

r 
is

 p
ro

po
rt

io
na

l 
to

1
/N

s ,i
fn

ot
 f

or
 t

he
 e

rr
or

 f
or

 t
he

 s
pl

in
e 

ap
pr

ox
im

at
io

n 
it 

w
ou

ld
 a

lw
ay

s 
be

 b
es

t 
to

 u
se

 R
K

4.H
ow

-

ev
 er

, 
be

ca
us

e 
th

er
e 

is
 e

rr
or

 f
ro

m
 t

he
 fi

ni
te

 d
im

en
si

on
al

 s
pl

in
e 

re
pr

es
en

ta
tio

n,
 i

t 
do

es
 n

ot
 a

l
w

ay
s

pa
y 

to
 u

se
 t

he
 h

ig
he

st
 o

rd
er

 R
K

 m
et

ho
d.If,
 r

ou
gh

ly
 s

pe
ak

in
g,

 t
he

 e
rr

or
 f

ro
m

 t
he

 c
on

tr
ol

 r
ep

re
-

se
nt

at
io

n 
co

nt
ribu

te
s 

to
 th

e 
ove

ra
ll 

er
ro

r 
in

 th
e 

nu
m

er
ic

al
 s

ol
ut

io
n 

to
 la

r
ge

r 
ex

te
nt

 th
an

 th
e 

in
teg

ra
-

tio
n 

er
ro

r 
(n

ot
e 

th
at

 t
he

 s
pl

in
e 

er
ro

r 
an

d 
th

e 
in

te
gr

at
io

n 
er

ro
r 

ar
e 

in
 d

iffe
re

nt
 u

ni
ts

) 
th

en
 i

t 
is

w
as

te
fu

l 
to

 u
se

 a
 h

ig
he

r 
or

de
r 

R
K

 m
et

ho
d.T
hi

s 
us

ua
lly

 h
ap

pe
ns

 o
nl

y 
at

 h
ig

h 
di

sc
re

tiz
at

io
n 

le
v-

el
s.

T
he

 r
el

at
ive

 e
ff

ec
t 

of
 t

he
 s

pl
in

e 
er

ro
r 

ver
su

s 
th

e 
in

teg
ra

tio
n 

er
ro

r 
de

pe
nd

s 
on

 t
he

 n
at

ur
e 

of

th
e 

sy
st

em
 d

yn
am

ic
s 

an
d 

th
e 

sm
oo

th
ne

ss
 o

f 
th

e 
op

tim
al

 c
on

tr
ol

.
U

nf
or

tu
na

te
ly,

th
is

 i
s 

ha
rd

 t
o

pr
ed

ic
t 

in
 a

dv
an

ce
. 

B
ut

a
se

ns
e 

of
 t

he
 b

al
an

ce
 o

f 
th

es
e 

er
ro

rs
 c

an
 b

e 
ob

ta
in

ed
 b

y 
so

lv
in

g,
 if

 p
os

si
-

bl
e,

 t
he

 p
ro

bl
em

 a
t 

a 
low

di
sc

re
tiz

at
io

n 
lev

el
an

d 
vi

ew
in

g 
th

e 
so

lu
tio

n 
us

in
gs

p_
pl

ot
an

d 
us

in
g

si
m

ul
at

e
(f

or
m

 7
) 

or
es

t_
er

ro
rs

to
 o

bt
ai

n 
an

 e
st

im
at

e 
of

 th
e 

in
tegr
at

io
n 

er
ro

r.

T
he

re
 i

s 
a 

th
ird

 c
on

si
de

ra
tio

n 
fo

r 
se

le
ct

in
g 

th
e 

in
te

gr
at

io
n 

or
de

r.
Fo

r 
so

m
e 

pr
ob

le
m

s 
w

ith

pa
rt

ic
ul

ar
ly

 n
on

lin
ea

r 
dy

na
m

ic
s,

 i
n 

m
ay

 n
ot

 b
e 

po
ss

ib
le

 i
nt

e
gr

at
e 

th
e 

di
ffe

re
nt

ia
l 

eq
ua

tio
n 

if 
th

e

-
20

8 
-

C
ha

p.
 5

di
sc

re
tiz

at
io

n 
lev

el
is

to
o 

sm
al

l.
In

 t
he

se
 c

as
es

, 
th

e 
m

in
im

um
 d

is
cr

et
iz

at
io

n 
le

ve
ln

ee
de

d 
to

 p
ro

-

du
ce

 a
 s

ol
ut

io
n 

is
 s

m
al

le
st

 w
he

n 
us

in
g 

R
K

4.F
or

so
m

e 
pr

ob
le

m
s,

 i
t 

m
ay

 n
ot

 b
e 

po
ss

ib
le

 t
o

ac
hi

ev
e 

an
ac

cu
ra

te
 s

ol
ut

io
n 

of
 th

e 
di

f
fe

re
nt

ia
l e

qu
at

io
n 

at
 a

ny
re

as
on

ab
le

 d
is

cr
et

iz
at

io
n 

leve
l. 

Fo
r

th
es

e 
pr

ob
le

m
s,

 th
e 

v
ar

ia
bl

e 
st

ep
-s

iz
e 

in
tegr

at
io

n 
m

et
ho

d,
 d

is
cu

ss
ed

 n
e

xt
, w

ill
 h

av
e 

to
be

us
ed

.

R
eg

ar
dl

es
s 

of
 t

he
 i

nt
egr

at
io

n 
m

et
ho

d 
us

ed
, 

hi
gh

er
 o

rd
er

 s
pl

in
es

 (� >
2)

sh
ou

ld
 n

ot
 b

e 
us

ed

un
le

ss
 t

he
 o

pt
im

al
 c

on
tr

ol
 i

s 
su

f
fic

ie
nt

ly
 s

m
oo

th
.O

f 
co

ur
se

, 
th

e 
op

tim
al

 c
on

tr
ol

 i
s 

no
t 

kn
o

w
n 

in

ad
va

nc
ed

. 
G

en
er

al
ly,
th

ou
gh

, 
w

he
n 

so
lv

in
g 

co
nt

ro
l 

an
d/

or
 t

ra
je

ct
or

y 
co

ns
tr

ai
ne

d 
pr

ob
le

m
s,

 s
ec

-

on
d 

or
de

r 
sp

lin
es

 s
ho

ul
d 

be
 u

se
d 

(e
xc

ep
t 

w
ith

 E
ul

er
’s

m
et

ho
d 

w
hi

ch
 c

an
 o

nl
y 

us
e 

fir
st

 o
rd

er

sp
lin

es
) 

as
 p

er
 t

he
 d

is
cu

ss
io

n 
ab

o
ve

.
Fo

r 
ot

he
r 

pr
ob

le
m

s 
be

in
g 

in
tegr

at
ed

 w
ith

 R
K

4,
 i

t 
m

ay
 b

e

ad
va

nt
ag

eo
us

 to
 u

se
 q

ua
dr

at
ic

 s
pl

in
es

.

T
he

 f
ol

lo
w

in
g 

ta
bl

e 
pr

ov
id

es
 a

 s
et

 o
f 

ba
si

c 
gu

id
el

in
es

 f
or

 t
he

 s
el

ec
tio

n 
of

 t
he

 i
nt

e
gr

at
io

n

m
et

ho
d 

an
d 

th
e 

sp
lin

e 
or

de
r 

fo
r 

so
lv

in
g 

di
f

fe
re

nt
 c

la
ss

es
 o

f 
pr

ob
le

m
s.T

he
se

 c
ho

ic
es

 m
ay

 n
ot

 b
e

id
ea

l f
or

 a
ny

sp
ec

ifi
c 

pr
ob

le
m

 bu
t t

he
y

ar
e 

ge
ne

ra
lly

 a
cc

ep
ta

bl
e 

fo
r 

m
os

t p
ro

bl
em

s.

Ta
bl

e 
O

2

R
K

 o
rd

er
sp

lin
e 

or
de

r

(i
a
l
g

)
(

� )
ty

pe
 o

f p
ro

bl
em

op
tim

iz
at

io
n 

pr
og

ra
m

4
(N

sm
al

l) 
3(

N
sm

al
l)

2
(N

la
rg

e)
 

2(
N

la
rg

e)
pd

m
in

/a
ug

_l
ag

rn
g

rio
ts

4
3

no
 c

on
tr

ol
 n

or
 tr

aj
ec

to
ry

 c
on

-
st

ra
in

ts

4
(N

sm
al

l)

2
(N

la
rg

e)
pd

m
in

/a
ug

_l
ag

rn
g

rio
ts

4

co
nt

ro
l c

on
st

ra
in

ts
2

tr
aj

ec
to

ry
 c

on
st

ra
in

ts
rio

ts
2†

2

Va
ria

bl
e 

st
ep

-s
iz

e 
in

te
gr

at
io

n.
F

ro
m

 t
he

 p
oi

nt
 o

f 
vi

ew
of

in
te

gr
at

in
g 

di
ffe

re
nt

ia
l e

qu
at

io
ns

, 
it

is
 m

uc
h 

m
or

e 
effi

ci
en

t t
o 

us
e 

a 
var

ia
bl

e 
st

ep
-s

iz
e 

in
tegr

at
io

n 
ro

ut
in

e 
th

an
 a

 fi
xed

 s
te

p-
si

ze
 m

et
ho

d.

H
ow

ev
er

, 
th

is
 i

s 
us

ua
lly

 n
ot

 t
he

 c
as

e 
w

he
n 

so
lv

in
g 

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
s.

T
he

re
 a

re
 t

hr
ee

ba
si

c 
re

as
on

s 
fo

r 
th

is
.F
irs

t, 
th

e 
ov

er
al

l s
ol

ut
io

n 
ac

cu
ra

cy
ca

nn
ot

 ex
ce

ed
 t

he
 a

cc
ur

acy
w

ith
 w

hi
ch

sp
lin

es
 c

an
 a

pp
ro

xi
m

at
e 

th
e 

op
tim

al
 c

on
tr

ol
.

T
hu

s,
 i

t 
is

 q
ui

te
 c

on
ce

i
va

bl
e 

th
at

 a
 g

re
at

 d
ea

l 
of

w
or

k 
w

ill
 b

e 
sp

en
t 

to
 a

ch
ieve

 a
 v

ery
 a

cc
ur

at
e 

in
teg

ra
tio

n 
bu

t 
th

is
 e

ffo
rt

 w
ill

 b
e 

w
as

te
d 

on
 a

 r
el

a-

tiv
el

y 
in

ac
cu

ra
te

 s
ol

ut
io

n.
S

ec
on

d,
 t

he
 s

ol
ut

io
n 

of
 t

he
 d

is
cr

et
iz

ed
 p

ro
bl

em
 c

an
 e

as
ily

 i
n

vo
lv

e

†
S

om
et

im
es

 a
 h

ig
he

r
-o

rd
er

 m
et

ho
d 

m
us

t b
e 

us
ed

 to
 p

ro
vi

de
 a

 r
ea

so
na

bl
e 

so
lu

tio
n 

to
 th

e 
sy

st
em

 d
if

fe
re

nt
ia

l e
qu

at
io

ns
.

-
20

9 
-

C
ha

p.
 5



hu
nd

re
ds

 o
f 

si
m

ul
at

io
ns

.T
he

 in
teg

ra
tio

n 
ac

cu
ra

cy
du

rin
g 

m
os

t 
of

 t
he

 s
im

ul
at

io
ns

 w
ill

 h
ave
 v

er
y

lit
tle

 a
ffe

ct
 o

n 
th

e 
ac

cu
ra

cy
of

th
e 

fin
al

 s
ol

ut
io

n.
T

he
re

fo
re

, 
it 

is
 u

su
al

ly
 m

uc
h 

m
or

e 
effic
ie

nt
 t

o

so
lv

e
a

se
qu

en
ce

 o
f 

di
sc

re
tiz

ed
 p

ro
bl

em
s,

 e
ac

h 
w

ith
 a

 m
or

e 
ac

cu
ra

te
 i

nt
e

gr
at

io
n 

m
es

h,
 u

si
ng

 a

fa
st

, 
fix

ed
 s

te
p-

si
ze

 i
nt

egr
at

io
n 

m
et

ho
d.

T
hi

rd
, 

th
e 

gr
ad

ie
nt

s 
pr

od
uc

ed
 f

or
 t

he
 v

ar
ia

bl
e 

st
ep

-s
iz

e

m
et

ho
d 

ar
e 

ap
pr

ox
im

at
io

ns
 t

o 
th

e 
ac

tu
al

, 
co

nt
in

uo
us

-t
im

e 
gr

ad
ie

nt
s 

fo
r 

th
e 

or
ig

in
al

 p
ro

bl
em

O
C

P
;

th
ey

ar
e 

no
t 

ex
ac

t 
gr

ad
ie

nt
s 

fo
r 

th
e 

di
sc

re
tiz

ed
 p

ro
bl

em
s.T
hu

s,
 t

he
 s

ol
ut

io
n 

of
 t

he
 d

is
-

cr
et

iz
ed

 p
ro

bl
em

 w
ill

 u
su

al
ly

 r
eq

ui
re

 m
or

e 
ite

ra
tio

ns
 a

nd
 w

ill
 b

e 
le

ss
 a

cc
ur

at
e 

(r
el

at
i

ve
 t

o
th

e

ac
tu

al
 s

ol
ut

io
n 

of
 t

he
 d

is
cr

et
iz

ed
 p

ro
bl

em
) 

w
he

n 
us

in
g 

th
e 

v
ar

ia
bl

e 
st

ep
-s

iz
e 

m
et

ho
d 

th
an

 w
he

n

us
in

g 
on

e 
of

 th
e 

fixe
d 

st
ep

-s
iz

e 
in

tegr
at

io
n 

ro
ut

in
es

.

T
he

re
 a

re
, 

how
ev

er
, 

sit
ua

tio
ns

 i
n 

w
hi

ch
 i

t 
is

 b
es

t 
to

 u
se

 t
he

 var
ia

bl
e 

st
ep

-s
iz

e 
in

tegr
at

io
n

m
et

ho
d.

 
T

he
fir

st
 s

itu
at

io
n 

is
 w

he
n 

th
e 

sy
st

em
 d

yn
am

ic
s 

ar
e 

v
er

y 
di

ffi
cu

lt 
to

 i
nt

eg
ra

te
. 

In
th

is

ca
se

, 
or

 a
ny

ot
he

r 
ca

se
 in

 w
hi

ch
 t

he
 t

he
 in

tegr
at

io
n 

er
ro

r 
gr

ea
tly

 exc
ee

ds
 t

he
 s

pl
in

e 
ap

pr
ox

im
at

io
n

er
ro

r,
it

is
m

or
e 

effi
ci

en
t 

to
 u

se
 t

he
 va

ria
bl

e 
st

ep
-s

iz
e 

m
et

ho
d.In

 s
om

e 
ca

se
s,

 t
he

 in
tegr
at

io
n 

ha
s

to
 b

e 
pe

rf
or

m
ed

 u
si

ng
 t

he
 var
ia

bl
e 

st
ep

-s
iz

e 
m

et
ho

d.T
hi

s 
ca

n 
oc

cu
r 

if 
th

e 
sy

st
em

 is
 d

es
cr

ib
ed

 b
y

st
iff

di
ff

er
en

tia
l e

qu
at

io
ns

 o
r 

if 
th

e 
sy

st
em

 c
on

ta
in

s 
hi

gh
ly

 u
ns

ta
bl

e 
dy

na
m

ic
s.

A
no

th
er

 s
itu

at
io

n 
in

 w
hi

ch
 i

t 
ca

n 
be

 a
dvan

ta
ge

ou
s 

to
 u

se
 t

he
 var
ia

bl
e 

st
ep

-s
iz

e 
in

tegr
at

io
n

m
et

ho
d 

is
 i

f 
th

e 
lo

ca
tio

n 
of

 d
is

co
nt

in
ui

tie
s 

in
 t

he
 o

pt
im

al
 c

on
tr

ol
, 

or
 d

is
co

nt
in

ui
tie

s 
in

 t
he

de
riv

at
iv

es
of

th
e 

op
tim

al
 c

on
tr

ol
, 

ar
e 

kn
ow
n

a
pr

io
ri

.
In

th
is

 c
as

e,
 it

 m
ay

 b
e 

po
ss

ib
le

 t
o 

in
cr

ea
se

th
e 

so
lu

tio
n 

ac
cu

ra
cy
by

pl
ac

in
g 

br
ea

kp
oi

nt
s 

in
 t

he
 d

is
cr

et
iz

at
io

n 
m

es
h 

w
he

re
 t

he
se

 d
is

co
nt

in
u-

iti
es

 o
cc

ur
 a

nd
 t

he
n 

us
in

g 
a 

sp
lin

e 
of

 o
rd

er
 o

ne
 g

re
at

er
 t

ha
n 

th
e 

o
ve

ra
ll 

sm
oo

th
ne

ss
 o

f 
th

e 
op

tim
al

co
nt

ro
l† .

T
he

 l
oc

at
io

n 
of

 t
he

 d
is

co
nt

in
ui

ty
 f

or
 t

he
 d

is
cr

et
iz

ed
 p

ro
bl

em
 w

ill
 b

e 
v

er
y 

cl
os

e 
to

 t
he

di
sc

on
tin

ui
ty

 in
 t

he
 o

pt
im

al
 c

on
tr

ol
 if

 t
he

 in
tegr

at
io

n 
to

le
ra

nc
e 

is
 s

m
al

l a
nd

 t
he

 o
pt

im
al

 c
on

tr
ol

 is

w
el

l-a
pp

ro
xi

m
at

ed
 b

y 
th

e 
sp

lin
e 

a
w

ay
fr

om
 t

he
 d

is
co

nt
in

ui
ty.

H
en

ce
, 

th
e 

ove
ra

ll 
ac

cu
ra

cy
w

ill

no
t b

e 
lim

ite
d 

by
 th

e 
di

sc
on

tin
ui

ty.

T
he

 v
ar

ia
bl

e 
st

ep
-s

iz
e 

in
tegr

at
io

n 
ro

ut
in

e 
ca

n 
us

e 
fir

st
, 

se
co

nd
, 

th
ird

, 
or

 f
ou

rt
h 

or
de

r 
sp

lin
es

.

F
or

un
co

ns
tr

ai
ne

d 
pr

ob
le

m
s,

 o
r 

pr
ob

le
m

 w
ith

 e
nd

po
in

t 
co

ns
tr

ai
nt

s,
 i

t 
is

 b
es

t 
to

 u
se

 f
ou

rt
h 

or
de

r

sp
lin

es
 s

o 
th

at
 t

he
 s

pl
in

e 
ap

pr
ox

im
at

io
n 

er
ro

r 
is

 a
s 

sm
al

l 
as

 p
os

si
bl

e.
F

or
pr

ob
le

m
s 

w
ith

 c
on

tr
ol

an
d/

or
 tr

aj
ec

to
ry

 c
on

st
ra

in
ts

, fi
rs

t o
r 

se
co

nd
 o

rd
er

 s
pl

in
es

 a
re

 r
ec

om
m

en
de

d.

†
A

sp
lin

e 
of

 h
ig

he
r 

or
de

r 
wo

ul
d 

be
 to

o 
sm

oo
th

 s
in

ce
 R

IOT
S

 c
ur

re
nt

ly
 d

oe
s 

no
t a

llow
sp

lin
es

 w
ith

 r
ep

ea
te

d 
in

te
rio

r 
kn

ot
s.

-
21

0 
-

C
ha

p.
 5

C
oo

rd
in

at
e 

T
ra

ns
fo

rm
at

io
n

A
ll 

of
 t

he
 o

pt
im

iz
at

io
n 

pr
og

ra
m

s 
in

 R
IOT

S
 s

ol
ve

fin
ite

-d
im

en
si

on
al

 a
pp

ro
xi

m
at

io
ns

 t
oO

C
P

ob
ta

in
ed

 b
y 

th
e 

di
sc

re
tiz

at
io

n 
pr

oc
ed

ur
e 

de
sc

rib
ed

 in
 t

he
 in

tr
od

uc
tio

n 
of

 S
ec

tio
n 

5.
A

dd
iti

on
al

ly
,

a
ch

an
ge

 o
f 

ba
si

s 
is

 p
er

fo
rm

ed
 f

or
 t

he
 s

pl
in

e 
co

nt
ro

l 
su

bs
pa

ce
s.

T
he

 n
ew

ba
si

s 
is

 o
rt

ho
no

rm
al

.

T
hi

s 
ch

an
ge

 o
f 

ba
si

s 
is

 a
cc

om
pl

is
he

d 
by

 c
om

pu
tin

g 
th

e 
m

at
rix

M

� wit
h 

th
e 

pr
op

er
ty

 t
ha

t 
fo

r 
any

tw
o

sp
lin

es
u(

⋅)
an

d
v(

⋅)
w

ith
 c

oe
ffic

ie
nt

s

� an
d

� ,

/ \
u,

v
\ / L

2
=

/ \
� M

� ,� \ /
,

(r
ec

al
l 

th
at

� an
d

� ar
e 

row
ve

ct
or

s.
 

T
he

sp
lin

es
 c

oe
ffic

ie
nt

s 
in

 t
he

 t
ra

ns
fo

rm
ed

 b
as

is
 a

re
 g

i
ve

n

by

� ∼ =

� M
1/

2 � an
d

� ∼ =

� M
1/

2 � (s
ee

 S
ec

tio
n 

6 
an

d 
R

em
ar

k 
A

.2
.8

).In
 th

e 
ne

w
co

or
di

na
te

s,

/ \
u,

v
\ / L

2
=

/ \

� ∼ ,

� ∼ \ /
.

In
 w

or
ds

, 
th

eL
2
-in

ne
r 

pr
od

uc
t 

of
 a

ny
tw

o 
sp

lin
es

 is
 e

qu
al

 t
o 

th
e 

E
uc

lid
ea

n 
in

ne
r 

pr
od

uc
t 

of
 t

he
ir

co
ef

fic
ie

nt
s 

in
 t

he
 n

ew
ba

si
s.

 
T

he
m

at
rix

M

� is 
re

fe
rr

ed
 t

o 
as

 t
he

tr
a

n
sf

o
rm

 m
a

tr
ix

an
d 

th
e

ch
an

ge
 o

f b
as

is
 is

 r
ef

er
re

d 
to

 a
s 

th
e

co
o

rd
in

a
te

 t
ra

n
sf

o
rm

a
tio

n.

B
y 

pe
rf

or
m

in
g 

th
is

 t
ra

ns
fo

rm
at

io
n,

 t
he

 s
ta

nd
ar

d 
in

ne
r

-p
ro

du
ct

 o
f 

de
ci

si
on

 va
ria

bl
es

 (
sp

lin
e

co
ef

fic
ie

nt
s)

 u
se

d 
by

 o
ff-
th

e-
sh

el
f 

pr
og

ra
m

s 
th

at
 s

ol
v

e
m

at
he

m
at

ic
al

 p
ro

gr
am

s 
is

 e
qu

al
 t

o 
th

e

fu
nc

tio
n 

sp
ac

e 
in

ne
r 

pr
od

uc
t 

of
 t

he
 c

or
re

sp
on

di
ng

 s
pl

in
es

.
A

ls
o,

 b
ec

au
se

 o
f 

th
e 

or
th

on
or

m
al

ity
 o

f

th
e 

ne
w

ba
si

s,
 t

he
 c

on
di

tio
ni

ng
 o

f 
th

e 
di

sc
re

tiz
ed

 p
ro

bl
em

s 
is

 n
o 

w
or

se
 t

ha
n 

th
e 

co
nd

iti
on

in
g 

of

th
e 

or
ig

in
al

 o
pt

im
al

 c
on

tr
ol

 p
ro

bl
em

O
C

P
.

In
pr

ac
tic

e,
 t

hi
s 

le
ad

s 
to

 s
ol

ut
io

ns
 o

f 
th

e 
di

sc
re

tiz
ed

pr
ob

le
m

s 
th

at
 a

re
 m

or
e 

ac
cu

ra
te

 a
nd

 t
ha

t 
ar

e 
ob

ta
in

ed
 in

 f
e

w
er

 it
er

at
io

ns
 t

ha
n 

w
ith

ou
t 

th
e 

co
or

di
-

na
te

 t
ra

ns
fo

rm
at

io
n.A

ls
o,

 a
ny

te
rm

in
at

io
n 

cr
ite

ria
 s

pe
ci

fie
d 

w
ith

 a
n 

in
ne

r 
pr

od
uc

t 
be

co
m

e 
in

de
-

pe
nd

en
t o

f t
he

 d
is

cr
et

iz
at

io
n 

leve
li

n
th

e 
ne

w
ba

si
s.

In
 e

ffe
ct

, 
th

e 
co

or
di

na
te

 t
ra

ns
fo

rm
at

io
n 

pr
o

vi
de

s 
a 

na
tu

ra
l 

co
lu

m
n 

sc
al

in
g 

fo
r 

ea
ch

 r
o

w
of

co
nt

ro
l 

co
effi

ci
en

ts
. 

It
is

 r
ec

om
m

en
de

d 
th

at
, 

if 
po

ss
ib

le
, 

th
e 

us
er

 a
tte

m
pt

 t
o 

sp
ec

ify
 u

ni
ts

 f
or

 t
he

co
nt

ro
l 

in
pu

ts
 s

o 
th

at
 t

he
 c

on
tr

ol
 s

ol
ut

io
ns

 h
a

ve
 m

ag
ni

tu
de

 o
f 

or
de

r 
on

e.C
ho

os
in

g 
th

e 
co

nt
ro

l

un
its

 in
 th

is
 w

ay
 is

, i
n 

eff
ec

t, 
a 

row
-w

is
e 

sc
al

in
g 

of
 th

e 
co

nt
ro

l i
np

ut
s.

O
ne

 d
raw

ba
ck

 t
o 

th
is

 c
oo

rd
in

at
e 

tr
an

sf
or

m
at

io
n 

is
 t

ha
t 

fo
r 

sp
lin

es
 o

f 
or

de
r 

tw
o

an
d 

hi
gh

er

th
e 

m
at

rix
M

−1
/2 � is

 d
en

se
.A

di
ag

on
al

 m
at

rix
 wo

ul
d 

be
 p

re
fe

ra
bl

e 
fo

r 
two

re
as

on
s.

 F
irs

t,c
om

pu
t-

in
g

M
−1

/2 � i
s 

co
m

pu
ta

tio
na

lly
 i

nt
en

sive
 f

or
 l

ar
ge

N
.

Se
co

nd
, 

th
er

e 
wo

ul
d 

be
 m

uc
h 

le
ss

 wo
rk

in
vo

lv
ed

 in
 t

ra
ns

fo
rm

in
g 

be
tw

ee
n 

ba
se

s:
 e

ac
h 

tim
e 

a 
ne

w
ite

ra
te

 is
 p

ro
du

ce
d 

by
 t

he
 m

at
he

m
at

ic
al

pr
og

ra
m

m
in

g 
so

ftw
ar

e,
 i

t 
ha

s 
to

 b
e 

un
-t

ra
ns

fo
rm

ed
 t

o 
th

e 
or

ig
in

al
 b

as
is

.
A

ls
o,

 e
ve

ry
 g

ra
di

en
t

co
m

pu
ta

tio
n 

inv
ol

ve
s 

an
 in

ve
rs

e 
tr

an
sf

or
m

at
io

n.
T

hi
rd

, 
si

m
pl

e 
co

nt
ro

l b
ou

nd
s 

ar
e 

co
n

ve
rt

ed
 in

to

ge
ne

ra
l l

in
ea

r 
co

ns
tr

ai
nt

s 
by

 th
e 

co
or

di
na

te
 tr

an
sf

or
m

at
io

n.
T

hi
s 

po
in

t i
s 

di
sc

us
se

d 
next

.

-
21

1 
-

C
ha

p.
 5



C
on

tr
ol

 b
ou

nd
s 

un
de

r 
th

e 
co

or
di

na
te

 t
ra

ns
for

m
at

io
n.

S
im

pl
e 

bo
un

ds
 o

n 
th

e 
sp

lin
e 

co
ef

fi-

ci
en

ts
 t

ak
es

 t
he

 f
or

m
a

k
≤

� k
≤

b k
,

k
=

1,
 . 

. ,
N

+

� −
1.

 I
f

a
k

an
d

b k
ar

e 
in

 fa
ct

 c
on

st
an

ts
,a

an
d

b,
th

en
 f

or
 a

llt
,

a
≤

u(
t)

≤
b.

N
ow

,
un

de
r 

th
e 

co
or

di
na

te
 t

ra
ns

fo
rm

at
io

n,
 s

im
pl

e 
bo

un
ds

 o
f 

th
is

fo
rm

 b
ec

om
e

(
a 1

,.
..

,

� N
+

� −1
)

≤

� ∼ M
−1

/2 � ≤
(

b 1
,.

..
,b

N
+

� −1
)

.

T
hu

s,
 b

ec
au

se
 o

f 
th

e 
co

or
di

na
te

 t
ra

ns
fo

rm
at

io
n,

 t
he

 s
im

pl
e 

bo
un

ds
 a

re
 c

on
ve

rt
ed

 in
to

 g
en

er
al

 li
n-

ea
r 

bo
un

ds
.S

in
ce

 th
is

 is
 u

nd
es

ira
bl

e 
fr

om
 a

n 
ef

fic
ie

nc
y

po
in

t o
f v

ie
w

, R
IO

T
S

 in
st

ea
d 

re
pl

ac
es

 th
e

bo
un

ds
 w

ith

(
a 1

,.
..

,

� N
+

� −1
)M

1/
2 � ≤

� ∼ ≤
(

b 1
,.

..
,b

N
+

� −1
)M

1/
2 � .

F
or

fir
st

 o
rd

er
 s

pl
in

es
, 

th
es

e 
bo

un
ds

 a
re

 e
qu

i
va

le
nt

 t
o 

th
e 

ac
tu

al
 b

ou
nd

s 
si

nc
eM

1/
2 � is

 d
ia

go
na

l.

F
or

hi
gh

er
 o

rd
er

 s
pl

in
es

, 
th

es
e 

bo
un

ds
 a

re
 n

ot
 e

qu
i

va
le

nt
. 

T
he

y
ar

e,
 h

ow
ev

er
, 

ap
pr

ox
im

at
el

y 
co

r-

re
ct

 s
in

ce
 th

e 
en

tr
ie

s 
of

 th
e 

m
at

rixM

� fall
 o

ff
ra

pi
dl

y 
to

 z
er

o 
aw

ay
fr

om
 th

e 
di

ag
on

al
.

It 
tu

rn
s 

ou
t 

th
at

 t
he

 p
ro

bl
em

s 
en

um
er

at
ed

 a
bo

ve
 c

an
 b

e 
avo

id
ed

 w
he

n 
us

in
g 

se
co

nd
 o

rd
er

sp
lin

es
 w

hi
ch

 a
re

, 
in

 a
ny
ca

se
, 

th
e 

re
co

m
m

en
de

d 
sp

lin
es

 f
or

 s
ol

vi
ng

 p
ro

bl
em

s 
w

ith
 c

on
tr

ol

bo
un

ds
. 

In
st

ea
dof

 u
si

ng
M

� in t
he

 c
oo

rd
in

at
e 

tr
an

sf
or

m
at

io
n,

 th
e 

di
ag

on
al

 m
at

rix

M
=

        ∆ 1
∆ 1

+
∆ 2

2
∆ 2

+
∆ 3

2
. .

.
∆

N
−1

+
∆ N

2
∆

N

        

,

w
ith

∆ k
=.

t N
,k

+1
−

t N
,k

,i
s

us
ed

. 
T

hi
st

ra
ns

fo
rm

at
io

n 
m

at
rix

 is
 d

er
i

ve
d

in
(2

.7
.1

9c
) 

an
d 

re
ta

in
s 

th
e

im
po

rt
an

t 
at

tr
ibu

te
s 

of
 t

he
 t

ra
ns

fo
rm

at
io

n 
give

n
by

M

� .In
rio

ts
an

d
pd

m
in

,
M

is
 u

se
d 

fo
r 

th
e

co
or

di
na

te
 t

ra
ns

fo
rm

at
io

n,
 i

ns
te

ad
 o

f
M

� ,w
he

n 
se

co
nd

 o
rd

er
 s

pl
in

es
 a

re
 u

se
d 

if
(i
)

pr
ob

le
m

O
C

P
ha

s 
co

nt
ro

l b
ou

nd
s 

or
 if(i

i)
R

K
2 

is
 b

ei
ng

 u
se

d 
as

 th
e 

in
tegr
at

io
n 

m
et

ho
d.

If 
hi

gh
er

 t
ha

n 
se

co
nd

 o
rd

er
 s

pl
in

es
 a

re
 t

o 
be

 u
se

d 
w

ith
 c

on
tr

ol
 b

ou
nd

s 
an

d 
e

xa
ct

 b
ou

nd
 s

at
-

is
fa

ct
io

n 
is

 r
eq

ui
re

d,
 t

he
n 

th
e 

tr
an

sf
or

m
 m

ec
ha

ni
sm

 s
ho

ul
d 

be
 d

is
ab

le
d 

by
 s

et
tin

g
T
R
A
N
S
-

F
O
R
M
=
0

in
rio

ts
an

d/
or

pd
m

in
† .

Fi
na

lly
,w

he
n

N
is

 la
rg

e,

� ≥
1

an
d 

R
K

3 
or

 R
K

4 
is

 b
ei

ng
 u

se
d,

th
e 

co
m

pu
ta

tio
n 

of
 t

he
 s

qu
ar

e-
ro

ot
 o

f
M

� can
 t

ak
e

a
 ve

ry
 lo

ng
 t

im
e.

In
 t

hi
s 

ca
se

 if
 t

he
 d

is
cr

et
iz

a-

tio
n 

le
ve

l
N

is
 g

re
at

er
 th

an
 a

bo
ut

 3
00

, t
he

 tr
an

sf
or

m
 m

ec
ha

ni
sm

 s
ho

ul
d 

al
so

 b
e 

di
sa

bl
ed

.

†
In

pd
m

in
,

se
tti

ng
 T

R
A

N
S

F
O

R
M

=
0 

ca
us

es
 t

he
 t

ra
ns

fo
rm

 m
ec

ha
ni

sm
 t

o 
be

 d
is

ab
le

d 
fo

r 
sp

lin
es

 o
f 

gr
ea

te
r 

th
an

 t
w

o.
 

Fo
r 

se
c-

on
d 

or
de

r 
sp

lin
es

,M
is

 u
se

d 
reg

ar
dl

es
s 

of
 t

he
 R

K
 m

et
ho

d 
an

d 
fo

r 
fir

st
 o

rd
er

 (
pi

ec
e

w
is

e 
co

ns
ta

nt
) 

sp
lin

es
, 

th
e 

us
ua

l, 
di

ag
on

al
, 

tr
an

sf
or

-
m

at
io

n 
is

 u
se

d.

-
21

2 
-

C
ha

p.
 5

D
es

cr
ip

tio
n 

of
 th

e 
O

pt
im

iz
at

io
n 

P
r

og
ra

m
s

T
he

 fi
rs

t 
si

x 
in

pu
ts

 a
re

 t
he

 s
am

e 
fo

r 
al

l o
f 

th
e 

op
tim

iz
at

io
n 

pr
og

ra
m

s;
 t

he
y

ar
e 

lis
te

d 
in

 t
he

 f
ol

low
-

in
g 

ta
bl

e.
D

ef
au

lt 
va

lu
es

 f
or

 ve
ct

or
s 

ap
pl

y 
to

 e
ac

h 
co

m
po

ne
nt

 o
f 

th
at

 v
ec

to
r.

Sp
ec

ify
in

g
[
]

fo
r

an
 i

np
ut

 c
au

se
s 

th
at

 i
np

ut
 t

o 
be

 s
et

 t
o 

its
 d

ef
au

lt 
va

lu
e.

 
In

th
e 

fo
llo

w
in

g,
N

is
 t

he
 d

is
cr

et
iz

at
io

n

le
ve

la
nd

� is
 th

e 
or

de
r 

of
 th

e 
co

nt
ro

l s
pl

in
es

.

Ta
bl

e 
O

3

In
pu

t 
R

ow
s 

C
ol

um
ns

D
es

cr
ip

tio
n

x
0

n
1,

 2
 o

r 
4

x
0
=
[
x
0
,
{
f
i
x
e
d
,
{
x
0
m
i
n
,
x
0
m
a
x
}
}
]

w
he

re

x
0

is
 th

e 
no

m
in

al
 va

lu
e 

of
 th

e 
in

iti
al

 s
ta

te

� .

f
i
x
e
d

F
or

ea
ch

i
su

ch
 th

at
f
i
x
e
d
(
i
)
=
0

,t
he

 c
or

-

re
sp

on
di

ng
 in

iti
al

 s
ta

te
 val

ue

� i
is

 tr
ea

te
d 

as
 a

fr
ee

 d
ec

is
io

n 
var

ia
bl

e.
 D

efa
ul

t: 
1

x
0
m
i
n

S
pe

ci
fie

s 
low

er
 b

ou
nd

 fo
r 

ea
ch

 fr
ee

 in
iti

al

co
nd

iti
on

� i .
D

ef
au

lt:
− ∞

x
0
m
a
x

S
pe

ci
fie

s 
up

pe
r 

bo
un

d 
fo

r 
ea

ch
 fr

ee
 in

iti
al

co
nd

iti
on

� i .
D

ef
au

lt:
∞

u
0

m
N

+

� −
1

In
iti

al
 g

ue
ss

 fo
r 

th
e 

sp
lin

e 
co

effic
ie

nt
s 

of
 th

e 
co

nt
ro

lu.

t
1

N
+

1
Th

e 
in

teg
ra

tio
n 

m
es

h 
po

in
ts

/s
pl

in
e 

br
ea

kp
oi

nt
s.

U
m
i
n

m
N

+

� −
1

or
1

Lo
w

er
 b

ou
nd

s 
on

 th
e 

sp
lin

e 
co

effic
ie

nt
s 

fo
ru

.
If
U
m
i
n

is
 s

pe
ci

fie
d 

as
 a

 s
in

gl
e 

co
lu

m
n,

 it
s 

v
al

ue
s 

w
ill

 a
pp

ly
 a

s 
a

lo
w

er
 b

ou
nd

 o
n 

al
l o

f t
he

 s
pl

in
e 

co
effic
ie

nt
s.

 D
efa

ul
t:

−
∞

U
m
a
x

m
N

+

� −
1

or
1

U
pp

er
 b

ou
nd

s 
on

 th
e 

sp
lin

e 
co

ef
fic

ie
nt

s 
fo

ru
.

If
U
m
a
x

is
 s

pe
ci

fie
d 

as
 a

 s
in

gl
e 

co
lu

m
n,

 it
s 

v
al

ue
s 

w
ill

 a
pp

ly
 a

s
an

 u
pp

er
 b

ou
nd

 o
n 

al
l o

f t
he

 s
pl

in
e 

co
ef

fic
ie

nt
s.

 D
efa

ul
t:

∞
p
a
r
a
m
s

p
1

Pr
ov

id
es

 th
e 

sy
st

em
 p

ar
am

et
er

s 
if 

re
qu

ire
d.

T
he

 fi
rs

t 
tw

o
ou

tp
ut

s 
ar

e 
th

e 
sa

m
e 

fo
r 

al
l o

f 
th

e 
op

tim
iz

at
io

n 
pr

og
ra

m
s;

 t
he

y
ar

e 
lis

te
d 

in
 t

he
 f

ol
-

lo
w

in
g 

ta
bl

e:

Ta
bl

e 
O

4

O
ut

pu
t 

R
ow

s 
C

ol
um

ns
D

es
cr

ip
tio

n

u
m

N
+

� −
1

Th
e 

op
tim

al
 c

on
tr

ol
 s

ol
ut

io
n.

x
n

N
+

1
Th

e 
op

tim
al

 s
ta

te
 tr

aj
ec

to
ry

 s
ol

ut
io

n.

-
21

3 
-

C
ha

p.
 5



/ N
@ 8= /@ t9
@

P
ur

po
se

T
hi

s 
fu

nc
tio

n 
us

es
pd

m
in

as
 a

n 
in

ne
r 

lo
op

 f
or

 a
n 

au
gm

en
te

d 
La

gr
an

gi
an

 a
lg

or
ith

m
 t

he
 s

ol
v

es

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
 w

ith
, 

in
 a

dd
iti

on
 t

o 
si

m
pl

e 
bo

un
ds

 o
n� an

d
u,

en
dp

oi
nt

 e
qu

al
ity

 c
on

-

st
ra

in
ts

. 
O

nl
yo

ne
 o

bj
ec

tive
 fu

nc
tio

n 
is

 a
llo

w
ed

.

C
al

lin
g 

S
yn

ta
x

[
u
,
x
,
f
,
l
a
m
b
d
a
,
I
_
i
]
 
=
 
a
u
g
_
l
a
g
r
n
g
(
[
x
0
,
{
f
i
x
e
d
,
{
x
0
m
i
n
,
x
0
m
a
x
}
}
]
,
u
0
,
t
,

U
m
i
n
,
U
m
a
x
,
p
a
r
a
m
s
,
N
_
i
n
n
e
r
,
N
_
o
u
t
e
r
,

i
a
l
g
,
{
m
e
t
h
o
d
}
,
{
[
t
o
l
1
,
t
o
l
2
]
}
,
{
D
i
s
p
}
)

D
es

cr
ip

tio
n 

of
 th

e 
In

pu
ts

T
he

 fi
rs

t s
ix

 in
pu

ts
 a

re
 d

es
cr

ib
ed

 in
 T

ab
le

 O
3.

N
_
i
n
n
e
r

M
ax

im
um

 n
um

be
r 

of
 it

er
at

io
ns

 fo
r 

ea
ch

 in
ne

r 
lo

op
 c

al
l t

o
pd

m
in

.

N
_
o
u
t
e
r

M
ax

im
um

 n
um

be
r 

of
 o

ut
er

 it
er

at
io

ns
.

i
a
l
g

S
pe

ci
fie

s 
th

e 
in

teg
ra

tio
n 

al
go

rit
hm

 u
se

d 
bys

im
ul

at
e.

m
e
t
h
o
d

S
pe

ci
fie

s 
th

e 
m

et
ho

d 
fo

r 
co

m
pu

tin
g 

de
sc

en
t 

di
re

ct
io

ns
 i

n 
th

e 
un

co
ns

tr
ai

ne
d 

su
b-

sp
ac

e.
 T

he
ch

oi
ce

s 
ar

e 
exp

la
in

ed
 in

 th
e 

de
sc

rip
tio

n 
ofp

dm
in

.
D

ef
au

lt:
’
v
m
’

.

t
o
l
1
,
t
o
l
2

O
pt

im
al

ity
 to

le
ra

nc
es

.D
ef

au
lt:

 [

� 1/2 m
ac

h
,

� 1/3 m
ac

h
]. 

T
he

ou
te

r 
lo

op
 te

rm
in

at
es

 if

||∇
f(

� )−
q e

e � =
1Σ

� � ∇g

�

e
e(

� )||
≤
t
o
l
1

(1
+

|f
(

� )|
)

an
d

� ∈∈
q e

e

m
ax

 |g

�

e
e(

� )|
≤
t
o
l
2

.

D
i
s
p

P
as

se
d 

on
 to

pd
m

in
to

 c
on

tr
ol

 a
m

ou
nt

 o
f d

is
pl

ay
ed

 o
ut

pu
t.D
ef

au
lt:

 0
.

D
es

cr
ip

tio
n 

of
 th

e 
O

ut
pu

ts

T
he

 fi
rs

t t
wo

ou
tp

ut
s 

ar
e 

de
sc

rib
ed

 in
 Tab

le
 O

4.

f
T

he
 o

bj
ec

tiv
e 

va
lu

e 
at

 th
e 

ob
ta

in
ed

 s
ol

ut
io

n.

I
_
i

In
de

x
se

t o
f e

le
m

en
ts

 o
f [u

(:
 )

;

� ]t
ha

t a
re

 n
ot

 a
t t

he
ir 

bo
un

ds
.

-
21

4 
-

C
ha

p.
 5

l
a
m
b
d
a

Ve
ct

or
 o

f L
ag

ra
ng

e 
m

ul
tip

lie
rs

 a
ss

oc
ia

te
d 

w
ith

 th
e 

en
dp

oi
nt

 e
qu

al
ity

 c
on

st
ra

in
ts

.

D
es

cr
ip

tio
n 

of
 th

e 
A

lg
or

ith
m

T
hi

s 
pr

og
ra

m
 c

al
lsp

dm
in

to
 m

in
im

iz
e 

a 
se

qu
en

ce
 o

f 
au

gm
en

te
d 

La
gr

an
gi

an
 f

un
ct

io
ns

 o
f 

th
e

fo
rm

L
c,

� (

� )
=

f
(

� )−
q e

e � =
1Σ

� � g�
e

e(
� )+

1 2

q e
e � =
1Σ
c

� g�

e
e(

� )2

su
bj

ec
t 

to
 s

im
pl

e 
bo

un
ds

 o
n� an

d
u.

T
he

 v
al

ue
 o

f 
th

e 
au

gm
en

te
d 

La
gr

an
gi

an
 a

nd
 it

s 
gr

ad
ie

nt
 a

re

su
pp

lie
d 

to
pd

m
in

by
a_

la
gr

ng
_f

nc
vi

a 
ex

te
ns

io
n 

1 
(s

ee
 d

es
cr

ip
tio

n 
ofpd

m
in

).

T
he

 v
al

ue
s 

of
 t

he
 L

ag
ra

ng
e 

m
ul

tip
lie

r 
es

tim
at

es� � ,� =
1,

 . 
. .

 ,q
e

e,
ar

e 
de

te
rm

in
ed

 in
 o

ne
 o

f

tw
o

w
ay

s 
de

pe
nd

in
g 

on
 t

he
 s

et
tin

g 
of

 t
he

 i
nt

er
na

l 
v

ar
ia

bl
e
M
E
T
H
O
D

in
 a

ug
_l

ag
rn

g.
m

.In
iti

al
ly

� � =0,

� =
1,

 . 
. .

 ,q
e

e.

M
ul

tip
lie

r 
U

pd
at

e 
M

et
ho

d 
1.

T
hi

s 
m

et
ho

d 
ad

ju
st

s 
th

e 
m

ul
tip

lie
rs

 a
t 

th
e 

en
d 

of
 e

ac
h 

ite
ra

tio
n

of
pd

m
in

by
 s

ol
vi

ng
 th

e 
le

as
t-

sq
ua

re
s 

pr
ob

le
m

� =

� ∈∈
IR

q e
e

m
in

 
||∇

f(

� )−
q e

e � =
1Σ

� � ∇g

�

e
e(

� )||
2 I_

i
,

w
he

re
 t

he
 n

or
m

 is
 t

ake
n 

on
ly

 o
n 

th
e 

un
cs

tr
ai

ne
d 

su
bs

pa
ce

 o
f 

de
ci

si
on

 v
ar

ia
bl

es
 w

hi
ch

 is
 in

di
ca

te
d

by
 t

he
 in

de
x

se
tI
_
i

.
T

hi
s 

up
da

te
 is

 p
er

fo
rm

ed
 b

ym
ul

tip
lie

r_
up

da
te

w
hi

ch
 is

 c
al

le
d 

by
pd

m
in

vi
a 

ex
te

ns
io

n 
2.

If 
up

da
te

 m
et

ho
d 

1 
is

 u
se

d,
 t

he
 t

ol
er

an
ce

 r
eq

ue
st

ed
 f

or
 t

he
 i

nn
er

 l
oo

p 
is

de
cr

ea
se

d 
by

 a
 fac

to
r 

of
 t

en
 o

n 
ea

ch
 o

ut
er

 it
er

at
io

n 
st

ar
tin

g 
fr

om
 1

0
m

in
 { 

6,
N
_
o
u
t
e
r

}

� 1/2 m
ac

h
un

til
 t

he

to
le

ra
nc

e 
is

� 1/2 m
ac

h.

M
ul

tip
lie

r 
U

pd
at

e 
M

et
ho

d 
2.

T
hi

s 
m

et
ho

d 
is

 t
he

 s
ta

nd
ar

d 
‘

‘m
et

ho
d 

of
 m

ul
tip

lie
rs

’’
w

hi
ch

so
lv

es
 th

e 
in

ne
r 

lo
op

 c
om

pl
et

el
y 

an
d 

th
en

 u
se

s 
th

e 
fir

st
 o

rd
er

 m
ul

tip
lie

r 
up

da
te

� � ←

� � −c

� g�

e
e(

� )
,\

/

� ∈∈
I

�

w
he

re

I

� =.
{

� ∈∈
q e

e
||

g

�

e
e(

� )|
≤

1 4
|g

�

e
e(

� pr
ev

io
us

)|
 o

r 
|g

�

e
e(

� )|
≤
t
o
l
2

}
.

If 
up

da
te

 m
et

ho
d 

2 
is

 u
se

d,
 th

e 
to

le
ra

nc
e 

re
qu

es
te

d 
fo

r 
th

e 
in

ne
r 

lo
op

 is
 fi

x
ed

 a
t

� 1/2 m
ac

h.

-
21

5 
-

C
ha

p.
 5



P
en

al
ty

 
U

pd
at

e.
T

he
 

in
iti

al
 

va
lu

es
 

fo
r 

th
e 

co
ns

tr
ai

nt
 

vi
ol

at
io

n 
pe

na
lti

es
 

ar
e

c

� =1
,

� =
1,

 . 
. .

 ,q
e

e.
It

m
ay

 b
e 

he
lp

fu
l 

to
 u

se
 l

arge
r 

in
iti

al
 v

al
ue

s 
fo

r 
hi

gh
ly

 n
on

lin
ea

r 
pr

ob
le

m
s.T

he

pe
na

lti
es

 a
re

 u
pd

at
ed

 a
t t

he
 e

nd
 o

f e
ac

h 
ou

te
r 

ite
ra

tio
n 

ac
co

rd
in

g 
to

 th
e 

ru
le

c

� ←
10

c

� ,\/

� /∈
I

� ,
w

he
re

I

� is a
s 

de
fin

ed
 a

bov
e.

N
ot

e 
th

at
 t

hi
s 

al
go

rit
hm

 i
s 

im
pl

em
en

te
d 

m
ai

nl
y 

to
 d

em
on

st
ra

te
 t

he
 e

xt
en

si
bl

e 
fe

at
ur

es
 o

fpd
m

in

an
d 

is
 m

is
si

ng
 f

ea
tu

re
s 

like,
(i
)

co
ns

tr
ai

nt
 s

ca
lin

g,(
ii)

an
 a

ct
ive

 se
t 

m
et

ho
d 

fo
r 

ha
nd

lin
g 

in
eq

ua
lit

y

en
dp

oi
nt

 c
on

st
ra

in
ts

,(ii
i)

a
m

ec
ha

ni
sm

 f
or

 d
ec

re
as

in
g 

co
ns

tr
ai

nt
 v

io
la

tio
n 

pe
na

lti
es

 w
he

n 
po

ss
i-

bl
e 

an
d,

 m
os

t 
im

po
rt

an
tly,

(i
v)

an
 a

ut
om

at
ic

 m
ec

ha
ni

sm
 f

or
 s

et
tin

g 
th

e 
te

rm
in

at
io

n 
to

le
ra

nc
e 

fo
r

ea
ch

 c
al

l t
op

dm
in

.

N
ot

es

1.
 

O
n

re
tu

rn
 f

ro
m

 a
 c

al
l t

oa
ug

_l
ag

rn
g,

th
e 

va
ria

bl
eo
p
t
_
p
r
o
g
r
a
m

w
ill

 b
e 

de
fin

ed
 in

 t
he

 M
at

-

la
b 

w
or

ks
pa

ce
. 

Itw
ill

 c
on

ta
in

 th
e 

st
rin

g’
a
u
g
_
l
a
g
r
n
g
’

.

S
ee

 A
ls

o:
pd

m
in

,a
_l

ag
rn

g_
fn

c.
m

, m
ul

tip
lie

r_
up

da
te

.m
.

-
21

6 
-

C
ha

p.
 5

� N
1 4t

P
ur

po
se

T
hi

s 
pr

og
ra

m
 c

al
lsr

io
ts

to
 s

ol
ve

pr
ob

le
m

s 
de

fin
ed

 o
n 

a 
se

qu
en

ce
 o

f 
di

f
fe

re
nt

 in
teg

ra
tio

n 
m

es
he

s,

ea
ch

 o
f 

w
hi

ch
 r

es
ul

t 
in

 a
 m

or
e 

ac
cu

ra
te

 a
pp

ro
xi

m
at

io
n 

to
O

C
P

th
an

 t
he

 p
rev

io
us

 m
es

h.
T

he
 s

ol
u-

tio
n 

ob
ta

in
ed

 fo
r 

on
e 

m
es

h 
is

 u
se

d 
as

 th
e 

st
ar

tin
g 

gu
es

s 
fo

r 
th

e 
ne

xt
 m

es
h.

C
al

lin
g 

S
yn

ta
x

[
n
e
w
_
t
,
u
,
x
,
J
,
G
,
E
]
 
=
 
o
u
t
e
r
(
[
x
0
,
{
f
i
x
e
d
,
{
x
0
m
i
n
,
x
0
m
a
x
}
}
]
,
u
0
,
t
,

U
m
i
n
,
U
m
a
x
,
p
a
r
a
m
s
,
N
_
i
n
n
e
r
,
[
N
_
o
u
t
e
r
,
{
m
a
x
_
N
}
]

i
a
l
g
,
{
[
t
o
l
1
,
t
o
l
2
,
t
o
l
3
]
}
,
{
s
t
r
a
t
e
g
y
}
,
{
D
i
s
p
}
)

D
es

cr
ip

tio
n 

of
 th

e 
In

pu
ts

T
he

 fi
rs

t s
ix

 in
pu

ts
 a

re
 d

es
cr

ib
ed

 in
 T

ab
le

 O
3.

N
_
i
n
n
e
r

M
ax

im
um

 n
um

be
r 

of
 it

er
at

io
ns

 fo
r 

ea
ch

 in
ne

r 
lo

op
 o

f
rio

ts
.

N
_
o
u
t
e
r

M
ax

im
um

 n
um

be
r 

of
 o

ut
er

 it
er

at
io

ns
.

m
a
x
_
N

T
he

 m
ax

im
um

 d
is

cr
et

iz
at

io
n 

leve
l;

ou
te

r
w

ill
 t

er
m

in
at

e 
if 

th
e 

di
sc

re
tiz

at
io

n 
leve

l

ex
ce

ed
sm
a
x
_
N

.
D

ef
au

lt:
∞

i
a
l
g

S
pe

ci
fie

s 
th

e 
in

teg
ra

tio
n 

al
go

rit
hm

 u
se

d 
bys

im
ul

at
e.

t
o
l
1
,
t
o
l
2
,
t
o
l
3

O
pt

im
al

ity
 to

le
ra

nc
es

.T
he

 o
ut

er
 lo

op
 te

rm
in

at
es

 if

||∇
L

(

� )||
≤
t
o
l
1

(1
+

|f
(

� )|
) 

,

w
he

re
 ||∇

L
(

� )||
I

is
 th

e
H

2
-n

or
m

 o
f t

he
 fr

ee
 p

or
tio

n 
of∇

L
(

� ),

� ∈∈
q e

e

m
ax

 |g

� e
e(

� )|
≤
t
o
l
2

,

an
d

||u
N

−
u*

||
≤
t
o
l
3

(1
+

||u
N

|| ∞
)b

,

w
he

re
b

is
 t

he
 n

om
in

al
 fi

na
l t

im
e.

T
he

 d
efa

ul
t 

va
lu

es
 f

or
 t

he
se

 t
ol

er
an

ce
s 

f
ac

to
rs

ar
e 

[� 1/3 m
ac

h,

� 1/4 m
ac

h,

� 1/6 m
ac

h].

s
t
r
a
t
e
g
y
 

P
a
s
s
e
d
o
n
 
t
o

di
st

rib
ut

e
to

 s
el

ec
t t

he
 m

es
h 

re
di

st
ribut

io
n 

st
ra

teg
y.

D
ef

au
lt 

=
 3

.

D
i
s
p

P
as

se
d 

on
 to

rio
ts

to
 c

on
tr

ol
 a

m
ou

nt
 o

f d
is

pl
ay

ed
 o

ut
pu

t.D
ef

au
lt 

=
 1

.

-
21

7 
-

C
ha

p.
 5



D
es

cr
ip

tio
n 

of
 th

e 
O

ut
pu

ts

T
he

 fi
rs

t t
wo

ou
tp

ut
s 

ar
e 

de
sc

rib
ed

 in
 Tab

le
 O

4.

n
e
w
_
t

T
he

 fi
na

l i
nt

eg
ra

tio
n 

m
es

h 
ob

ta
in

ed
 fr

om
 th

e 
fin

al
 m

es
h 

re
di

st
rib

ut
io

n.

u
T

he
 o

pt
im

al
 c

on
tr

ol
 s

ol
ut

io
n 

de
fin

ed
 o

n 
th

e 
fin

al
 m

es
h

n
e
w
_
t

.

x
T

he
 o

pt
im

al
 tr

aj
ec

to
ry

 s
ol

ut
io

n.

J
A

ro
w

 v
ec

to
r 

w
ho

se
i-

th
 c

om
po

ne
nt

 is
 t

he
 val

ue
 o

f 
th

e 
ob

je
ct

ive
 fu

nc
tio

n,
 c

om
pu

te
d

us
in

g 
LS

O
DA

, a
fte

r 
th

ei
-t

h 
ca

ll 
to

rio
ts

.

G
A

ro
w

 v
ec

to
r 

w
ho

se
i-

th
 c

om
po

ne
nt

 is
 t

he
 s

um
 o

f 
th

e 
co

ns
tr

ai
nt

 v
io

la
tio

ns
, 

co
m

pu
te

d

us
in

g 
LS

O
DA

, a
fte

r 
th

ei
-t

h 
ca

ll 
to

rio
ts

.

E
A

ro
w

 v
ec

to
r 

w
ho

se
i-

th
 c

om
po

ne
nt

 i
s 

an
 e

st
im

at
e 

of
 |

|

� N
−

� * || H 2
af

te
r 

th
e 

(i+
1)

-t
h

ite
ra

tio
n.

 W
ith

� =
(u

,

� ),
 ||

� || H
2

is
 d

efi
ne

d 
by

||

� || H
2
=.

  ||

� || 2
+
∫b a

||u
(t

)||
2 2
d

t  1/
2

.

D
es

cr
ip

tio
n 

of
 A

lg
or

ith
m

ou
te

r
is

 a
n 

ou
te

r 
lo

op
 f

or
rio

ts
.

D
ur

in
g 

ea
ch

 i
te

ra
tio

n,r
io

ts
is

 c
al

le
d 

to
 s

ol
ve

th
e 

di
sc

re
tiz

ed

pr
ob

le
m

 o
n 

th
e 

cu
rr

en
t 

m
es

h 
st

ar
tin

g 
fr

om
 t

he
 s

ol
ut

io
n 

of
 t

he
 p

re
vi

ou
s 

ca
ll 

to
rio

ts
in

te
rp

ol
at

ed

on
to

 t
he

 n
ew

m
es

h.
 

A
fte

rr
io

ts
re

tu
rn

s 
a 

so
lu

tio
n,e

st
_e

rro
rs

an
d

co
nt

ro
l_

er
ro

r
ar

e 
ca

lle
d 

to

pr
ov

id
e 

es
tim

at
es

 o
f 

ce
rt

ai
n 

qu
an

tit
ie

s 
th

at
 a

re
 u

se
d 

to
 d

et
er

m
in

e 
w

he
th

er
ou

te
r

sh
ou

ld
 t

er
m

in
at

e

or
 i

f 
it 

sh
ou

ld
 r

efi
ne

 t
he

 m
es

h.I
f 

ne
ce

ss
ar

y,
th

e 
m

es
h 

is
 r

efi
ne

d 
byd

is
tr

ib
ut

e,
w

ith
F
A
C
=
1
0

,

ac
co

rd
in

g 
to
s
t
r
a
t
e
g
y

ex
ce

pt
 f

ol
low

in
g 

th
e 

fir
st

 it
er

at
io

n.
A

fte
r 

th
e 

fir
st

 it
er

at
io

n,
 t

he
 m

es
h 

is

al
w

ay
s 

do
ub

le
d.

A
fte

r 
ea

ch
 it

er
at

io
n,

 t
he

 f
ol

low
in

g 
in

fo
rm

at
io

n 
is

 d
is

pl
ay

ed
: 

th
eH

2
-n

or
m

 o
f 

th
e 

fr
ee

 p
or

tio
n

of
 t

he
 g

ra
di

en
t 

of
 t

he
 L

ag
ra

ng
ia

n,
 t

he
 s

um
 o

f 
co

ns
tr

ai
nt

 e
rr

or
s,

 o
bj

ec
ti

ve
 fu

nc
tio

n 
va

lu
e,

 a
nd

 in
te

-

gr
at

io
n 

er
ro

r 
of

 t
he

 in
teg

ra
tio

n 
al

go
rit

hm
i
a
l
g

at
 t

he
 c

ur
re

nt
 s

ol
ut

io
n.A

ll 
of

 t
he

se
 q

ua
nt

iti
es

 a
re

co
m

pu
te

d 
by

es
t_

er
ro

rs
.

T
he

 fi
rs

t 
th

re
e 

val
ue

s 
ar

e 
es

tim
at

es
 o

bt
ai

ne
d 

us
in

g 
LS

O
D

A
w

ith
 a

 t
ol

er
-

an
ce

 s
et

 t
o 

ab
ou

t 
on

e 
th

ou
sa

nd
th

 o
f 

th
e 

in
te

gr
at

io
n 

er
ro

r 
es

tim
at

e.T
he

 c
on

tr
ol

 s
ol

ut
io

n 
is

 p
lo

tte
d

af
te

r 
ea

ch
 it

er
at

io
n 

(a
lth

ou
gh

 th
e 

tim
e 

ax
is

 is
 n

ot
 s

ca
le

d 
co

rr
ec

tly
 fo

r 
fr

ee
 fi

na
l t

im
e 

pr
ob

le
m

s)
.

A
dd

iti
on

al
ly

,
fo

llo
w

in
g 

al
l b

ut
 t

he
 fi

rs
t 

ite
ra

tio
n,

 t
he

 c
ha

ng
e 

in
 t

he
 c

on
tr

ol
 s

ol
ut

io
n 

fr
om

 t
he

pr
ev

io
us

 it
er

at
io

n 
an

d 
an

 e
st

im
at

e 
of

 th
e 

cu
rr

en
t s

ol
ut

io
n 

er
ro

r
,|

|

� N
*

−

� * || H 2
,a

re
 d

is
pl

ay
.

-
21

8 
-

C
ha

p.
 5

N
ot

es

1.
 

If
so

lu
tio

ns
 ex

hi
bi

t 
ra

pi
d 

os
ci

lla
tio

ns
 i

t 
m

ay
 b

e 
he

lp
fu

l 
to

 a
dd

 a
 p

en
al

ty
 o

n 
th

e 
pi

ec
e

w
is

e

de
riv

at
iv

e 
va

ria
tio

n 
of

 t
he

 c
on

tr
ol

 b
y 

se
tti

ng
 t

he
 var
ia

bl
eV
A
R

in
 o

ut
er

.m
 t

o 
a 

sm
al

l p
os

itive
 v

al
ue

.

2.
 

T
he

fa
ct

or
 b

y 
w

hi
ch

di
st

rib
ut

e
is

 r
eq

ue
st

ed
 t

o 
in

cr
ea

se
 t

he
 i

nt
e

gr
at

io
n 

ac
cu

ra
cy

af
te

r 
ea

ch

ite
ra

tio
n 

ca
n 

be
 c

ha
ng

ed
 b

y 
se

tti
ng

 th
e 

v
ar

ia
bl

eF
A
C

in
 o

ut
er

.m
.

3.
 

A
n

ex
am

pl
e 

us
in

go
ut

er
is

 g
iv

en
in

Se
ss

io
n 

4 
(§

3)
.

S
ee

 A
ls

o:
rio

ts
,d

is
tr

ib
ut

e,
es

t_
er

ro
rs

,c
on

tr
ol

_e
rr

or
.

-
21

9 
-

C
ha

p.
 5



�s G
2 9

P
ur

po
se

T
hi

s 
is

 a
n 

op
tim

iz
at

io
n 

m
et

ho
d 

ba
se

d 
on

 t
he

 p
ro

je
ct

ed
 d

es
ce

nt
 m

et
ho

d.
It 

is
 h

ig
hl

y 
ef

fic
ie

nt
 b

ut

do
es

 n
ot

 s
ol

ve
pr

ob
le

m
s 

w
ith

 g
en

er
al

 c
on

st
ra

in
ts

 o
r 

m
or

e 
th

an
 o

ne
 o

bj
ec

ti
ve

 fu
nc

tio
n.

T
he

 u
se

r 
is

 u
rge

d 
to

 c
he

ck
 t

he
 val

id
ity

 o
f 

th
e 

us
er-

su
pp

lie
d 

de
riva

tiv
es

w
ith

 t
he

 u
til

ity
 p

ro
-

gr
am

ch
ec

k_
de

riv
be

fo
re

 a
tte

m
pt

in
g 

to
 u

sep
dm

in
.

C
al

lin
g 

S
yn

ta
x

[
u
,
x
,
J
,
i
n
f
o
r
m
,
I
_
a
,
I
_
i
,
M
]
 
=
 
p
d
m
i
n
(
[
x
0
,
{
f
i
x
e
d
,
{
x
0
m
i
n
,
x
0
m
a
x
}
}
]
,
u
0
,
t
,

U
m
i
n
,
U
m
a
x
,
p
a
r
a
m
s
,
[
m
i
t
e
r
,
{
t
o
l
}
]
,

i
a
l
g
,
{
m
e
t
h
o
d
}
,
{
[
k
;
{
s
c
a
l
e
}
]
}
,
{
D
i
s
p
}
)

D
es

cr
ip

tio
n 

of
 In

pu
ts

T
he

 fi
rs

t s
ix

 in
pu

ts
 a

re
 d

es
cr

ib
ed

 in
 T

ab
le

 O
3.

T
he

 r
em

ai
nd

er
 a

re
 d

es
cr

ib
ed

 h
er

e.

m
i
t
e
r

T
he

 m
ax

im
um

 n
um

be
r 

of
 it

er
at

io
ns

 a
llow
ed

.

t
o
l

S
pe

ci
fie

s 
th

e 
to

le
ra

nc
e 

fo
r 

th
e 

fo
llow
in

g 
st

op
pi

ng
 c

rit
er

ia

||g
k
|| I

k
/|

I k
|<

t
o
l

2/
3 (1

+
|f(

  k
)|

) 
,

f(
u

k
)

−
f(

u
k−

1
)

<
10

0t
o
l

(1
+

|f(
u k

)|
) 

,

||u
k

−
u

k−
1
|| ∞

<
t
o
l

1/
2 (1

+
||u

k
|| ∞

)
,

xi k
=

0
,\

/ 
i

∈∈
A

k
,

w
he

re
g k

is
 t

he
k-

th
 c

om
po

ne
nt

 o
f 

th
e 

de
riva
tiv

e 
of

f(
⋅)

in
tra

ns
fo

rm
ed

 c
oo

rd
in

at
es

,

I k
is

 s
et

 o
f 

in
ac

tive
 b

ou
nd

 i
nd

ic
es

 a
nd

A
k

is
 s

et
 o

f 
ac

tive
 b

ou
nd

 i
nd

ic
es

.D
ef

au
lt:

¡ 1/2 m
ac

h.

i
a
l
g

S
pe

ci
fie

s 
th

e 
in

teg
ra

tio
n 

al
go

rit
hm

 u
se

d 
bys

im
ul

at
e.

-
22

0 
-

C
ha

p.
 5

m
e
t
h
o
d

A
st

rin
g 

th
at

 s
pe

ci
fie

s 
th

e 
m

et
ho

d 
fo

r 
co

m
pu

tin
g 

de
sc

en
t 

di
re

ct
io

ns
 i

n 
th

e 
un

co
n-

st
ra

in
ed

 s
ub

sp
ac

e.T
he

 c
ho

ic
es

 a
re

:

’
’

lim
ite

d 
m

em
or

y 
qu

as
i-N

ew
to

n 
(L

-B
F

G
S

)
’
s
t
e
e
p
e
s
t
’

st
ee

pe
st

 d
es

ce
nt

’
c
o
n
j
g
r
’

P
ol

ak
-R

ib
ièr
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Î
is

 a
n 

es
tim

at
e 

of
 t

he
 t

im
e 

in
te

rval
s 

on
 w

hi
ch

 t
he

 c
on

tr
ol

bo
un

ds
 a

re
 in

ac
tive

.
Fr

om
Î
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ou

ld
 b

e 
im

pr
ove

d
an

d

su
gg

es
tio

ns
 fo

r 
how

to
do

so
.

A
u

to
m

at
ic

 D
iff

er
en

tia
tio

n 
of

 u
se

r-s
up

pl
ie

d 
fu

nc
tio

ns
.

To
 s

ol
ve

an
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

s

us
in

g 
R

IO
T

S
, 

th
e 

us
er

 m
us

t 
su

pp
ly

 c
od

e 
fo

r 
ea

ch
 o

f 
th

e 
fu

nc
tio

ns
 a

nd
 t

he
ir 

de
ri

va
tiv

es
us

ed
 t

o

th
at

 d
es

cr
ib

e 
th

at
 p

ro
bl

em
.A

co
m

m
on

 s
ou

rc
e 

of
 e

rr
or

s 
is

 t
he

 c
om

pu
ta

tio
n 

of
 f

un
ct

io
n 

de
ri

va
tiv

es

w
hi

ch
 c

an
 b

e 
qu

ite
 c

om
pl

ic
at

ed
 f

or
 n

on
lin

ea
r 

sy
st

em
s.

C
ur

re
nt

ly,
R

IO
T

S
 h

as
 t

wo
pr

og
ra

m
s 

to

ch
ec

k 
de

riv
at

iv
e 

ca
lc

ul
at

io
ns

 a
nd

 t
o 

he
lp

 lo
ca

te
 a

n
y

er
ro

rs
 in

 t
he

se
 c

al
cu

la
tio

ns
.B
ut

, 
it 

w
ou

ld
 b

e

m
uc

h 
m

or
e 

us
ef

ul
 

to
 

hav
e 

de
riv

at
iv

e 
fu

nc
tio

ns
 

pr
ov

id
ed

 
au

to
m

at
ic

al
ly

 
us

in
g 

au
to

m
at

ic

di
ff

er
en

tia
tio

n 
[1

31
,1

32
].N

ot
 o

nl
y 

wo
ul

d 
th

is
 p

rev
en

t 
er

ro
rs

 i
n 

th
e 

de
riva

tiv
e 

ca
lc

ul
at

io
ns

, 
bu

t 
it

w
ou

ld
 s

pa
re

 th
e 

us
er

 th
e 

jo
b 

of
 p

ro
gr

am
m

in
g 

th
e 

de
ri

va
tiv

es
.

E
xt

en
si

on
 to

 L
ar

ge
-S

ca
le

 P
rob

le
m

s.
T

he
 s

iz
e 

of
 t

he
 m

at
he

m
at

ic
al

 p
ro

gr
am

m
in

g 
pr

ob
le

m
 c

re
-

at
ed

 b
y 

di
sc

re
tiz

in
g 

an
 o

pt
im

al
 c

on
tr

ol
 p

ro
bl

em
 d

ep
en

ds
 p

rim
ar

ily
 o

n 
th

e 
di

sc
re

tiz
at

io
n 

le
ve

l
N

.

T
he

 c
on

ju
ga

te
 g

ra
di

en
t 

an
d 

L-
B

F
G

S
 i

m
pl

em
en

ta
tio

ns
 o

f 
th

e 
pr

oj
ec

te
d 

de
sc

en
t 

al
go

rit
hm

 p
re

-

se
nt

ed
 i

n 
C

ha
pt

er
 3

 a
re

 w
el

l-s
ui

te
d 

fo
r 

ha
nd

lin
g 

v
er

y 
hi

gh
 d

is
cr

et
iz

at
io

n 
leve

ls
. 

T
he

se
m

et
ho

ds

ar
e 

us
ed

 i
n 

th
e 

pr
og

ra
mp

dm
in

.
H

ow
ev

 er
,

pd
m

in
ca

n 
on

ly
 h

an
dl

e 
st

at
e 

co
ns

tr
ai

nt
s 

in
di

re
ct

ly

th
ro

ug
h 

pe
na

lty
 t

er
m

s.T
he

 m
ai

n 
pr

og
ra

m
 i

n,r
io

ts
,

is
ba

se
d 

on
 s

eq
ue

nt
ia

l 
qu

ad
ra

tic
 p

ro
gr

am
-

m
in

g 
an

d 
ca

n 
ha

nd
le

 s
ta

te
 e

qu
al

ity
 a

nd
 i

ne
qu

al
ity

 c
on

st
ra

in
ts

.
H

ow
ev

er
,

rio
ts

is
 n

ot
 w

el
l-s

ui
te

d

fo
r 

hi
gh

 d
is

cr
et

iz
at

io
n 

leve
ls

 b
ec

au
se

 a
t 

ea
ch

 i
te

ra
tio

n 
th

e 
S

Q
P

 a
lg

or
ith

m
 c

om
pu

te
s 

a 
H

es
si

an

up
da

te
 u

si
ng

 t
he

 B
F

G
S

 f
or

m
ul

a 
an

d 
so

lv
es

 a
 d

en
se

 q
ua

dr
at

ic
 p

ro
gr

am
 (

Q
P

) 
at

 e
ac

h 
ite

ra
tio

n 
to
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ob
ta

in
 a

 s
ea

rc
h 

di
re

ct
io

n.W
e 

lis
t h

er
e 

sev
er

al
 p

os
si

bl
e 

wa
ys

 to
 ov

er
co

m
e 

th
is

 p
ro

bl
em

:

•
In

st
ea

d 
of

 c
om

pu
tin

g 
th

e 
H

es
si

an
 e

st
im

at
e 

us
in

g 
th

e 
B

F
G

S
 m

et
ho

d,
 a

 H
es

si
an

 e
st

im
at

e

ca
n 

be
 p

rov
id

ed
 u

si
ng

 t
he

 l
im

ite
d 

m
em

or
y 

L-
B

F
G

S[8
6,

94
] 

m
et

ho
d.

S
til

l, 
so

m
e 

m
ea

ns
 f

or

ef
fic

ie
nt

ly
 s

ol
vi

ng
 th

e 
Q

P
 b

as
ed

 o
n 

th
is

 e
st

im
at

e 
w

ou
ld

 b
e 

ne
ed

ed
.

•
T

he
 Q

P
 c

an
 b

e 
so

lved
 e

ffic
ie

nt
ly

 b
y 

ta
ki

ng
 i

nt
o 

ac
co

un
t 

th
e 

st
ru

ct
ur

e 
of

 t
he

 p
ro

bl
em

th
at

 g
ive

s
ris

e 
to

 t
he

 Q
P.

Sp
ec

ifi
ca

lly
,t

he
 Q

P
 t

ha
t 

is
 s

ol
ved

 a
t 

ea
ch

 it
er

at
io

n 
is

 a
ct

ua
lly

 a
 li

n-

ea
r/

qu
ad

ra
tic

 (
LQ

) 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

.T
hi

s 
st

ru
ct

ur
e 

ca
n 

be
 u

se
d 

to
 d

e
ve

lo
p 

so
lu

tio
n

m
et

ho
ds

 f
or

 t
he

 Q
P

 t
ha

t 
ar

e 
m

uc
h 

m
or

e 
ef

fic
ie

nt
 t

ha
n 

st
an

da
rd

 Q
P

 a
lg

or
ith

m
s.O

ne

ap
pr

oa
ch

 i
s 

ba
se

d 
on

 t
he

 m
et

ho
d 

in
[9

3]
 f

or
 r

ec
ur

siv
el

y 
co

m
pu

tin
g 

th
e 

N
ew

to
n’

s
di

re
ct

io
n

fo
r 

un
co

ns
tr

ai
ne

d 
pr

ob
le

m
s 

in
 o

rd
erN

tim
e 

an
d 

th
e 

di
ffe
re

nt
ia

l 
dy

na
m

ic
 p

ro
gr

am
m

in
g

m
et

ho
d 

in
[1

33
-1

37
]. 

T
he

ex
te

ns
io

n 
of

 t
hi

s 
m

et
ho

d 
to

 p
ro

bl
em

s 
w

ith
 c

on
tr

ol
 c

on
st

ra
in

ts
 i

s

pr
es

en
te

d 
in[

13
8,

13
9]

. 
F

in
al

ly,
an

al
go

rit
hm

 f
or

 t
he

 r
ec

ur
sive

 c
om

pu
ta

tio
n 

of
 N

ew
to

n’
s

di
re

ct
io

n 
fo

r 
pr

ob
le

m
s 

w
ith

 s
ta

te
 c

on
st

ra
in

ts
 i

s 
de

ve
lo

pe
d 

in
[1

40
]. 

T
he

m
ai

n 
dr

aw
ba

ck
 t

o

al
l 

of
 t

he
se

 m
et

ho
ds

 i
s 

th
at

 t
hey
ha

v e
on

ly
 b

ee
n 

dev
el

op
ed

 f
or

 E
ul

er
’s

m
et

ho
d 

w
ith

 p
ie

ce
-

w
is

e 
co

ns
ta

nt
 c

on
tr

ol
s.I

t 
is

 li
ke

ly
 t

ha
t 

th
es

e 
m

et
ho

ds
 c

an
 b

e 
e

xt
en

de
d 

to
 a

ny
fix

ed
st

ep
-s

iz
e

R
un

ge
-K

ut
ta

 m
et

ho
d 

an
d 

to
 p

ie
cew

is
e 

po
ly

no
m

ia
l r

ep
re

se
nt

at
io

n 
fo

r 
th

e 
co

nt
ro

l.
It 

is
 p

ro
b-

ab
ly

 m
uc

h 
m

or
e 

di
ffic

ul
t 

to
 e

xt
en

d 
th

es
e 

m
et

ho
ds

 t
o 

sp
lin

e 
re

pr
es

en
ta

tio
ns

 o
f 

th
e 

co
nt

ro
l

(e
xc

ep
t 

lin
ea

r 
sp

lin
es

 w
hi

ch
 c

an
 b

e 
tr

ea
te

d 
as

 p
ie

ce
w

is
e 

lin
ea

r 
fu

nc
tio

ns
 w

ith
 li

ne
ar

 e
qu

al
ity

co
ns

tr
ai

nt
s 

at
 t

he
 b

re
ak

po
in

ts
).B
ut

 t
he

 m
ai

n 
ad

van
ta

ge
 o

f 
sp

lin
es

 ove
r

pi
ec

ew
is

e 
po

ly
no

m
i-

al
s 

is
 t

he
 s

m
al

le
r 

nu
m

be
r 

of
 p

ar
am

et
er

s.T
hi

s 
ad

va
nt

ag
e 

is
 n

ot
 s

o 
im

po
rt

an
t 

if 
th

e 
w

or
k 

to

so
lv

e
th

e 
Q

P
 is

 o
nl

y 
or

de
rN

.

A
no

th
er

 a
pp

ro
ac

h 
is

 t
o 

co
ns

id
er

 t
he

 t
w

o
po

in
t 

bo
un

da
ry

 va
lu

e 
pr

ob
le

m
 (

B
V

P
) 

th
at

ar
is

es
 n

ec
es

sa
ry

 c
on

di
tio

ns
 f

or
 o

pt
im

al
ity

 o
f 

a 
so

lu
tio

n 
to

 t
he

 L
Q

 p
ro

bl
em

.
T

hi
s 

B
V

P
 is

 li
n-

ea
r 

w
ith

 c
on

st
ra

in
ts

.N
um

er
ic

al
 m

et
ho

ds
 b

as
ed

 o
n 

m
ul

tip
le

 s
ho

ot
in

g 
fo

r 
so

lv
in

g 
su

ch

B
V

P
’s

ar
e 

qu
ite

 a
dva

nc
ed

. 
T

he
so

lu
tio

n 
of

 t
hi

s 
B

V
P

 i
s 

th
e 

re
qu

ire
d 

se
ar

ch
 d

ire
ct

io
n.

E
xa

m
pl

es
 o

f t
hi

s 
ap

pr
oa

ch
 c

an
 b

e 
fo

un
d 

in
[5

,6
,2

4,
11

4]
.

•
A

no
th

er
 m

aj
or

 a
re

a 
of

 r
es

ea
rc

h 
in

vo
lv

es
 d

is
cr

et
iz

in
g 

th
e 

op
tim

al
 c

on
tr

ol
 u

si
ng

 c
ol

lo
ca

-

tio
n 

(fi
xe

d 
st

ep
-s

iz
e,

 i
m

pl
ic

it 
R

un
ge

-Kut
ta

) 
m

et
ho

ds
.In

 t
hi

s 
pr

oc
ed

ur
e,

 fi
ni

te
-d

im
en

si
on

al

ap
pr

ox
im

at
io

ns
 o

f 
bo

th
 t

he
 c

on
tr

ol
s 

an
d 

st
at

es
 a

re
 p

ar
am

et
er

iz
ed

 a
nd

 t
he

ir 
pa

ra
m

et
er

s 
ar

e

us
ed

 a
s 

th
e 

de
ci

si
on

 var
ia

bl
es

 i
n 

th
e 

re
su

lti
ng

 m
at

he
m

at
ic

al
 p

ro
gr

am
m

in
g 

pr
ob

le
m

.
In

 t
hi

s

m
et

ho
d,

 t
he

 d
iffe

re
nt

ia
l 

eq
ua

tio
ns

 d
es

cr
ib

in
g 

th
e 

sy
st

em
 d

yn
am

ic
s 

ar
e 

ac
co

un
te

d 
fo

r 
by

re
qu

iri
ng

 t
he

m
 t

o 
be

 s
at

is
fie

d 
at

 c
ol

lo
ca

tio
n 

po
in

ts
.

T
he

re
 a

re
 t

wo
m

aj
or

 d
is

ad
va

nt
ag

es
 t

o

th
is

 a
pp

ro
ac

h:(
i)

th
e 

nu
m

be
r 

of
 d

ec
is

io
n 

var
ia

bl
es

 in
 t

he
 m

at
he

m
at

ic
al

 p
ro

gr
am

 is
 d

ra
m

at
i-

ca
lly

 i
nc

re
as

ed
 a

nd
(i
i)

th
e 

co
llo

ca
tio

n 
co

nd
iti

on
s 

in
tr

od
uc

e 
a 

hu
ge

 s
ys

te
m

 o
f 

no
nl

in
ea

r

-
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eq
ua

lit
y 

co
ns

tr
ai

nt
s 

in
to

 th
e 

pr
ob

le
m

.

T
he

re
 

ar
e,

 
how

ev
er

, 
tw

o 
m

aj
or

 
ad

va
nt

ag
es

 
th

at
 

co
m

e 
w

ith
 

th
is

 
ap

pr
oa

ch
.

F
irs

t,

be
ca

us
e 

th
e 

de
ci

si
on

 var
ia

bl
es

 in
cl

ud
e 

th
e 

sy
st

em
 s

ta
te

s,
 s

im
pl

e 
bo

un
ds

 o
n 

th
e 

st
at

e 
tr

aj
ec

to
-

rie
s 

or
 e

nd
po

in
ts

 b
ec

om
e 

si
m

pl
e 

bo
un

ds
 o

n 
th

e 
de

ci
si

on
 v

ar
ia

bl
es

. 
T

he
se

bo
un

ds
 c

an
 b

e

ha
nd

le
d 

ve
ry

 e
ffic

ie
nt

ly
 w

ith
ou

t 
ha

vi
ng

 t
o 

co
m

pu
te

 g
ra

di
en

ts
 a

nd
, 

fu
rt

he
rm

or
e,

 f
ea

si
bi

lit
y

w
ith

 r
es

pe
ct

 t
o 

th
es

e 
bo

un
ds

 c
an

 b
e 

ea
si

ly
 m

ai
nt

ai
ne

d 
e

ve
n

w
ith

 i
nf

ea
si

bl
e 

po
in

t 
op

tim
iz

a-

tio
n 

m
et

ho
ds

.S
ec

on
d,

 t
he

 H
es

si
an

 o
f 

th
e 

La
gr

an
gi

an
 is

 b
lo

ck
 d

ia
go

na
l b

ec
au

se
 t

he
 s

ec
on

d

de
riv

at
iv

es
of

th
e 

ob
je

ct
ive

 a
nd

 c
on

st
ra

in
t 

fu
nc

tio
ns

 w
ith

 r
es

pe
ct

 t
o 

th
e 

co
nt

ro
l 

an
d 

st
at

e

pa
ra

m
et

er
s 

ar
e 

al
l b

lo
ck

 d
ia

go
na

l.A
dd

iti
on

al
ly

,
th

e 
Ja

co
bi

an
 o

f 
th

e 
co

ns
tr

ai
nt

s 
is

 a
 b

an
de

d

m
at

rix
. 

T
hu

s,
th

e 
Q

P
 i

s 
sp

ar
se

 a
nd

 c
an

 b
e 

so
lv

ed
 u

si
ng

 s
pa

rs
e 

lin
ea

r 
al

ge
br

a.A
co

m
pl

et
e

so
ftw

ar
e 

pa
ck

ag
e 

fo
r 

di
sc

re
tiz

in
g 

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
s 

us
in

g 
co

llo
ca

tio
n 

an
d 

so
lv

in
g

th
e 

di
sc

re
tiz

ed
 p

ro
bl

em
s 

us
in

g 
a 

sp
ar

se
 S

Q
P

 m
et

ho
d 

is
 d

es
cr

ib
ed

 in
[3

8,
10

5]
. 

O
ne

ob
st

ac
le

w
ith

 t
hi

s 
ap

pr
oa

ch
 t

ha
t 

ha
s 

no
t 

be
en

 f
ul

ly
 r

es
ol

v
ed

 i
s 

ho
w

to
ob

ta
in

 a
 s

pa
rs

e 
H

es
si

an
 e

st
i-

m
at

e.
 

T
he

m
et

ho
d 

in
 [

38
] 

ob
ta

in
s 

th
e 

H
es

si
an

 u
si

ng
 s

pa
rs

e 
fin

ite
-d

if
fe

re
nc

es
. 

T
hi

sis
 r

ea
-

so
na

bl
y 

effi
ci

en
t. 

A
lte

rn
at

ive
ly

,
bu

t 
le

ss
 a

ttr
ac

tive
ly

,
th

e 
us

er
 c

an
 b

e 
re

qu
ire

d 
to

 s
up

pl
y 

se
c-

on
d 

de
riv

at
iv

es
so

th
at

 t
he

 H
es

si
an

 c
an

 b
e 

co
m

pu
te

d 
e

xa
ct

ly.
B

ut
 f

or
 b

ot
h 

of
 t

he
se

 c
ho

ic
es

,

th
e 

fa
ct

 t
ha

t 
th

e 
H

es
si

an
 is

 n
ot

, 
in

 g
en

er
al

, 
po

si
ti

ve
 d

efi
ni

te
 c

au
se

s 
se

rio
us

 d
if

fic
ul

tie
s 

in
 t

he

so
lu

tio
n 

of
 t

he
 Q

P.
A

ne
w

SQ
P

 a
lg

or
ith

m
 w

hi
ch

 u
se

d 
th

e 
tr

ue
 H

es
si

an
 w

ith
ou

t 
re

qu
iri

ng

an
y

m
od

ifi
ca

tio
n 

to
 t

he
 Q

P
 h

as
 b

ee
n 

deve
lo

pe
d 

[1
41

].
A

no
th

er
 p

os
si

bi
lit

y 
is

 t
o 

us
e 

tr
us

t

re
gi

on
 m

et
ho

ds
.O

ne
 a

ve
nu

e 
th

at
 h

as
 n

ot
 y

et
 b

ee
n 

e
xp

lo
re

d 
is

 t
o 

us
e 

th
e 

LA
N

C
E

LOT

pa
ck

ag
e 

[1
42

]w
hi

ch
 i

s 
a 

tr
us

t 
reg

io
n 

m
et

ho
d 

fo
r 

m
in

im
iz

in
g 

an
 a

ug
m

en
te

d 
La

gr
an

gi
an

.

F
in

al
ly

,a
no

th
er

 a
pp

ro
ac

h 
w

hi
ch

 w
e 

bega
n

to
w

or
k 

on
 w

ith
 s

om
e 

in
iti

al
 s

uc
ce

ss
 is

 t
o 

at
te

m
pt

to
 p

ro
du

ce
 a

 b
lo

ck
 d

ia
go

na
l, 

po
si

ti
ve

 d
efi

ni
te

 e
st

im
at

e 
of

 t
he

 H
es

si
an

 u
si

ng
 a

 m
od

ifi
ed

B
F

G
S

 u
pd

at
e.

G
en

er
al

ly,
th

e 
wo

rk
 o

n 
sp

ar
se

 H
es

si
an

 u
pd

at
es

 h
as

 b
ee

n 
di

sa
pp

oi
nt

in
g.

B
ut

th
e 

bl
oc

k 
di

ag
on

al
 s

tr
uc

tu
re

 o
f 

th
e 

H
es

si
an

 is
 a

 s
pe

ci
fic

 c
as

e 
w

ho
se

 u
pd

at
es

 c
an

, 
w

e 
be

lie
ve

,

be
 o

bt
ai

n 
us

in
g 

th
e 

pa
rt

iti
on

ed
 q

ua
si

-N
e

w
to

n 
up

da
te

 m
et

ho
d[1

43
,1

44
] 

m
od

ifi
ed

 t
o 

ha
nd

le

th
e 

po
ss

ib
ili

ty
 o

f 
no

n-
po

si
tive

-d
efi

ni
te

 u
pd

at
es

 f
or

 in
divi

du
al

 b
lo

ck
s.

T
hi

s 
m

od
ifi

ca
tio

n 
ca

n

be
 e

ith
er

 t
o 

sk
ip

 s
uc

h 
up

da
te

s 
al

to
ge

th
er

 o
r 

to
 u

se
 t

he
 P

o
w

el
l m

od
ifi

ca
tio

n[
14

5]
. 

If
th

e 
H

es
-

si
an

 is
 p

os
itiv

e 
de

fin
ite

, 
or

 ev
en

po
si

tiv
e 

se
m

i-d
efi

ni
te

, 
th

e 
Q

P
 c

an
 b

e 
so

lv
ed

 b
y 

a 
sp

ar
se

 Q
P

al
go

rit
hm

 s
uc

h 
as

 B
Q

P
D

 w
hi

ch
 is

 b
as

ed
 o

n 
th

e 
al

go
rit

hm
 in

[1
46

] 
an

d 
is

 av
ai

la
bl

e 
fr

om
 t

ha
t

au
th

or.
Fo

r 
su

rv
ey

s
on

th
e 

so
lu

tio
n 

of
 l

arg
e-

sc
al

e 
op

tim
iz

at
io

n 
al

go
rit

hm
s,

 t
he

 r
ea

de
r 

is

re
fe

rr
ed

 t
o 

th
e 

fo
llow

in
g 

ar
tic

le
s[

14
7-

14
9]

. 
F

in
al

ly,
to

ob
ta

in
 s

pa
rs

e 
H

es
si

an
 a

nd
 J

ac
ob

ia
n

m
at

ric
es

, 
th

e 
co

nt
ro

ls
 (

an
d 

st
at

e 
tr

aj
ec

to
rie

s)
 n

ee
d 

to
 b

e 
re

pr
es

en
te

d 
as

 p
ie

ce
w

is
e 

di
sc

on
tin

u-

ou
s 

fu
nc

tio
ns

 (e
.g

.p
ie

ce
w

is
e 

po
ly

no
m

ia
l) 

ra
th

er
 t

ha
n 

sp
lin

es
.T
hi

s 
ha

s 
th

e 
si

de
-b

en
efi

t 
of

pr
od

uc
in

g 
a 

tr
an

sf
or

m
 m

at
rix

,M
N

,t
ha

t i
s 

bl
oc

k 
di

ag
on

al
 a

nd
 tr

i
vi

al
 to

 c
om

pu
te

.
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Tr
aj

ec
to

ry
 c

on
st

ra
in

ts
.

O
ur

 c
ur

re
nt

 m
et

ho
d 

of
 c

om
pu

tin
g 

fu
nc

tio
ns

 g
ra

di
en

ts
 w

ith
 r

es
pe

ct
 t

o

th
e 

co
nt

ro
l i

s 
ba

se
d 

on
 a

dj
oi

nt
 e

qu
at

io
ns

.
T

he
re

 is
 o

ne
 a

dj
oi

nt
 e

qu
at

io
n 

fo
r 

ea
ch

 f
un

ct
io

n.T
hi

s 
is

qu
ite

 i
ne

ffic
ie

nt
 w

he
n 

th
er

e 
ar

e 
tr

aj
ec

to
ry

 c
on

st
ra

in
ts

 b
ec

au
se

 f
or

 e
ac

h 
tr

aj
ec

to
ry

 c
on

st
ra

in
t 

th
er

e

is
, 

in
 e

ffe
ct

, 
on

e 
co

ns
tr

ai
nt

 f
un

ct
io

n 
pe

r 
m

es
h 

po
in

t.
T

hu
s,

 f
or

 a
n 

in
teg

ra
tio

n 
m

es
h 

w
ith

N
+

1

br
ea

kp
oi

nt
s,

 r
ou

gh
lyN

ad
jo

in
t 

eq
ua

tio
ns

 h
ave

 to
be

so
lv

ed
 t

o 
co

m
pu

te
 t

he
 g

ra
di

en
ts

 a
t 

ea
ch

 p
oi

nt

of
 a

 tr
aj

ec
to

ry
 c

on
st

ra
in

t.

T
he

re
 a

re
 t

wo
ap

pr
oa

ch
es

 f
or

 g
re

at
ly

 i
nc

re
as

in
g 

th
e 

gr
ad

ie
nt

 c
om

pu
ta

tio
ns

 f
or

 t
ra

je
ct

or
y

co
ns

tr
ai

nt
s.

 
T

he
set

w
o

ap
pr

oa
ch

es
 c

an
 b

e 
us

ed
 i

n 
co

nj
un

ct
io

n 
w

ith
 e

ac
h 

ot
he

r
.

Fi
rs

t, 
it 

is
 r

ea
lly

on
ly

 n
ec

es
sa

ry
 t

o 
co

m
pu

te
 g

ra
di

en
ts

 a
t 

po
in

ts
,

t k
,

w
he

re
 t

he
 t

ra
je

ct
or

y 
co

ns
tr

ai
nt

s 
ar

e 
ac

ti
ve

 o
r

ne
ar

-a
ct

iv
e.

T
he

 o
th

er
 m

es
h 

po
in

ts
 s

ho
ul

d 
be

 i
gn

or
ed

.
A

lg
or

ith
m

s 
fo

r 
se

le
ct

in
g 

th
e 

ac
tive
 o

r

al
m

os
t 

ac
tive

 c
on

st
ra

in
t 

ar
e 

pr
es

en
t 

in[9
9,

15
0]

 a
lo

ng
 w

ith
 c

onv
er

ge
nc

e 
pr

oo
fs

.T
he

 s
ec

on
d

ap
pr

oa
ch

 u
se

s 
th

e 
st

at
e-

tr
an

si
tio

n 
(s

en
si

ti
vi

ty
) 

m
at

rix
, 

ra
th

er
 t

ha
n 

ad
jo

in
t 

var
ia

bl
es

, 
to

 c
om

pu
te

gr
ad

ie
nt

s.
 

T
he

st
at

e-
tr

an
si

tio
n 

m
at

rix
 is

 t
he

 s
ol

ut
io

n 
of

 a
 m

at
rix

 d
if

fe
re

nt
ia

l (
or

 d
iffe

re
nc

e)
 e

qu
a-

tio
n.

 
T

he
so

lu
tio

n 
of

 t
hi

s 
eq

ua
tio

n 
re

qu
ire

s 
th

e 
sa

m
e 

am
ou

nt
 o

f 
co

m
pu

ta
tio

n 
as

 s
ol

vi
ng

n
ad

jo
in

t

eq
ua

tio
ns

, 
w

he
ren

is
 t

he
 n

um
be

r 
of

 s
ta

te
 var

ia
bl

es
. 

B
ut

th
is

 e
qu

at
io

n 
is

 s
ol

ved
 o

nl
y 

on
ce

 f
or

 a

gi
ve

n
co

nt
ro

l,
u,

re
g 

ar
dl

es
s 

of
 h

ow
m

an
y

gr
ad

ie
nt

s 
ar

e 
re

qu
ire

d.T
hu

s,
 i

f 
th

er
e 

ar
e 

m
or

e 
th

ann

gr
ad

ie
nt

s 
th

at
 n

ee
d 

to
 b

e 
co

m
pu

te
d

†
it 

is
 m

or
e 

effi
ci

en
t 

to
 u

se
 t

he
 s

ta
te

-t
ra

ns
iti

on
 m

at
rix

 r
at

he
r

th
an

 a
dj

oi
nt

 va
ria

bl
es

.

S
ta

bi
liz

at
io

n 
of

 I
te

ra
te

s.
O

ne
 o

f 
th

e 
m

ai
n 

lim
ita

tio
ns

 o
f 

th
e 

cu
rr

en
t 

im
pl

em
en

ta
tio

n 
of

 R
IO

T
S

is
 t

ha
t 

it 
is

 n
ot

 w
el

l-e
qu

ip
pe

d 
to

 d
ea

l 
w

ith
 p

ro
bl

em
s 

w
ho

se
 d

yn
am

ic
s 

ar
e 

hi
gh

ly
 u

ns
ta

bl
e.

F
or

su
ch

 p
ro

bl
em

s,
 t

he
 it

er
at

es
 p

ro
du

ce
d 

by
 t

he
 o

pt
im

iz
at

io
n 

ro
ut

in
es

 in
 R

IO
T

S
 c

an
 e

as
ily

 m
ove

 in
to

re
gi

on
s 

w
he

re
 t

he
 s

ys
te

m
 d

yn
am

ic
s 

‘
‘b

lo
w

-u
p’

’i
f

th
e 

in
iti

al
 c

on
tr

ol
 g

ue
ss

 i
s 

no
t 

cl
os

e 
to

 a
 s

ol
u-

tio
n.

 
Fo

r 
in

st
an

ce
, 

a 
ver

y 
di

ffi
cu

lt 
op

tim
al

 c
on

tr
ol

 p
ro

bl
em

 i
s 

th
e 

A
po

llo
 r

e-
en

tr
y 

pr
ob

le
m

[4
].

T
hi

s 
pr

ob
le

m
 i

nvo
lv

es
 fi

nd
in

g 
th

e 
op

tim
um

 r
e-

en
tr

y 
tr

aj
ec

to
ry

 f
or

 t
he

 A
po

llo
 s

pa
ce

 c
ap

su
le

 a
s 

it

en
te

rs
 t

he
 E

ar
th

’
s

at
m

os
ph

er
e.

 
B

ec
au

seo
f 

th
e 

ph
ys

ic
s 

of
 t

hi
s 

pr
ob

le
m

, 
sl

ig
ht

 d
evi
at

io
ns

 o
f 

th
e

ca
ps

ul
es

 t
ra

je
ct

or
y 

ca
n 

ca
us

e 
th

e 
ca

ps
ul

e 
to

 s
ki

p 
of

f
th

e 
E

ar
th

’s
at

m
os

ph
er

e 
or

 t
o 

bur
n 

up
 i

n 
th

e

at
m

os
ph

er
e.

 
E

ith
erw

ay
, 

on
ce

 a
n 

ite
ra

te
 i

s 
a 

co
nt

ro
l 

th
at

 d
ri

ve
s

th
e 

sy
st

em
 i

nt
o 

su
ch

 a
 r

e
gi

on
 o

f

th
e 

st
at

e-
sp

ac
e,

 t
he

re
 i

s 
no

 way
 f

or
 t

he
 o

pt
im

iz
at

io
n 

ro
ut

in
e 

to
 r

ec
o

ve
r. 

M
or

eo
ve

r, 
in

th
is

 s
itu

a-

tio
n,

 th
er

e 
is

 n
o 

wa
y 

to
 av

oi
d 

th
es

e 
reg

io
ns

 o
f t

he
 s

ta
te

-s
pa

ce
 u

si
ng

 c
on

tr
ol

 c
on

st
ra

in
ts

.

T
hi

s 
pr

ob
le

m
 c

ou
ld

 b
e 

avo
id

ed
 u

si
ng

 c
on

st
ra

in
ts

 o
n 

th
e 

sy
st

em
 t

ra
je

ct
or

ie
s.

H
ow

ev
er

, 
th

is

is
 a

 v
er

y 
ex

pe
ns

ive
 a

pp
ro

ac
h 

fo
r 

ou
r 

m
et

ho
d 

(n
ot

 f
or

 c
ol

lo
ca

tio
n-

ba
se

d 
m

et
ho

ds
),

 e
sp

ec
ia

lly
 a

t

†
H

er
e 

w
e 

ar
e 

no
t 

ta
ki

ng
 in

to
 a

cc
ou

nt
 t

he
 f

ac
t 

th
at

 t
he

 t
he

 a
dj

oi
nt

 e
qu

at
io

n 
fo

r 
a 

tr
aj

ec
to

ry
 c

on
st

ra
in

t 
at

 t
im

e
t k

on
ly

 h
as

 t
o 

be
so

lv
ed

 fr
om

 ti
m

et
k

(in
st

ea
d 

of
t N

)
to

tim
e

t 0
.
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hi
gh

 d
is

cr
et

iz
at

io
n 

lev
el

s.
 

A
ls

o,
fo

r 
op

tim
iz

at
io

n 
m

et
ho

ds
 t

ha
t 

ar
e 

no
t 

fe
as

ib
le

 p
oi

nt
 a

lg
or

ith
m

s,

th
is

 a
pp

ro
ac

h 
st

ill
 m

ig
ht

 n
ot

 wo
rk

. 
A

n
in

te
rm

ed
ia

te
 s

ol
ut

io
n 

is
 p

os
si

bl
e 

be
ca

us
e 

it 
is

 r
ea

lly
 o

nl
y

ne
ce

ss
ar

y 
to

 c
he

ck
 t

he
 t

ra
je

ct
or

y 
co

ns
tr

ai
nt

s 
at

 a
 f

e
w

po
in

ts
, 

ca
lle

d 
no

de
s,

 in
 t

he
 in

tegr
at

io
n 

m
es

h.

T
hi

s 
ca

n 
be

 a
cc

om
pl

is
he

d 
as

 f
ol

lo
w

s.
 L

et
t k

be
 o

ne
 s

uc
h 

no
de

.T
he

n 
de

fin
e 

th
e 

de
ci

si
on

 var
ia

bl
e

x∼
k,

0
w

hi
ch

 w
ill

 b
e 

ta
ke

n 
as

 t
he

 in
iti

al
 c

on
di

tio
n 

fo
r 

in
tegr

at
in

g 
th

e 
di

ffe
re

nt
ia

l e
qu

at
io

ns
 s

ta
rt

in
g

at
 t

im
e

t k
.

T
hi

s
x∼

k,
0

is
 a

llo
w

ed
 t

o 
be

 d
iffe

re
nt

 t
ha

n 
th

e 
val
ue

x k
of

 t
he

 s
ta

te
 in

teg
ra

te
d 

up
 t

o 
tim

e

t k
.

H
ow

ev
 er

, t
o

en
su

re
 th

at
 th

es
e 

val
ue

s 
do

, i
n 

fac
t, 

co
in

ci
de

 a
t a

 s
ol

ut
io

n,
 a

 c
on

st
ra

in
t o

f t
he

 fo
rm

g k
(u

)
=.

x∼
k,

0−
x k

=
0

m
us

t 
be

 a
dd

ed
 a

t 
ea

ch
 n

od
e.N
ot

e 
th

at
, 

fo
r 

no
nl

in
ea

r 
sy

st
em

s,g k
(u

)
is

a

no
nl

in
ea

r 
co

ns
tr

ai
nt

.T
he

 a
dd

iti
on

 o
f 

th
es

e 
no

de
 var

ia
bl

es
 a

llow
s 

bo
un

ds
 o

n 
th

at
 s

ta
te

s 
to

 b
e

ap
pl

ie
d 

at
 e

ac
h 

no
de

 p
oi

nt
.T
hi

s 
pr

oc
ed

ur
e 

is
 c

lo
se

ly
 r

el
at

ed
 t

o 
th

e 
m

ul
tip

le
 s

ho
ot

in
g 

m
et

ho
d 

fo
r

so
lv

in
g 

bo
un

da
ry

 va
lu

e 
pr

ob
le

m
s 

an
d 

is
 a

n 
in

te
rm

ed
ia

te
 a

pp
ro

ac
h 

be
tw

ee
n 

us
in

g 
a 

pu
re

 c
on

tr
ol

va
ria

bl
e 

pa
ra

m
et

er
iz

at
io

n 
an

d 
a 

co
nt

ro
l/s

ta
te

 
pa

ra
m

et
er

iz
at

io
n 

(a
s 

in
 

co
llo

ca
tio

n 
m

et
ho

ds
).

S
ee

 [1
51

]fo
r 

a 
di

sc
us

si
on

 o
f n

od
e 

pl
ac

em
en

t f
or

 m
ul

tip
le

 s
ho

ot
in

g 
m

et
ho

ds
.

D
ia

go
na

liz
at

io
n 

S
tr

at
eg

ie
s.

In
 o

rd
er

 t
o 

cr
ea

te
 a

 t
ru

ly
 e

f
fic

ie
nt

 a
lg

or
ith

m
 f

or
 p

rov
id

in
g 

so
lu

-

tio
ns

 o
f 

a 
sp

ec
ifi

ed
 a

cc
ur

acy
to

op
tim

al
 c

on
tr

ol
 p

ro
bl

em
s,

 t
he

 d
is

cr
et

iz
at

io
n 

st
ra

te
gy

,
an

‘‘o
ut

er

lo
op

’’,
 m

us
t 

be
 d

eve
lo

pe
d 

fo
r 

in
cr

ea
si

ng
 t

he
 d

is
cr

et
iz

at
io

n 
le

ve
li

n
a

sy
st

em
at

ic
 w

ay
.

Su
ch

 a
 s

tr
at

-

eg
y

m
us

t 
be

 a
bl

e 
to

 p
re

di
ct

 t
he

 i
nt

e
gr

at
io

n 
an

d 
co

nt
ro

l 
so

lu
tio

n 
er

ro
rs

, 
th

e 
am

ou
nt

 o
f 

w
or

k

re
qu

ire
d 

pe
r 

ite
ra

tio
n 

of
 a

n 
op

tim
iz

at
io

n 
al

go
rit

hm
 i

n 
so

lv
in

g 
th

e 
di

sc
re

tiz
ed

 p
ro

bl
em

 a
nd

 t
he

nu
m

be
r 

of
 it

er
at

io
ns

 r
eq

ui
re

d 
to

 o
bt

ai
n 

a 
so

lu
tio

n 
of

 t
he

 d
is

cr
et

iz
ed

 p
ro

bl
em

 t
o 

a 
gi

ve
n

ac
cu

ra
cy

.

U
si

ng
 t

hi
s 

in
fo

rm
at

io
n,

 t
he

 o
ut

er
 lo

op
 m

us
t 

sp
ec

ify
 a

t 
ea

ch
 o

ut
er

 it
er

at
io

n 
th

e 
di

sc
re

tiz
at

io
n 

le
ve

l,

th
e 

or
de

r 
of

 t
he

 i
nt

egr
at

io
n 

m
et

ho
d,

 t
he

 o
rd

er
 o

f 
th

e 
co

nt
ro

l 
re

pr
es

en
ta

tio
n,

 a
nd

 t
he

 n
um

be
r 

of

in
ne

r 
ite

ra
tio

ns
 t

o 
pe

rf
or

m
 s
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 b
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.
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at
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 c
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 d
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at
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 d
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ra
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 d
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 c
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ra
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 b
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l b
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 d
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.
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 s
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 c
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e 

tr
an

sf
or

m
at

io
n 

is
 n

ot
 d
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 c
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 c
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